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image7.jpeg
2) f(-x) =37+ 8 =37+3"= [(x), T.e. [(~x) = [ (%), crenoparenno,
DYHKIMA ABAALTCA YETHOM.

3) f(-x)=2|-x|+3e " =2|
Ol

4) f(-x) = 3(-x)* — 2(-x) = 3x* + 2x, T.e. f(-x) # f(x) n f(-x) # [ (x),
caIeI0BATeNbHO, JaHHAS (YHKINA HE SABIAETCA HU YeTHON, HU HEeueTHOI,
T.e. spaserca GynKmmeii obuero sua.

|+3e* =f(x), T.e. bynxuun apaserca yer-

5) f(-x)=In

\
””zzxn“z:m(”z) =1 X22-_f(x), .e. dynxuus
-x+2 x-2 x+2 x+2

ABJIAETCS HEUETHOI .

T'paduk 9eTHONH PYHKIMMA CUMMETPUYEH OTHOCHTEILHO OCH OP/AM-
HAT, HATIpUMEP Y = x? (puc. 1.5). I'padmnk HeueTHO#H DyHKIAYM CHM-
MeTpHYeH OTHOCHTEJbHO Havala KOODAHHAT, HANIPUMED Y = x®
(puc. 1.6).

Monorornocts. Pyukius y = f(x) HaswiBaeTCA B03pacmanueil
(yObiearoweit) Ha HeKOTOPOM TpoMeskyTKe X u3 obaacTn onpejese-
HEA, ec 6oJbIIeMyY 3HAYEHNIO ADIYMEeHTa M3 3TOT0 IPOMEXKYTKA CO~
orsercTByeT GoJibiee (MeHbIIee) 3HAYeHHe PYyHKIUK.

W3 onpeaesieHus CEAYET, YTO eCI X1, X5 € X M X3> Xy, TO QYHK-
IUs BO3PACTAET HA HEKOTOPOM mpomeskyTke X u3 obractu onpeje-
nenns, ecan f(x,) > f(x;), 1 yOhiBaeT Ha ATOM NPOMEXKYTKe, €I
f(xy) < f(x,). ®yHKIHA Bo3pacTaoUne 1 yObIBAIONINE HASBIBAIOTCH
MOHOTOHHBIMM (DYHKIMAMMU.

IMpumep. Pynxuus y = x* yorsaer na npomesxyrie X = (—e=; 0] u Boa-
pacraer ua npomexkyrke X = [0; +).

Puc. 1.5 Puc. 1.6

10

Orpannuennocts. PyHKIAA ¥ = f(X) HASBIBACTCH 0ZPAHULEHHOU
HA HEKOTOPOM npoMerkyTke X 13 06JacTh OnpeeeHns, eciiu cynie-
crByer uncao M > 0 raxoe, uro |f(x)| < M pnsa mo6oro x € X.

IMpusep. DynKuum y = COSX ¥ y = SN X ABAAIOTCH OrPAHMUEHHEIMI
Ha Beeil YMCI0BO# MPAMOI, Tak Kax [cosx| < 1 u [sinx| < 1 ans moGoro x € R.

Mepuonnunocts. Pyuknus y = f(x) HaspiBaeTcs nepuoduieckoi
c nepuogom T > 0, ecau s moGBIX 3Havennit x u3 obiacTu onpege-
nenus pyakuum f(x + T)=f(x - T) = f(x).

OcHo6HbLM Nepuodom PYHKIMHM HASLIBAETCH HANMEHbBIIEE 110J10-
KuresbHoe yneso T, obrajaioniee yKasaHHBIM CBOHCTBOM.

Hanpuwmep, Gyskuun y = cosx u y = sinx nmelor nepuoa T = 2,
TAK KAK JAsA J00bIX 3HAYeHM x: sin(x + 21) = sinx, cos(x + 2x) =
=cosx.

Hpumep. Haiitn ocroBrbie nepnoanl Gynkmmii:
1) f(x) = cosbx; 2) f(x) = sindx + tg3x. .
Pewenue. 1) Tak Kak OCHOBHON NepuoA (GYHKIMM COSX paBen 21, TO 0C-

HOBHO# nepuoa ynkuun f(x) = cosbx pasen T = %" = g
2) Jinn pynxunn sin4x ocuonHodi nepnoa pasen T :%

(ymKumm tg 3x ocHOBHOM nepnos pasen T, = g
Torna ocHoBHbM NepHOKOM KauHOH dynKIMH [ (x) = sin 4x + tg3x B

LI
JAfeTcA HauMeHbiIee obiee KpaTHOE YHcen 3P T=m

1.1.5. Knaccudmkaums dyHkumin

Henot payuonanvrot ¢pynryuei (MHOrOUJICHOM) HAZBIBAIOT
TAKYI0 QYHKIHMIO, HAJl SHAYCHUAMH API'YMEHTa X KOTOPOil M HEKOTO-
PHIMH OCTOAHHBIMU YHCJIAMH BBITOJTHAIOTCA ONEPAILNH: CIOKEHM,
BRIYMTAHUS, YMHOIKEHUS, IeICHUSI, BO3BEJICHHUA B LEJYIO TOJ0XKM-
TeJNBHYIO CTeNeHb (M MPHTOM KOHEYHOe YMCJIO Pas).

O6muit Buy esnoit panuonaabHoil GyHKumuM (MHOrOUIeHa n-if cre-
neHu):

P, (x)=apx" +ayx" ' +ayx" 2 +...+a, x+a,,

TAe n — ueJjoe NOJOXKHTEeJbHOe WKW PABHOE HYJIIO YHCI0; dg, dy,
Ay ey Ay g, @, — KOIPOUIHEHTHI (IOCTOAHHBIE YHCAA).

YacTHbIe CAYUAN: NPAMAR NPONOPYUOHANLHAR 3ABUCUMOCTL
Yy = kx; auneitnas sasucumocms y = kx + b; keadpamuunan saeucu
mocme y = ax® + bx + c.

k&
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z Vi Puc. 3.6

w(x;152) = ug

.
M(x03 Yo Zo]

Takxum 06pasoM, HanpaBJieHne rPaAIMeHTa eCTh HallpaBIeHue Hau-
cKopeiinero Bospactanus GyHKIUM. FICHO, 4TO B NPOTHBONONOKHOM
HanpasJeHnH GyHKIMA u GyjeT cKkopee BCero yoniBaTh.

Hanpasnenue zpaduenma pynryuu u (X; y; z) 6 kaxdoit mou-
Ke cosnadaem ¢ HANPABACHUCHM HOPMAIU K NOBEPXHOCMU YPOBHA
cKanaprozo noas, npoxodauyeir wepes amy mourxy (puc. 3.6).

VpaBHeHMe HOPMAJIM K NOBEPXHOCTH YPOBHA U (X3 Y3 2) = Ug(Xe}
Yoi Zo) B TOUKe M, 3aNNCRIBAETCA B BU/E

X-Xo _Y~Yo _ 2-2
[ o] T
dx|M, dy|M, 0dz|M,

YpaBHeHHe KacaTeabHON NIOCKOCTH B TOuKe M, umeeT Buj

Ju Ju
;Mn(x—er@Mo(y—yoH
ou
+—a; Mo(z—zo).

Ceoticmea zpaduenma gynryuw:,1) V(u, + uz) = Vu, + Vuy;
2) V(Cu) = C Vu; 3) Vi(uyus) = u, Vi, +uy Vugs 4) VI f )] = f'(w) Vu

3.1.6. Martpuua lécce

@ Mampuyei I'écce H(Mg), 1Baxcbl HenpepeiBHO AudbdepeHu-

pyemoit B Touke M(Xo; Yo; Z0) DYHKIMM U(X; Y5 2), HABBIBACTCA MAT-

PUIA YACTHBIX NPOMIBOJAHBIX BTOPOrO MOPSAKA, BRIUMCICHHBIX B
I JAaHHOM TOUKe,

192

7
ox?
u
dyox
*u
d20x

9*u
M, dxdy

o
M, dy*

*u
M, dzdy

u
M, dx0z

’u
IM, Yoz,

74
M, 02*

M,

H(M,) =

M, |

M,

-1

Jons dynxnun u(x; y)

I’u
dx* |M,, dxdy
Pul o
dydx [M, dy*

HOM,) = P %

M, Puc. 3.7

3amevwanue. Marpuna T'écce ABIsSETCH CHMMETPHYECKOI (ay=ay,
i#k).

Hpumep. lnsn pynxnnn u(x; y) = x? + y* (puc. 3.7):

1) BLIMHCARTE # mOCTPOWTE rpAMenT B TouKax A(D; 1); B[ B ]

©(1; 0); D(0; -1); g
2) BerumeauTs MaTpuiy Décce B 9THX TOuKAX.
Pewenue.
u u 2u u u du
1) —=2x —=2y; —2=2 25=2 —=0; ——=0.
Vg e y L %’ dxdy dydx

Vu =2xi +2yj; Vu=(2x;2y).
Vi, =(0:2); Vi, = (V2:V2); Vi = (2:0); Vi, = (05-2).

2) Marpuua I'écce He 3aBHCHT OT X:

H(Mo)=(§ g)

3ajaum Ans CamoCTOATENbHOTO PELUEHNA

2
1. Haiiiure yacTHbIe IPOM3BOAHbBIE a—z;?i:a—z CaeAYImMX
dx’ dy’ dydx
Gyarmit:
x2

&

a) z2=(x-2)*y* +x*(y+3)° +6; 6) z=e¥ 3.
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2. Haitaure auddepenuuan dz pyHKImii:
a) z =sin?(2x% - 3y?); 6) z=2xy* +4x*y - y*.

3. Tokasxure, uto pynkuua z = yln(2x? -3y*) ynosaersopser

30z 20z 22
YPAaBHEHHMIO —— 4 —— =
xdx yoy y* 202 4 292
4. llokaxnre, 4To HyHKUMA 2= sin—axz— YAOBJIETBOPALT
eHHMIO X i + yaz 0.
ABH! . .
yp ™ )

5. Jlana Gynknua u = xyz. Hafiinre ee npoMsBoAHYIO B TOUKE
M(5; 1; 2) B nanpasaennn k rouke M (7; -1; 3).

6. Jlas dyukmuu 2z = In(2x? + 3y?) B Touke A(-3; 2) Haitanre rpa-
AMEHT i IPOUSBOANYIO 110 HANPABIEHHIO A = 2i-3j.

1.3
7. Jlnst GyHKIME z = arccosyxy B Touke A 5'5 HaiiguTe rpa-

JAMEHT U IPOU3BOJHYIO 110 HATIPABJICHNIO A=i-j.

8. Jlna pynkunu z = ‘}1 - x%y*® B rTouke A(3; 1) naiianre rpaau-
eHT H POM3BOAHYIO O HANPABIeHMIO A = ~2i +3].

9. Jlna pynkmun u(x; y) = x°+ y* BoiuMCINTe TPALUEHT ¥ MATPH"
uy lécce B Toukax A(0; 0); B(1; 1).

HEOBXOAWMbIE N AOCTATO4HbIE
YCNOBNA 3KCTPEMYMA ®YHKLUN
HECKOJTIbKWUX NMEPEMEHHbIX

3.2.1. Heobxoavmbie yCnosus nepeoro nopsaka
akcTpemyma hyHKumn

Ilyers Touka M(xy; X35 .
Ma (MakcuMyMa) QYHKIMH U (X5 Xo3

; X,) €CTH TOYKA JOKAJIBHOTO MHHUMY~
x,) 1 pysruusa u anddeper-

Ot
=0 nin 3=,

uupyema B rouke M. Torza Vu e M 0,i=1,2,..,n

ToukH, YAOBIETBOPAIONINE DTOMY YCJIOBHIO, HAZBIBAIOTCH crma-
YUOHAPHBLMU .
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Jlnsa cayuas QYyHKIMM OAHON nepeMenHoi y = f(x) MoxHO cdop-
MYJIMPOBATH CJIelYIONee JOCTATOYHOE IPAaBHIIO:

ecau pynryus f(x) u ee npoussodnvie HenpepvLBHbLL, MO CMAYUO-
napnas mouxa M a6asemca mowkoi sxcmpemyma mozoa u moiv-
K0 mozda, K020a Huci0 m — yemmuoe, 20 m — nopadok nepeoil e
obpawanweiica 6 Hyab 6 mowke M npouzeodnoil.

Ecau kpome aroro f™(M) > 0, To B Touke M JOKATbHBIH MAHA-
mym, ecan ke f™(M) < 0, To B Touke M JOKANbHBI MAKCHMYM.

Ecuu ske uucsio m — HedeTHoe, TO B Touke M HeT sKCTpeMyMa.

Hpumepuwe. 1. Haiitn axerpemym dynkmnn y = (x - 1),

Pewenue. 1) Haitaem cTanMoHAPHBIE TOYKH:

Y’ =6(x-1)%y =0 = x=1. Touxa x = 1 — cranmuonapmas.

2) ¥ =6-5(x - 1)'= 30 (x - 1)*; y" (1) = 0;

y” =120(x - 1)% y”(1) = 0;

¥ = 360(x - 1%y (1

y'=720(x - 1); ¥ (1) =

y"'=1720>0 — B TouKe x

B Touxe munumyma y (1) = 0.

— MHHHMYM.

2. Haliri sxcrpemym dynxnus y =52 - 36x5 + %x' ~60x" +36.

Pewenue. 1) Haiigem cTanuonapHbie TOYKH:
y’ =30 x*- 180 x*+ 330 x* - 180 x*= 30 x* (x*- 6 x*+ 11 x- 6);

Y=0=x,=0ux"6x"+ 11x-6=0;
=1
~6x? +11x-6|x -1
Teox? x?-5x+6
~5x?+11x-6
T bx?+bx
6x-6

-5x+6=0= x3=2;x,=38.
Y =30x*(x ~1)(x - 2)(x-3) .

Touku x, = 0; 1; X3 = 2; x, = 3 ABAAIOTCH CTALMOHADHBIMM.
2) y” (x) = 150 x*~ 720 x*+ 990 x* - 360 x;

¥ (0)=0;

¥ (1) =60 (>0) — noKansHbIE MUHEMYM;

vy =5- 36+?760+36 27,5
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Y(2) =120 (<0) — nOKAABREI MAKCHMYM;

y(2)=5~64436-32+%116—60-8+6=320—1152+1320—480+6:l‘;

y”(3) = 540 (>0) — JOKANBHBINK MEHUMYM;
¥(3)=5-729-36.243 + %31 —60.27+86=

- 36458748 + &:6—5-71620+36:vd,5.

3) Mpopoaxaem nposepsaTh Touky x =0 :
y”(x) = 600x* - 2160 x*+ 1980 x - 360;
y” (0) = -360 (< 0) — Her aKcTPEMYMa, TAK Kak m = 3.

TlpogonaeM pacCMOTPEHHE IKCTPeMyMa (DYHKIHI HECKONbKMX
nepemMeHHbIX.

3. Haiitn cranmonapusie Toukn ynkunn z = 2x° + xy 2+ 52% + y*.
9z 2,3 dz
= =6x?+y? +10x; — =2xy+2y.

Pewenue. 1) = =6x"+y e

]6x“+y2+10x=0: 62 +y* +10x=0
2) Pemunm cucremy: 121” 12y=0 2y(x+1)=0.

6x7 +10x=0 {2x(3x+5):0 [
= =
y=0

2-10= =2y =2
6 {Gw 10=0_ {y: v
x=-1

HMeem ueTbipe CTAMOHAPHBIE TOUKH

M.[—%;u]; Ma-15 -2); My(-1; 2); My(0; 0).

3.2.2. [locTaTo4Hbie YCNoBus NepBoro nopsaaka
3kcTpemyma chyHKuuMM

Ilycts hynkuus u (X3 Xz; S; X,) B CTAIIMOHAPHOM TOUKe M nBax-
e uddepennnpyema, a maTpuiia écce B 2T0i TOUKe ABIACTCH 110~
JIOMUTENBHO OllpefiesleHHoil (OTPHUATENBHO ONPe/ieJIeHHOI), T.e.
H(M) > 0 (H(M) < 0). Torsa Touka M ecTh TOUKa JIOKAJIBHOTO MU~
HUMyMa (MaKcuMyMa) QYHKIIH u(X; Xa; 8; X,).

196

JInist NPOBEPKH BBHINOIHEHHSA JOCTATOUHBIX YCJIOBHIA MCIONB3YIOT-
c#a aBa crocoba.

Cnoco6 1 (c npuMeHeHneM YIJI0BbIX MHHOPOB — KpuTepuii Cuiib-
BecTpa).

1) lns Toro uro6nr matpuna I'écce H(M) Gbisia no0KuTENBHO
onpenenesnoit (H(M) > 0) u rouka M sABAANACE TOYKOH JOKAJIBHOIO
MUHHMYMa, HeOOX0/IMMO M IOCTATOUHO, YTOOBI 3HAKM YTJIOBBIX MU~
HOPOB GBIIHM CTPOrO MONOKUTENbHBI: Ay > 0, Ay >0, ..., A, > 0.

2) Jlns Toro uro6e maTpuna lécce H(M) 6bisa oTpunaTensno on-
penenennoit (H(M) < 0) u rouka M sBasnachk TOUKOI JOKAJILHOTO
MaKCHMyMa, HeoOX0ANMO U IOCTATOUHO, 4TOObI 3HAKM YIJIOBBIX MH-
HOPOB Yepe/I0BATNCH, HAYUHASA C OTPUIATETHHOTO:

Ay <0,A,>0,A;<0, ..., (-1)"A, > 0.

IlycTh AaH onpejesnTeNhb n-To NOPAAKA

G G2 Gi3..-Gyp
(@21
A= fag

@n1 Gnz Gpge-Bnn

s 5 @1 G2 Gy
a) Onpegesnrenn A, = ay,; A, =L;’ 2. Ay=|az @y as... na-
a.
! - 1 Q32 Gg3

BBIBAIOTCSH Y2106bL MU MURODAMU.

6) Onpenennrenn m-ro nopsiaka (m < n), NoAyYaOUIMECs U3 O~
pefieIuTeNs N-TO NOPAJKA BhIYEPKUBAHUMEM KakuX-i1ubo (n — m)
€TPOK ¥ (n — M) CTONGIOB C OHUMH U TEMH ke HOMepPaMH, HA3bIBA~
I0TCH 21AGHBL MU MUHOPA MU M-TO TIOPSAKA.

@1 Gz Gy
Hanpumep, ana onpenenurtens nopsaaka A=(ay G dy
(@31 A3z a3
rAaBHBIMM MHHOpPaMH 1-ro mopsaka 6yayT:
A1 = agg; By = a3 A= a3
rIaBHBIMH MHHOpAMH 2-10 mopsAAKa 6yayT:
197
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A‘=Ez 02:1: T a3 s

5) B TouKe Mj: H(M,):[”zﬂo 4 ]:[‘2 ‘];
2 Gs a5 ass

4 -2+2 4 0

A Au:l:: G2
1G22

2 4
rIABHBIM MHHOPOM 3-r0 nopsaka 6yser A; =A. A=-2<0; 8=, 0‘: ~16<0 — nocTaTouHOe YCIOBME He BEIION-
lay, @y, HAeTcs;
Jlasi onpesenurens 2-To NOpAAKa A= TJIABHBIMM MHHO-
@21 @22 10 0

0 2

JAoBaTeNBHO, B TOuke M, nokanbHbiil Murumym; H(M,) = 0.

10
1) B Touke M,: H(M.):( ]; A=10>0; A,=|0 j:zom. cae-

pamu 1-ro nopsiska 6yayT A, = @y; A; = @y,; TIABHBIM MUHOPOM 2-T0

@11 Gi2
nopaaka — Ay = . Cnoco6 2 (c nomMombio coBCTBeHHbIX 3HAUYeHHIT MaTpuILl Décce).
Ecan Bee coberBennbie 3HaYenns marpunbl I'écce B cranuonapHoi
Tlpogomkum pemenne npumepa 3 (cm. noapasa. 3.2.1). Haiinem maTpu- woukE M
ny Fécce: 1) CTPOTO NONOKUTENBHBL, T. €. Ay > 0, Ay > 0, ..., A, > 0, To B 9TOI
ﬁ —12x+10; 9z <y, ﬁ PP TOYKE JIOKAJIbHbI MHHUMYM;
ox? dxdy ay? 2) eTporo oTpHnATebHB, T.€. Ay <0, A, < 0, ..., A, <0, To B oTO#
TOYKE JOKAJNbHBIH MAaKCHUMYM; 3
12x+10 2y 3) A, MMeIOT pasHBIe 3HAKH, TO B 9TOI TOYKEe HET IKCTPeMyMa;
H(xiy)= 2y 2x+2) 4)%,20,4,20, ..., &, 20 — moacem Gbumb NOKANBHbIA MUHN-
MyM (TpebyeTcs A0NOJIHHTENbHOe HCCAeOBAHNE);
5 5)A,0,2,<0, ..., A, <0 — moxem Gotmsb JNOKATBLHBIN MAKCH-
12(*—)+ 10 0 -10 0 MyM (Tpebyercs J0NOJIHUTeNIbHOE HCCIe0BAHKE);
a) B rouke M,: H(M,)= =5 4| 6) A =0,4,=0, ..., A, = 0 — Tpebyercs JONOJHATENBHOE HCCIIE-
0 2[_§]+2 "3 JlOBaHUE.
3 3amewanue. CobeTReHHbBIC 3HAYEHNA MAaTPHILBl ['écce HaxoAsAT-
csl M3 YCJIOBMSA PaBeHCTBa HYJIO onpejeautens marpuis (H - AE),
-10 0 40 T.e. u3 ypasuenns [H — AE| = 0, rae E — eanununas matpuna.
Haiizem 3HaKu yraoBeix MUHOPOB: A;=-10<0; A, = 4|=—>0,
0 -3 Tponomxaem pewenne npumepa 3 (cm. noapasa. 3.2.1):
a) aas Touku M,:
cre0BaTeNbHO, B TOUKe M| IOKATbHBIT MAKCAMYM;
-10-4 0
i 4 = _ _ 4
I 5a+ Sous 7§z*0_73.52+E4£. o _1_11_0:(104'”(‘54-)‘]-0:)\,—710<0:M- 5(0:
M=% 8 3) " T2 9 21’ é
B TOuKe M TOKAJLHBI MAKCHMYM;
H(M, -12+10 -4 -2 ~4). 6) ana Toukn M,:
6) B Touxe M,: H(M,) = 3 2+2)7 |4 of 5A g
=0=>(-2-A)(-1)-16=0;
2 4 -4 0-
A=-2<0; A, ’_4 0}:-16<0 — JOCTATOUHOE YCJOBME HE BHIIO- MA+2)-16=0 = M4 2h—16=0;
. D
nseres; TEL16=1T 2= ~J1T<0; Ay =-1+417 >0 — mer sxcrpemyma;
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B) A Touku Myt

-2-2 4
4 0-

)J:o:pz-xx-m—m:&.

MA+2)-16=0 = A*+ 21 -16=0;

Do 1416=1% A =-1-JIT <0 Ay =

7 JI7 50 — mer axcrpemyma;

1) Ans Toukn M

10-2 0
0 2-

M IOKANBHBIK MUHUMYM.

J:o:uo—xxz»xpo: A =10>0; 4, =2 >0 = B ToukKe

3.2.3. Heobxoanmble ycnosua BTOPOro nopsiaka
akcTpemyma hyHKUMN

Ecau B cranmonapHoil Touke M jocTaTouHble YCAOBUA 1€PBOTO
HOpAAKA IKCTPeMyMa (PYHKIMK He BBINOIHAIOTCA, TO MPOBEPAIOT-
¢ Heo6X00UMbLe YCI08UA BTOPOTO NOPAKA IKCTPeMyMa QyHKIHK:

® nyeTs Touka M ecTh TOYKA JOKAJBHOrO MHHUMYMAa (MaKcuMy-
Ma) QYHKIMHE U(X)3 Xp5 .0j X,) M QYHKIKA U ABaXKAB Auddepenim-
pyema B aToii Touke. Toraa marpuua Mécce H(M ) sipasiercs nonoxu-
TeJBHO MOJYONpeAeseHHON (OTPHILATEIBHO NOJYONpe/iese o),
T.e. HM) >0 (H(M) < 0);

@ 15 Toro uTo6el MaTpuia lécce H(M ) 6bu1a MOJOMKATENBHO 10~
syonpegenennoit (H(M ) 2 0) u rouka M moxcem Goimo apnsnach
TOYKON TOKATHHOrO MUHUMYMa, HEOGXO0AMMO H JOCTATOYHO, YTOOBI
raaBHBIE MHHODHI onpejennTens maTpuisl Nécce Gbln HeoTpHLIA-
TeJbHBI;

® 151 Toro uTobhl MaTpuna I'écce H(M) Guiia oTpuniaTenbHO mo-
syonpenenennoit (H(M) < 0) n Touka M moxcem Goumo saBnsiach
TOUKOI JIOKAILHOTO MAKCUMYMA, HEOGXOAMMO U I0CTATOUHO, YTOGbI
BCe rIABHBIE MHHOPBI UETHOTO TOPAAKA GHIUIM HEOTPHIATENbHbL,
a BCe IJIaBHBbIE MUHOPLI HEYETHOTO NMOPAAKA — MOJOKHUTEJIbHbI.

IMpumepuoe. 1. Haiitn axerpemynm dynkmwnn u(x;y) = x* -y,

1) Haiizem crammonapmbie TouxH GynKmm g_" “om %'i -2y, Viween
x v
2x=0 S 0x 0:7 M(0; 0)
s = [MOHA| A TOYKA.
cucremy 2y=0 y=0 cran pHa.
| 200

2) [IpoBepsieM AOCTATONHEIC YCAOBHA NEPBOTO MOPAAKA SKCTPEMYMA

(pynxnun. Cocr: Téoce: az_"~2 Pu_ _, Ou _ du _
yiws. Cocrannsen arpuuy Técce: 5.5 =2 53=-2 So-=300=
20
=0; HM)= 3
on-(3 S,

a) IPOBEPHM 3HAKM YIJIOBBIX MHHOPOB:

2
84=2>0; A= =-4<0 — nocTaTouHble YCAOBMA HE BIIONHA-

0 -2
oTes;
6) BeraucaMM coGCTBEHHBIE 3HAYEHMA MAaTPUILl ['écce:
2-2 0
o 2.3 =02 (2-M(-2-1)=0= 4, =2; X, =-2 = B Touke M(0; 0)

HET DKCTPeMyMa.
2. Haiitn skerpemym dynknnn u(x; y) = x° + y'.
Ju

Ju
1) Haliziem craumonaprbie Tou dysKLmmn :Tx 2w SEoday®. Mveen
: y

{ 2x=0 {x =0
cueremy =

= M(0; 0) — craumoHapHas TOUKA.
4y* =0 |y=0 R
2) IlposepsieM BHITOTHEHHE ZOCTATOYHBIX YCJIOBHIT IEPBOrO MOPSAAKA IK-
’u

"
crpemyma dymxuun. Cocrapasem marpuny Pécce: 37‘::2‘ 1
Pu_ Fu 2 0
dxdy  dyox 0 12y°

a) NPOBEPHM 3HAKH YIJIOBhIX MHHOPOB

=0; H(X)=[ ] B craumonaproii Touxe H(M):[2 OJ:

0 0

2
A=2>0; Ay :I0 ﬂ: 0 — nocTaTouHBIE YCAOBUS HE BRINOJHAIOTCH;

6) Burumcanm cobeTBeHHBIC 3HAYeHNS MATPUILLI [écce:
|2 -A 0

0 0_)}:0:(271)44.):0:)“ =2; A, = 0 = B Touxe M(0; 0) mo-

KeT GBITh JOKANbHBIN MHUHMMYM (TpebyeTcsi JONOIHUTENBHOE NCCAeN0Ba-
Hme).

3) IpoBepuM BEITIONHEHNE HEOOXOAMMBIX YCIOBHIA BTOPOrO NOPAAKA K-
crpemyma yHKInH. [l1s 9TOr0 BEIMHCINM IIaBHbIe MUHOPH! MaTpuiL ['éc-
ce H(M):

A= 0; A= 2; Ay= 0 — MO3keT GbITE JOKANLHLIT MUHMMYM 1 TPeByeTes
JIONONHMTENLHOE MCCIeOBAHME.

4) Brraucaum snauenne Qynkuun B rouxke M: u(M) = 0. Tak kak u(M) <
< u(M + ¢g), T0 B Touke M JOKANBHbIA 1 r106aNbHBI MHHUMYM.
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3apaum AnA CamoCTOATENbHOTO peweHuns

1. UceaeayiiTe Ha 9KCTpeMyM cleAyionine GyHKIHM:
1) u(x; y) = 2x° + xy + y%

2) u(x; y) = (1 - 2)° + 10(y - x *)%;

—x?-y?- - x+xy+ 2z

d)ux; y; 2) =2+ y*+ 22+ yz— Bx + 6y + 2.

2. Haiigure 9KCTpeMyM cIaeAyiomuX (hyHKImii:
5 y=x*-2x*+x+1;

6) u(x; y) = 4x* + 3y* — dxy + x;

T) u(x; y) = 2% + dxy® - 10xy + y%

B) u(x; y)=x* - xy+y* - 2x + 3y - 4;

9) u(x; y) = 3xy - xy® - x*y.

YCNOBHbIA 3KCTPEMYM ®YHKLN
HECKOJIbKUX NMEPEMEHHbIX

3.3.1. Heobxoaumele ycnoeus nepeoro nopsaka
3KcTpemMyma thyHKLuM

* 1. Haiigem axcrpemym GyHKIHuM Z = f (X3 y) NIPH YCIOBUH, UTO 1€~
PeMeHHbIE X U Y CBA3AHBI COOTHOIEHNnEM @(x, y) = 0, KoTopoe Ha-
3BIBAIOT Y PAGHeHULeM 63U (TUCI0 YDABHEHHIT CBASM MeHbIIe,
4eM YHCJIO APTYMEeHTOB HCeIeyeMoil yHKINH).

Beeziem Beniomorarensayio dynkmmio F(x; y; A) = f(x, y) + Ao(x, y),
rie A — napameTp, HasbiBaeMblit Muoxcumenem Jazpanxca.
Fl(x:y:)=0 ¢
M3 cucremsr ypasrennii | F,(x;y;1)=0 onpexensior 3Hauenus x,
x;y)=0
Y, )t, TAe X, y — KOOPJAMHATHI TOYKH BO3MOKHOI'0 YCJOBHOIO 9KCTpe-
MyMa (YCIOBHO-CTAIMOHAPHBIE TOUKH).

* 2. Haiigem skcTpemym GyHKIMN U = f (X, y, Z) IpH YCIOBHAX
@(x, y, 2) =0 n y(x, y, 2) = 0. Beenem pynrxyuio Jlazpansxca
Fx; ys 23 M5 W= (x5 45 2) + A @(x; y5 2) + py(x; y; 2).
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Fl(xy:2:00) =0
Fy(x:y32:01) = 0
M3 cucremsr ypasrennii { F,(x;y;2;A1) =0 onpejensior snave-
Wxy32) =0
(x;y32) =0

HUA X, Y, 2, A, [, TJi€ X, Y, Z — KOOPAMHATHI TOYKH BO3MOMKHOIO yC-
JIOBHOTO DKCTPEMYMA.
IMpumep. Haiiti ycoBRO-cTanmoRapbie Toukn dynkmmn f(x; y) = x* +
+ y*npu orpannuenyn x + y — 2 =0 (¢(x, y) = 0).
Pewenue. Cocrasim bynkumio Jlarpamka F(x; y; M) =x* + y*+ Mx +y - 2);
JoF oF

—=2x+A,

= W =2y +Ah.

Pewum cucremy:

2x+A=0 A=-2x A=-2x A=-2
2y+A=0 ={2y-2x=0 = y=x =1{y=1

— KOOPAMHATEI ye-
x+y-2=0 [x+y-2=0 |[2x-2=0 |x=1

JIOBHO-cTAMOHAPHOI Toukn M (1; 1).

3.3.2. locTaTo4Hble YCnoBUA NepBoro nopaaka
3kcTpemyma hyHKLUM

Ecau B yesoBHO-cTanmoHapHoii Touke M BTopoii Anddepeniuan
dyuxnun Jlarpanska, BeiuncaeHubii npu yeaosun do(M ) = 0 aasa
BCeX HeHyJeBbIX dx, dy, CTPOro NOJOKHUTeNeH (oTpuIaTesen), T.e.
d*F(M)>0(d*F(M )<0), 10 Touka M siBIASeTCA MOYKOL LOKALY-
HO20 Murhumyma (maKcumyma).

Tlpogonxum pewenie npumepa (cM. noapasa. 3.3.1.).

&*F Jd*F &*F 3
H: d*F: == =0; = =2 d’F =2dx*+ 2dy”.
aitnem 3 Ty P x y

Haiizem dg =0 = dx+dy=0=> dy=—dx. C yuerom sroro yesosus d’F =
= 2dx*+ 2(~dx)* = 4dx? (>0 upu dx # 0)= B rouxe M(1; 1) — noKANBHBI
MUHEMYM; [, = 2.

*  Ecuam gocTaTounbie YCJIOBHS MIEPBOTO NOPAAKA dKCTpeMyMa hyHK-
UM He BEINOJTHAIOTCS, TO CIIE/yeT POBEPHUTH BHIIOIHEHHE Heol-
X00uMbLX YCROBUL 6MOPO20 NOPAIKA IKCMpPemy ma Pyni-
yuu.
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* Ecau B yeaoBHO-cTannoHapHoii Touke M Bropoit auddepennn- 3apaum ANA CaMOCTOATENLHOTO PeweHus
an pynknuu Jlarpanska, BelYuCAeHHEI npu yeaosun do(M) =0
Ans BeeX HeHyJeBbix dx, dy, HeoTpUIATe IeH (HENOIOKUTENeH),

T.e. ecan d*F(M )= 0 (d*F(M ) £ 0), 1o B touke M Moxer 6bITh

Haiigure ycaoBHBIN 9KCTPEMYM CAEAYIOMMX DYyHKIMIT:
1) f(x; y) = x npu @(x; y) = y*— x* = 0;
2) ;s p)=x"+ Yy npn @(x; y) = (x - 1)+ y * -4 =0;

JIOKaJIBHBI MUHUMYM (MaKCHUMyM). 3) f(x;y)=x" -y’ npn @(x; y) = x*+ y> - 1=0;
* Ecaun d?F(M ) =0 — TpeGyercs 10NOIHATETBHOE HCCIOOBAHME. b 4) f(x; y; 2)=x+ y*+ zPnpm @(a; y; 2) = x*+y* - 2=0, y(x; y; 2) =
* Ecau d?F(M )2 0 — Het sKcTpeMyMa. =x+y+2-4=0;

Ipunep. Haiitn yezosnui okerpemys dynxuns £(x; y) = x + y upn 5)f(x; y)=x +y upm @x; y) = x*+ y* - 8=0;
orpannuennm ¢(x; y) = x* + y- 2 = 0. 6) f(x; y) = x*+ y* npu @(x; y) = x*+ 2y* - 8=0;

Peusenue. 1) Cocranmm dpynkumo Jlarparxa ) flxs y)=x*+ y? npn @(x; y) =y* - x=0;

Fl;y)=x+y*+ Mx*+y*-2). 8) f(x;y)=2x*-4x+y* -8y +3upu @(x; y)=x+y+6=0;

9) f(x;y)=-4x*—dx-y?+8y - bnpu (x; y) =2x -y -6 =0.
2) Haiiziem ycI0BHO-CTAIIMOHADHBIE TOUKH: %: 1+2hx, 3—: =1+2\y. ) 1(x3 1) ¥ o P ¢ §) v

3) Pemnwm cucremy:

KOHTPOJIbHbIE BOMPOCLI

B r=-l

14202 =0 2x 2x [ante onpenenexns 4acTHbIX MPOU3BOAHBIX, FPAAUEHTE, NPON3-
142y=0 = 1‘2(__}_)‘,:0: 1-¥-¢ = BOAHOM N0 HANPEBNEHMIO.
2x ) Kakoe none HasblBaloT ckanapHLIM?
Kakyto maTpuuy HasbisatoT maTpuuen ecce?
Kakve T04ku HaabiBaloT CYSUMOHEPHHMM?
[NanTe onpeaeneHms YriosbIX 1 MaHLIX MAHOPOB.
YkaxuTe Heo6x0auMbIe 1 AOCTaTO4HbIE yenoBua 6e3ycnoBHoro
W YyCNOBHOro 3KCTpEMymMa d]yHKuMﬁ HECKONbKUX NEPEMEHHbIX.

g

24y?-2= "
ke 2+y?-2=0 x2+y?-2=0

ISR

KNMHO4EBBLIE CNOBA

YacTHan Npou3BoAHan, rpaaveHT, MaTpuua ecce, MUHOp, 3KCTpe-
4) Haiinem d°F u dg: MYM, fIOKafbHBIN IKCTPEMYM.

d*F = 2hdx* + 2Ady®; do = 2x dx+ 2ydy.

dg=0= 2xdx+ 2ydy=0.

B rouxe M,: dg (M) = -2dx - 2 dy.

dg (M) =0 = ~2dx - 2dy = 0 = dy = —dx.

d*F(M,) = dx?+ dy* = 2dx* (>0 npu dx # 0) = B Touke M, = JOKanb-
HEL MERHMYM; £, = 2.

Brouxe M, : dg (M) =2 dx + 2 dy.

do (M3)=0 = 2 dx+2dy=0=dy =-dx.

d*F(M,) = ~dx? - dy® = ~2dx * (< 0 npu dx # 0) = B TouKe M, JOKab-
HBI MAKCHUMYM; [ = 2.
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naBa 4

OBbIKHOBEHHBIE
ONODEPEHLUWATIbHBIE
YPABHEHUA

ONPEAENEHVE AN®DEPEHUNANBHOIO
YPABHEHUNA. 3AA4A KON

Aup@epenyuanvhoim ypasnene m Ha3piBaeTcs ypapHenue,
CBA3BIBAIOLIEe HE3ABHCHMBIE [IepEeMEeHHbIe, UX ﬂ)yHKU.HIO M TPOM3BOA-
Hele (nam audpepennnans) ornx Gynkumii. Ecau nesasncumasn ne-
PEeMeHHAs! O/IHA, TO yPABHEHHUE HABBIBACTCH 00bIKHOBEHHLM; €CIN 3Ke
HEe3aBUCHMBIX NI€PEeMeHHbIX JIBe WX ﬁﬂllbl.lle, TO YpABHEHHeE Ha3biBa~
©TCH YPABHEHUEM 6 HACMHBLX NPOUIBOTHBLY.

Hawmsbicmumii NopsA0k 1pOM3BOAHOMN, BXOAAIIeil B ypaBHEeHNe, HA-
3bIBAETCS MOPAAKOM AnddepeHnasbHOro ypaBHeHus .

Mpumepvi. 1. x+yy' =0 — oBuiknoBeRHOE AUDDEPEHIHATEHOE ypaB-
Henue 1-ro nopsiaxa.

- 2 xydx x* — obbikHOBeHHOE AN(DdEPEHIHAILHOE YPaBHeHne

9

502
bk +y1£ =0 — anddepenuuanbHOoe ypaBHEHHE B YACTHBIX PO~

u3BOAHBIX 1-T0 NOpAAKa.

B paneueitmem Gyjaem paceMaTpuBaThH TOJBKO 0GBIKHOBEHHbIE
auddepennnasbHbe ypaBHEHUSA .

Haunem ¢ gndbepennnaibabix ypasaennii 1-ro nopsaaka. Ecaun
AnddepernuanbHOe ypaBHeHNE Pa3penieH0 OTHOCHTENBHO NPOU3-
BOJIHOH, TO €ro MOYHO npeAcTaBuThL B BuAe y = f(x; y); ecau uer,
10 F(x; y; ') = 0.
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!(ﬂ Pewernuem puddepeHnHATBHOTO yPABHEHHS HASBIBACTCH TAKAS
audbeperuupyeMas QyHKIHA ¥ = @ (X), KOTOpas NpH NOJACTAHOBKE
B yPABHEHHE BMECTO HEMB3BECTHON (DYHKIMK 0OpaIaeT ero B TOM/1e-
CTBO.

[0] O6wum pewenuwem gudpdepennnansuoro ypasuenus 1-ro mo-
panka y’ = f(x; y) 8 obnacru D naswiBaetcsa pynknusa y = ¢(x, C), 06-
Jlazalomasn caeayouumMm ceoficTeamMn:

1) oHA ABJIsIETCA PELIEHHEM JaHHOTO YPABHEHHUA NPH JI00bIX e~
CTBUTEJbHBIX 3HAYEHNAX [IPOM3BOJILHOI nocToAHHOI C;

2) ana 1060ro HAYANBHOIO ycaoBuA y(X,) = Yo TAKOTO, 4TO
(x03 Yo) € D, cymecTByer eanacTBenHOe 3Hauenne C = Cy, npu KOTOPOM
pewenne y = @ (x; Cy) YAOBIETBOPSET 3aJAHHOMY HAYAILHOMY YCJIOBHIO.

[0] Besikoe pemenue y = @ (x; Cy), nonyuaomeecs u3 obiero peme-
HusA y = ¢ (x; C) npu konkpernom suadennu C = C,, HasbIBaeTcs
“acmuutm pewenuem,

W Bagaua, B KOTOPO# TpebyeTca HAWTH uacroe pellienue ypaBHe-
uus Y’ = f(x; y), yIoBIeTBOPAIOIIEE HAYAIBHOMY YCIOBHIO Y (Xo) = Yo,
HaswiBaetcs sadavwen Kowu,

TlocTpoennsiit Ha MuIocKocTH X Oy rpadMK BCAKOTO pelneHus y =
= @(x) gansoro auddepeHINaTbHOro ypaBHeHUS HAZBIBACTCS UHMe:
2panbHoll Kpueoir sToro ypasHenus. Takum o6pasom, obiemy pere-
HUIO Y = @ (x; C) Ha nuockocTH X Oy COOTBETCTBYET CeMeiCTBO MH-
TerpaJbHbIX KPUBBIX, 3aBUCSHIIEe OT OJAHOTO MapamMerpa — MPOU3-
BOJIbHOW MoOCTOsIHHON C, & YACTHOMY pellleHuIo, V/OBJIeTBOPAIOIIe-
My HAYAJbHOMY YCJIOBHIO y(Xy) = Yy, — KpHBas 9TOro cemeiicrsa,
NPOXOAAIAA Yepes TOUKY (Xo3 Yo)-

Onnako Berpeyaiotes Auddepenuaibable ypaBHeHUA, HMeloIne
TAKHe pPelIeHusi, KOTOpbie He MOJy4aloTes U3 06IIero peneHusa Hu
npu Kakux 3HadeHunx C (B Tom uucie u npu C = + ). Takue perre-
HUS HA3BIBAIOTCH OCOObL MU,

HMpumep. lnddepennuansuoe ypasuenne § =\1-y* umeer obuiee pe-
menue y = sin(x + C) (yGeanrech npoBepKoit).

B 10 e Bpemsa GyHKumA y = 1 TaKKe ABAACTCA PelIEHHEM 3TOrO ypas-
HEHMs, HO 3TO pelleHne He MOXKeT GhITh NoJy4YeHo u3 obLero Hu NpPH Ka-
Kux sHaveHuax C, T.e. ABAALTCA OCOOBIM.

I'padmkom 0coBOro perneHns ABJIAETCS HHTerpaibHASA KPUBasi, KO-
TOpasA B KAX 10l cBOEil TouKe MMeeT 06IIYI0 KacaTebHYIO ¢ O/{HOM 13
MHTErpaJibHbIX KPHMBBIX, ONpejesseMbix obmum pemenuem. Takasn
KpHBas HasblBaeTCA ozubanujeil ceMeiicTBa MHTErPaJbHBIX KPUBBIX.
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Ilpouece HaxosxaeHns pemenuit guddepeHHAILHOrO YPaBHeHUN
HA3LIBACTCH UHMeZpuposaruem AAddepeHIuaIbHOr0 YPABHEHH A,

OBbIKHOBEHHbIE N®®EPEHLINATNBHBLIE
YPABHEHUWSA NEPBOro NoPAAKA
C PA3AENSOLWMMNCA NEPEMEHHbLIMWN

@ Hunddepennnanboe ypapHenne BUa
11(x) @1(y) dx + fa(x) @uy) dy =0

HA3BIBAETCH YPACHEHUEM € PAIVCNAIOULUMUCH NEPEMEHHbLMUL,
Eciu f5(x) # 0 1 ¢y(y) # 0, TO €ro MOIKHO NPEACTABATH B BUJE

JACI PN %(u)d o.
falx) (y)

B peayuibrare Now/IeHHOr0 MHTErPHPOBAHUSA TIOJyYAEM

AR 4oy [ 920
22 dy=C.
{ sl g™

ﬂpua‘tepu. 1. Haiiti obmee pemenne auddepeHManbHOrO ypasHeHHs
(1 + e*)y’dy = e*dx u uacTHOe pemenue, YAOBIETBOPAIOUIEE HAYAILHOMY
yeaosuio y(0) = 0.

Peusenue. Paazean nepenenses y'dy == L2
+e™F

1
pys, noayuum: Ey“ =arctge‘+%c. unn y* = 3arctge® + C, uam y =
={f3arctge” + C — obuiee pemenne uddepennuansroro ypassenns. Haii-

A€M NOCTOSHHYIO uHTerpuposanus C ua yeaosus y(0) = 0: 0= 3% +C nam
3
C=——z75. YacrHoe pemenne umeer Bua y° = 3arctg e* — 3%. wim y =

= 33arctge” -¥4

2. Haiirn obmee pewrenne auddepennnansroro ypasuenus x + yy’ = 0
I M YACTHOE pelleHne, yAOBIeTBOPAIOIlee HAYANLHOMY yeaoBnio y(0) = 2
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,_d
Pewenue. Pasnenss nepemennsie i 0603nauas y =d_", nonyanm
x

vy ydy=-xdx.
dax
PR

IlouneHHO MHTErPUPYs, GyieM HUMETH 5 ?+ 20 wm x? 4+ y*=C —

obiee peurenue auddepenunanbaoro ypasnenua. Haiizem nocToannyio nu-
rerpuposanus C us yenosus y(0) = 2: 0+ 4 = C = C = 4. YacTHoe pemenne
umeer Bug x% + y? =4

3ameuwanue. leomeTpuueckoil HHTEpperanneii 061ero pemenns aan-
HOrO YPABHEHMS SBAAETCA ceMefiCcTBO KOHUEHTPHUECKHX OKPYKHOCTeH
x?+y*=C ¢ uentpom B Hauane KoopaAMHAT. UacTHOE pelieHye MpeACTaB-
A5eT coBoit KOHKPETHYIO OKPYHHOCTE X + y? = 4, NpoXoAANLYIO Yepes Tou-
Ky ¢ koopausatamu (0; 2).

3apaun AN CamoCTOATENbHOMO PeLeHns

Haiizure obuiee pemenye caeayiomux AudpepeHnanibHbIX ypas-
HeHMit:

Dy=e2) y-xy+y=0;

= ;4 1)y +1 2x-1)(2y +1)=0;
3) y x(x Erd) ) (x=1)(y + 1y~ W2y +1)=
5) dy(x* 1) = yxInydx; 6) ——d +:—+;dy 0;

7) ye'dy = e’ dx; 8) (y + )arctgxdy = (y° + ‘1)1+ =

OAHOPOAHbIE OBbIKHOBEHHbIE
ANO®EPEHUNANBHBLIE YPABHEHNA
MEPBOro NOPAAKA

Vpasuenue suaa P(x; y)dx + Q(x; y)dy = 0 uaswisaercs 00HOpod-
o, ecan P(x; y) u Q(x; y) — oaHOPOAHBIE GYHKIMH OJHOTO H3Me-
peHus.

@ @ynxnus f (x; y) HaspiBaeTcs 0OHOPOIHOLL H3MEPEHUS M, eCTH
flux; uy) = u"f(x; Y)-
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C nomMomBIO MOACTAHOBKHM Y = tX OAHOPOAHOE ypaBHEHHE IPHBO-
JMTCS K YPABHEHHIO C PA3/IeNSIONMMHUCH IePeMEHHBIMA.

IMpumep. Haiitu obuiee peurenue AuddepeHnnanrsHoro ypapaenns
xy+yt =22+ xy)y.

Pewenue. 3amensnsn y’ na dd—z. noayunM

(xy + y*)dx - (2x* + xy)dy = 0.

Paccmorpum ynkunn:

P(x; y) = xy + y*; P(ux; uy) = u'xy + u’y* = u*P(x; y);

Q(x; y) = 2x° + xy; Qux; uy) = 2u’x® + u® xy = u® Q(x; y).

Cneposarensno, pyukuun P(x; y) 1 Q(x; y) ABAAIOTCA OAHOPOAHBIME
BTOpOro namepenus. Iocse samenn y = tx = dy = x dt + tdx nonyuum ypas-
nenme (tx? + t°x?)dx — (2x° + tx®)(xdt + tdx) = 0; tdx + t* dx — 2xdt — 2tdx —
—txdt — t* dx = 0; — tdx = x(2 + dt; X - 2:'41.

x

Tlounenno unrerpnpys, 6yaem umers In x = -21Int —t + C.
Bamenss ¢ =¥, oxonwarensio noayaum Inx=-2m¥ Y0 obiee
x x =

pemenne AudPepeHNaIbHOrO YPABHEHM .

3anaun ans CaMOCTOSTENLHOMO PELIEHNs
Pemure ciefyionue ypaBHeRus:
1) (2x +5y)dx + (5x + 3y)dy = 0;
2) (2xy +3y*)dx +(x* + 6xy - 3y*)dy = 0;

3) xy =3 *2"2!/, 1) xy'=2{x* + 4 +y.

IEZB "VHEMHBIE OBbIKHOBEHHBIE
ONDDEPEHLINASILHBIE YPABHEHUSA
MEPBOrO NOPAAKA

[0] Muddepennnansroe ypasuenue suja y' + P(x)y = Q(x) nasnisa-
ercs aunetnvin, Eean Q(x) # 0, To ypaBHeHHe HA3BIBAETCA THHeH-
HbIM HEOJHOPOIHBIM, & eciu Q(x) = 0, TO — JUHEHHBIM OHOPOJAHBIM.
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* OGuiee penrenye JUHEHHOr0 OAHOPOAHOTO ypaBHerus iy’ + P(x)y =
= 0 JIerKo NoJyuaeTcs pasjieleHneM MepeMeHHbIX
Zy (t)y:i =-P(x)dx=>Iny =— IP(:)danC::»
y

=5 ln% = —IP(x)dx =Sy= Cefrx,

Ofuiee penieryne JUHEHHOTO HEOJHOPOJAHOTO YPABHEHUA MOXKHO
HANTH MCXOAA U3 00I1ero pemeHns COOTBETCTBYIONIEro OHOPOAHO-
ro ypaBHenus memodom Jlazpanxca, BApbUPY# NPONBOILHYIO 110~
crosanyio C, T.e. nonaras y = C(x)e'JP"m, rae C(x) — nexoropas,
nojsesxaman onpejenennio, auddepenunpyemas GyHKuus or x.
Jlas naxoskaenus C(xX) Hy?KHO NOACTABUT Y M ' B HCXO/IHOE HEOJHO-
pojHOe ypaBHeHne:

¥ =Clwye PO s cpo-paye I,

Clxye PO _oypye P 4 o Pxye M0 = Q).
Clx)e Pz —Q(x); Clx)= e»fPlxkle(x).

dC(x)

Bamenssn C'(x) Ha , OysemM umeTh

dC(x) = "M Q) dx.

Toczte nrerpuposanusa C(x) = [[Q(x)e "™ Jdx +C.

OKOHUYATEJIBHO TONYUUM Y = e'j”"""[ ]‘(Q(:c)ejﬂ"“""x Ydx +C].

Hpumep. Haiitn obmee pemenne gndpepeHHaILHOrO ypaBHEHNA
y'sinx — ycosx = 1 n 4aCTHOE pelIenue, yJAOBIETBOPAIONIEE HAYATILHOMY
yenoBmio y = [g) =0.

Pewenue. Haiiem obuiee pemenne oAHOPOAHOTO ypaBHeHus y’ sin x —
~ycos x=0:

ﬂsnm: yeosx :ﬂ = cosxdx =
dx y sinx

= Iny =Insinx+InC = y = Csinx.
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Jpobroi payuornanshol GpyrKkyuel HA3BIBAIOT GYHKIHIO
R,(x), npeAcTaBMMYIO B BU/Ie YACTHOTO OT JJIEHUsA ABYX LEJbIX pa-
IMOHAJBHBIX QyHKIMA:

apx" + @ x"' +...+a, x+a,

Ry(x)=2oX TX 1.¥0,,X 4,
() box™ +bx™ ! 4ot by + by,

rnen € Z, me Z; ay, ay, @y, .., a, 1, @y, by, by
(unmeHTH (HOCTOSHHBIE YHCIA).
Yacrubie cayyau: 00pamHuas nponopyUOHaIbHAR 3A6UCUMOCTL

s Om 1) by — KOBID-

¥= E: OpobHo-runeltnan PYHKYUR Y = o +b.
& cx+d

COBOKYITHOCTB 1I€JIbIX PAIIMOHAJIBHBIX M JIPOOHBIX PAIMOHAIBHBIX
GyHKIU 06pasyeT KJIACC PAYUOHALBHBLX PYHKYUL.

Hpumepsi. 1. ®ynxuus y = 3x* — 2x* + 2x - 3 apnserca nenoi panno-
HATBHOI DYHKIMEli WK MHOIOWIeHOM 3-ii CTeNeH: OTHOCHTEBHO X.

3x®-2x*+2x-3

- ABAseTcs APOGHON PAIMOHATLHOM
5x% +2x-3

2. ®yuxuus Y =
bynkumeit.

Hppayuonanvnoi ¢ynkyueid HA3BIBAIOT TAKYIO QYHKIHIO,
HAJl APTYMEHTOM X KOTOPO#, KPOMe NepeuncIeHHbIX paHee NepBhixX
nATH anrebpanuecKUX Onepaumii, NPOU3BOANTCA elle onepanus us-
BJIeYeHHMA KOPHS KOHEYHOe YHCJIO Pa3 U PeayJIbTAT He ABJIAeTCS pa-
IHOHANBHOM GyHKIHedH.

Hpumep. Pynxuus Y=
HANBHON QyHKIMeid.

COBOKYNHOCTH PAIMOHAJBHBIX M MPPANMOHANBHBIX QyHKUMi
06pasyloT KJIace anzebfpauteckux pynryui.

Tpancyendenmnan pynxkyus — BCAKas HeanreGpauyeckas
dyHKIMA.

IMpumepuwe. 1. [Nokasarensnas yskuusa y=a*(a>0,a# 1), y =e” (k-
crnonenta).

2. Jlorapudmuveckue dynxumu: y =log, x (a>0,a# 1), y=Inx (nary-
panbHbiil torapudm), y = 1g x (aecaTnunsii sorapudm).

3. Tpurosnomerpuueckue GyHkumm: y = sinx, cosx, y=tgx, y=ctgx.

4. OGpaTHLIe TPHTOHOMETPHUECKHe (DYHKIMM: ¥ = ArCSiN X, ¥ = Arccos x,
y = arctgx, y = arcetg x.
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1.1.6. MoHsTe cnoxHon hyHKLMM

Ilyers u = ¢(x) — HekoTopas GyHKUMA OT NepeMennoii x. Pac-
CMOTPHM Apyryio hynkmuio y = f(u) rakyio, 4To ee obaacTh onpeje-
JIeHUsA coBniajaeT MJM XoTs 6b1 UMeeT oﬁmym HacThb ¢ MHOYKECTBOM
3naveHuit pyHkumyu u = @(x). Toraa noayuum pyukunio y = f(u) =
= f(@(x)) kaK QYHKIMIO OT X, T. €. 3ajaHue X ONpefenserT GyHKIHIO
u=¢ (x), a 3aganne u, €cau OHO NONAJAET B MHOMKECTBO 3HAYEHHIT
dynknnu u = ¢(x), onpegeant pynkuuio y. Takum o6pasom, B KO-
HeYHOM CUeTe 3a/laHHeM X ONpe/le/iAeTCs 3HAUCHHE ¥, T.€. Y CTAHO-
BuTcA Qynkuueit or x. IMonyuennas rakum o6pasom QyHKIMA y =
= f(u) = f(¢(x)) HABBIBAETCS cAoNCHON PyHKywed OT X (3aAaHHOM
Yepes NPoOMexKyTOYHYIO QYHKIMIO u).

Hpumep. ®ynxuus y = sin® x spaserca cnoxuoil Gyuxuueii. Ee mosk-
HO NPeACTABUTH TAK: Y = U ", rje u = sin x.

1.1.7. ObparHas hyHKUMs

PaccMoTpuM MOHOTOHHYIO DyHKIMIO Y = f (X), onpeseneHnyio Ha
orpeske [a; b], u nycTh 0Tpesok [¢; d | ABNAETCA MHOMKECTBOM ee 3Ha-
4eHuit.

@yukuua y = f(x) cTaBUT B COOTBETCTBHE KAMI0M TOUKe X, € [a;
b] exnHCTBEHHYIO TOUKY Yo € [¢; d ] (pue. 1.7).

MOo2KHO yCTAHOBHTE U 0OPATHYIO 3aKOHOMEPHOCTh: KaX/40My 3Ha-
YEHMIO Y, U3 oTpe3dka [¢; d] cooTBeTCTBYeT €INHCTBEHHOE 3HAYEHHE
xo€ [a; b] (B cuay MOHOTOHHOCTH (DYHKIMM) TAKOE, 9TO Y= f(Xo).

13
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Jnsa naxoxaenus obuiero pemenus HeOAHOPOAHOTO YPABHEH IS IPUMe-
HHUM METOJ BapHAIMM NPOU3BOJILHOrO nocrosuxoro C.

Hyers C = C(x). Toraa y = C(x)sin x, y’ = C’(x)sin x + C(x)cos x.

ToacTaBuM y u y' B HEOJHOPOHOE YPABHEHHE:

(C'(x)sinx + C(x)cosx)sinx — C(x)sinxcos

C’(x)sin’x + C(x)sinxcos x — C(x)sinxcosx =

-
= E ) ainte=1 s Cainte=ind0n—t - =tiR) =-cigr i
dx sin’x

Oxonuarensno y = (—ctg x + €) sin x = C sin x - cos x — obmee peme-
Hue.
Haiiiem uacTHOE peuleHne, yAOBIETBOPAKOIIEE HAYATLHOMY YCIOBHIO

y(%): 0: 0 =Csing»cosg = C=0=y=-cosx — uacTHOE pewentte.

e JluneiiHoe ypaBHeHHe MEPBOroO MOPH/IKA TAKIKE MOMKHO PelIHTh
memodom Bepruynnu. Cuenaem NOACTAHOBKY Y = Uv.

Toraa y* = w'v + uv'. Honyuum u'v + uv’ + P(x)uv = Q(x) nan
w(V + P(x)0) + u'v = Q(x).

Honbaysck TeM, 4TO OHA U3 HEH3BECTHBIX DYHKUMI (HATpUMeD, V)
MOKeT GbITh BHIOPAHA COBEPIIEHHO POMIBONBHO (HOCKOJIBKY JHUIIb
Npou3BeJieHNe UV 0JKHO YIOBJIETBOPATH UCXOHOMY YPABHEHHIO),
38 U NPUHUMAIOT J11060€ YACTHOE PelleHNe YPABHeHUA

v+ P(x)o=0= dv. -P(x)v = do ~P(x)dx =
dx v

= Inv=—[P(x)dx+InC; lngrfj'}’(x)dx; %:e'l"md’ =

- [Pdx - freax

=v=Ce = Bosbmem C=1=>v=e

Tockonbky v+ P(x)v =0, To ocTanercs ypasHenune u'v= Q(x) nan

du o JPex
dx
O6miee pemenne GyeT uMeTh BUJ

=Q(x):du=Q(x)eIPum'dx:> s I[Q(x)ejl'(x)dxwx+c'

y=e [P(xm[j-(Q(I)e [P(xldx)dx il
Hpumep. Haiitu o6uee pemenne AuddepennuaibHoro ypaBHeHus
xy' + 2y = i M HACTHOE pelleHue, YAOBIETBOPAIONEe HAYAIBHOMY YCII0-
x

Buio Y(3) = 1.
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Pewenue. Nycts y =uv =y’ =u'v+ v'u.
IMoacrasasns y u y' B MCXOAHOE ypaBHeHue, GyeM UMeTh

. , P |
xou’ + xuv’ + 2uv = —3 u(xv’ + 20) + xou’ = —.
x

x
dv dv dx
i &%

' +20=0= X—=-20>—=-2
Pemum ypasrenne xv’ + 2v =0 5 5 -

c c 1
=slnv:rzlannC:lnv:ln;=0=F (npu C=1: v==)

Pemnm ocraBuieecs ypasHenue:

,_1 du 1 1du 1 du
U == —=—Dx—m—=—>—=1>du=dx=>u=x+C.
% dx x x*dx x " dx
x+C
Ob6mee pemenne ypaBHeHNs HMeeT BHA Y = UL = =
3+C x+6

Hajinew wactoe pemente: 1==0==C=6=y ===

3apayn ANA CaMOCTOSTENLHOTO PeLIeHNst

Haiizure obiiee penienue cieayiomux anddepeHuantbHbIX ypas-
HEeHWii ¥ YaCTHOE pelenne, yI0BJIeTBOPAIONIee HAYAILHOMY YCIOBHIO

Y(x0) = ¥o:

1) y'-4xy =x, yun‘%; 2) y'-ysinx =e ", y(§]=3:
-«
- YO =2

1+

3) y'+2xy=2xe™, y(0)=5 4) y'+y-=
5) xy' -3y =x'e”, y(l)=e; 6) xy'+2y=;1‘~, y3)=1

) xy'+y:lf—22—, y(1)=0;  8) y'cosx—2ysinx =2, y(0)=3.

YPABHEHVE BEPHYNIN

[0] Vpasuenue suga y' + P(x)y = Q(x)y™”, rne m # 0; m # 1, naseiBa-
erca ypasnenuem Bepryaau, Ero MomxHO 1peodpasoBaTh B IMHEH-
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HOe, IPOM3BE/S 3aMeHY HeM3BECTHOMN (PYHKIIMH € IOMOIIBIO OACTA-
HOBKHM Zz=y' ™™,

1

1., 1 zim
2m =2

1-m 1-m =z

1

Torpa y =273 y

Tloacrapass 3HAUEHNA Y U ' B UCXOHOE YPABHEHHE, NOTYIAM

2y py- Q)

1-m2z z 1-m
OJIHOPOZHOE YPABHEHHE, KOTOPOE MOJKHO PENINTD ABYMSA Bhillenepe-
YHCIeHHBIMH METOaMH (cM. moapasa. 4.4).

2'+ P(x)z = Q(x) — nuneiinoe He-

HMpumep. Haiitu obuwee pemenne anddepennuaibHOro ypaBHeHuA
2(xy’ + y) = xy’ n uacTHOE pemenHNe, YAOBNETBOPAIOLIEe HAYATBHOMY YC-
nosuo y(1) = 2.

Pewenue. Caenaenm sameny z = y' 2=y '= =, orkysa y:%. Toraa

w =

-xZ+z _x
2 -

7 R 1N
pe = 2-x2'+2)=x; -x2 u:E s

z'-lz = ,% — auHeiiHOe HEOAHOPOAHOE ypABHEHNe.

x
Myers z=uv = 2 =u'v+ ur'.
Toacrasasnsa zu Z B ypasHeHue, GyleM uMeTh

. .1 1 , 1 )
uv+u' -—uv=-—; u('-—v)+u'v
x 2 x

Peuny ypasuenne v/~ +0=0=20-Ly 808Xy jp e
x dx x vox

= Inv=In(Cx) = v=Cx.
Bosbmewm C = 1, Torza v = x.
Pemum ocraBmeecs ypaBHeHHe u’u=v1 =5 d—“v =—l-:> ﬂx = ~la
2 dx 2 dx 2
ldx

1
du=——""=yu=-—Inx+C.
=du u nx+C.

Obmee pemenne nMeeT BUA 2 = [—%Inxoc)x.

— obmee pewenne auddepenin-

Ho z=l. OTKyAa y =
v ( x+C|x

ANLHOTO YPABHEHMSA.

Haiizem uacTHoe pemenne: 2=

YacTHoe pemenite uMeeT BuA Y= = >,
(_%m“%)x (FInx+1)x

3apaum ana camoCTOATENbHOro peweHus

Pemure sagauy Komn gasa caeayomunx auddepennunanbHbix
ypaBHeHwii:

1) @Dy =-u YO =1 2) yx+y=-32"" y)=1

3) y'x-y=y’cosx, y(m=m 4) yx-y=y*Inx, y()=1;

y 2
6) y———= , y(2)=1.
) Y g T (2)

5 y'+y=ey, y0)=1;

IEXM "VHEMHBIE AN OEPEHUNATLHBIE
YPABHEHIS BTOPOr0 MOPSIKA
C NOCTOSHHBIMI KOO ®ULIMEHTAMM

Ilyets pyaknum y(x), y,(X) HenpepbIBHLI BMECTe CO CBOMMMU Iep-
BLIMH IIPOM3BOAHBIMH Ha HEKOTOpoM oTpeske [a; b]. CocraBum on-
peennTenn

Y1 (), (x

Wy =", ,
(1, 42) |y,(x)yg(x

;1 — omnpegenunTesnb Bporckoro®.

10. M. Bponckuii (1778 — 1853) — noasexuit hunocod n MaremMaTuk.
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JlocTaTOYHBIM YCIOBHEM JIMHENHON HE3ABMCHMMOCTH ITUX JBYX
GbyHKIMi ABIAETCH TO, YTO onpexeauTens Bpouckoro W(y,, y,) ne
paBeH HyJIIO HU B O/IHOM TOuKe oTpeaka [a; b].

IHpumepboi. 1. Tlokasats, uro hynkuun y, = eh*; y, = e (k, # ky)
JIMHEITHO He3aBMCHMBI Ha (—o; +o0).
Pewenue.

ehr gl

neh* ket
BATEJBHO, Yy M Y, — JHHEIHO He3aBHCUMBI HA X € (—o0) +09),

2. Iokasare, uro Gynkuun y, = ™ sin fx; y,= e™ cos Px (B # 0) iuneii-
HO HE3aBHCHMBI HA (—o0; +0).

Pewenue.

= kel ko _py elhiks — gk (R, k) (£0), caemo-

i = ae™ sin Px + Be™ cos Px = e*(a sin Px + B cos p),

5= ae™ cos Px — Pe®* sin Px = e*(a cos Px — P sin ),

- e sin Bx e cosfx =
e (cesin Px + PeosPx) e (ccosPx - Psinfx -

#e[asinBxcospx - Psin? Bx - asinBxcosPx - Peos? Px] = €2 () £ 0.

CIeAOBATENBHO, Yy 1 Y, — NMHEHHO HEIABMCHMBI Ha X € (~ oo} + ).

4.6.1. IIuHeitHble 0AHOPOAHLIE YPaBHEHUA BTOPOrO
nopsiAKa ¢ NOCTOAHHLIMKU Ko3adduymneHTamm

Vpasnenne Buja aoy” + a, y' + ay y = 0, rae Koo HUIUEHTH! dg,
@) ¥ a; — HEKOTOpBIE IOCTOAHHbIE IeCTBATe IbHBIE YHCIA, HASBIBA~
eTcA AUHEeUHbLM 0OHOPOTHBLM YPAGHEHUEM 6MOPOZO NOPAD-
K@ € NOCMOAHKBLMU KOIDPPUuyuenmamu.

Ecau y,(x) u y,(x) — 06a AUHEIUHO HE3ABUCUMBLX HACTMHBLX Pe-
wenun ypasnenun agy” + a,y’ + ay =0, 1o y = Cyy, + C, y, ecmsv 06-
wee pewernue 3mozo ypasuenus (C, u C, — npouseonvHbie nocmo-
AHHBLE).

Taxum oGpasom, 3ajiaua MHTEIPHPOBAHUSA JTHHEHHOTO OJHOPOLAHO-
rO ypaBHeHHUs BTOPOTO MOPAAKA CBOAMTCA K HAXOMKAEHHIO €ro ABYX
JMHEeHHO He3ABUCHMBIX YACTHBIX PelleHuii.

Hpumepuwi. 1. Tlokasats, uto y = C, e* + C,e ™ apaserca obuum pe-
menunem ypasaenus y’ — 9y = 0.
Pewenue. Paccmorpum ase Gynkumn: y,(x) = e*; yy(x) = e **.
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HyxHo nokasaTts, 4To:

1) 9T QYHKIMK ABAAIOTCA perenuaMn ypasrenus y” — 9y = 0.

Jlan dynkman y,(x) = €% Gyaem umers y,'(x) = 3™ y,"(x) = 9e**.

Ilocsie noacTanoBKH B ypasHerue nonyanm 9e ** - 9e’ = 0.

Jlna dyskmun yy(x) = e 6yem umets y,'(x) = -8e > y,"(x) = 9e M.
Ilocste noacTanoBKH B ypasHerye nonyunm 9e * - 9e ¥ = 0;

2) oHM NTMHENHHO He3aABUCHMbIE.

3x  gdx

Jlas atoro Berumcaum: W= =-3-3=-6 (0).

30 3o 3%

2. Tokasate, uto y = C,sin2x + C,c082x ABAACTCA OGUMM pelIeHHeM
ypasrenns y” + 4y = 0.

Pewenue. 1) y, = sin2x; y, = cos2x.

Yy’ = 2c082x; y, = ~2sin2x.

Yy = —4sin2x; y,” = —4cos 2x.

~4sin 2x + 4sin 2x = 0; —4cos2x + 4cos2x = 0.

sin2x  cos2x

)W = ~2sin®2x - 2cos’2x = -2 (20).

2cos2x — 2sin2x]|

Yacmuoe peuienue 1uHeitnozo 00HOPOGHOZ0 YPABHEHUA B1MOPO-
20 nopadka ¢ nocMoAHHbIMU KOIPPuyuenmamu agy” +a,y’ +ay =0
Moxcem Goumb Halideno 6 6ude y = e,

Joxasamensemeo. ocne naxosxaenus y' = ke, y” = k?e** u nox-
CTAHOBKM B yPABHEHHE, MOJYUYUM

agk?e* + ak e** + aze = 0 = e** (agk*+ a,k + ay) = 0.

Tockonbky e** # 0, To agk?+ a,k + ay= 0.

Do KBaJPATHOE YPABHEHME ONPE/IeIUT Te 3HAYeHNs Kk, IPH KOTO-
PhIX Yy = e** Gyner pemennem guddeperiuanbHoro ypapenus. Ono
HA3BIBAETCA XAPAKMEPUCTULECKUM YPAGHEHUCM . ]

BoaMOKHBI CJIeiyIolne caydan.

Cayuaii 1. Kopau &, u k; KBaIDATHOrO ypaBHeHUA JeHCTBATEbHbL
u pasnnunsl (k, # ky) (D > 0). Ilosyunm Ba 4aCTHBIX JIMHEHHO He3aBU-
CHMBIX pemrenusi y, = e*; y, =" (10, 4TO OHM JIMHEHHO He3aBUCH-
Mble, 6b110 NoKasaHo panee). ObIiee pelenue UCXOAHOTO OJJTHOPOAHOTO
nudpepernIaTEHOTO ypaBHenns Gyer nmeTs BUL: y = Cyeh* + Cyeker,

Ipumep. Haiitu obiee pemenne ypasnenns y” — 3y’ + 2y = 0.
Pewenue. k*— 3k + 2= 0; ky= 1; ky=2 = y=Cje* + Cye®™.

Cayuait 2. Kopuu ky u k; KBaApaTHOrO ypaBHeHU:A A€HCTBATENb-

Hbl M OMHAKOBBI | ky =k, =k = —;i (D=0).
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Tlokaxem, uTo B 5TOM ciyuae obliee pelenyue HMeeT BHA
Y = Cre** + Cyxe* = (C, + Cyx)et™.

a) IToacTaBuM GyHKIMIO ¥ B ypaABHEHHE, PEABAPUTENLHO BEIUHC
By’ uy” Y’ = Crke ** + Cye* + Cokxe* = (Cyk + C, + Cohx)et™.

Y = Cake* + (Cyk + Cy + Cokx)he™ = (2C,k + Cyk% + Cokx)ets.
Byznem nmern
Ag(2C,k + Co R + Coh?X)eM + ay(Cyk + Cy + Cokx)eh + ay(Cy + Cox)e* = 0,
e*(2a0Cok + agCik* + agCok®x + a,Cik + a,Cy+ a,Cokx + a,C, + a,Cox) =0,
Tockonbky e** # 0, To
[Ci(aok®+ ayk + az) + Cyx (agh®+a,k + ay) + 2a,Cok + a,Cy] = 0.
Tak Kak agk®+ a;k +ay=0, 10 2a4Czk + a,Cy = 0 = Cy(2a5k + a,) =

=0 = mbo C; =0, 6o k= 72“—‘. Heicreurensuo, ecan D = 0, To
ag

a,
Ry =ky = —i. caenoBatensno, pyukuus y = (C, + C, x)e** apnser-

CSi pelleHneM ypaBHEeHMS .
6) Buiuncanm onpesenntens Bporckoro or dynkunii y, = e** u
hx
Yo = xek:

kx xekr
Winria)= ket* b ke

YACTHBIE PENICHUSA Yy =

2hx | po?hx _ pya?hs — o2kx 40

gy, = xeht

— JMHEHHO He3ABUCHMBI.

IHpumep. Haiitu obmee pemenne ypasuenns y” + 4y’ + 4y = 0.

Pewenue. k*+ 4k +4=0= (k+2)*=0= ky= ky= -2 = y = (C, + C, x)e >,

Kopuu ky u ky — wommnexcusie (D < 0) k, = o - Bi; ky= o + Bi. Torna
yy = el B0r = pureBix; = glat Bix _ gurebix Ho o popmyate Ditnepa

e ¥ = [cos(~Px) + i sin (~Px) ] = cos Px — i sin Bx;
e * = cos Px + i sin Px.
Caenosarensuo,
Y1 =e™ (cosPx - isinPx); y, = €™ (cosPx + i sinPx).
Ecau auneitnoe neodHopodnoe ypasrenue umeem KoMnieKchoe
uacmuoe pewenue y = e“(cos Px + i sin px), mo ezo eewecmeennan

U MHUMAR HACMU MAKXHce ABIAMCA MUHeUHO HesasucumbLmu (B # 0)
HACMHbLMU POUWLCHUAMU IMO20 HE YPABHEHUA.
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Ilyerb y = u(x) + iv(x) — KOMIJIEKCHOe pellleHHe OZHOPOAHOrO
ypaBHeHus agy” + a,y’ + azy = 0. Tpebyercs 10Ka3aTH, 4TO KaxKaas
na GyHKImi u(x) 1 (x) ABIAETCHA PellleHueM TOro e 0JHOPOAHOro
YpaBHEHUSA.

Jlokasameavcmeo. IlofcraBuM y = u + iV B OAHOPOJHOE ypaBHe-
nue, yauTeiBasi, uyto ¥’ = u' +iv'; Yy =u” +iv".

TMonyunm

ag (W’ + i) +a, (W +iv)+a,(u+iv)=0=
= (agu” + a i’ + azu) + i (@gv” + a,v" + a,v) = 0.

BesnuuuHbl, cTosAmue B ckobkax, AeiicTeurenbubie. M3 pasencrsa
HYyJIO KOMILJIEKCHOM BEeJTHUMHBI cJjeayer, 4To OTAeJIbHO )(eﬁc'rnwrenb-
Has M MHAMAS YACTH PABHBI HYJIIO, CJIE/IOBATENBHO,

agu” + ayu’ + au=0magt” + a0’ + ap=0,
T.e. u(x) U v(X) ABAAIOTCSA PEIICHUAMNA HCXOAHOTO ypaBHenns. W

B cuuy aokasaunoii Teopembl, GyHKIMH y; = €™ cos fx u y, =
= e“sin fx ABNAIOTCA JIMHEHHO HE3ABUCHMBIMH YACTHBIMH PelIeHM s~
MM OJTHOPOJIHOTO ypaBHeHus agy” + ay’ + azy = 0 (npu f # 0).

Cocrasisiem obiiee permesne 0JHOPOJHOTO YPABHEHUA
Y =C 1y, +Cay, = C1e™ cos P + Coe™sin Px = e™*(C,cos fx + C; sinfx).

Bropoe peinenne B KommiekcHoit hopme e #* pe nonagobunocs,
NOCKOJBKY, cocTaBuB obIee pelienue 1o ero AedcTBUTENbHOM
(e**cosPx) u MEUMOI (—e™*sinPx) yacTaAM, MBI, O4€BHHO, MOJTYIAM
TO XxKe camoe.

IMpumep. Haiitn o6mee pemenue ypasuenns y” — 4y” + 13y = 0.

Pewenue. k* - 4k + 13 = 0; k, = 2 - 3i; ky= 2 + 3i; y = e*(Cycos 3x +
+C,sin3x).

4.6.2. INuHenHbie HEOAHOPOAHbIE
AndthepeHUMansHele ypaBHeHUs BTOPOro nopsaka
C NOCTOAHHBbIMK KO3hhuumeHTamn

Tlyers AaHO JuHEHOEe ypaBHeHHEe BTOPOro MOPAJIKA ¢ IPABOi Ya-
creio agy” + ayy’ + asy = f(x). Jlokaxem TeopeMy 0 CTPyKType obie-
TO pelenus JHHeHHOro HeOAHOPOAHOrO YPABHEHHS .

O6wee pewenue HeOIHOPOIHOZ0 YPABHEHUR MONCHO COCMAEUMb
KaKk cymmy obusezo peurenus coomeememeynusezo 00HopodHozo
YPABHEHUR U KaK020-HUOYOb LACMHOZ0 PeULeHUS He0OHOPOIHO020
ypaeHenus.
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Jokxazameavcmeo. O6oznaunm yepes M(x) obuiee pemenue ogHO-
POJIHOTO ypaBHEHMs, a Yeped G(x) — Kakoe-HUOYAb YacTHOE perie-
HUe HeOJHOPOAHOro ypaBHenus. Bosbmem pynkumio y = P(x) + (x).
Hmeem y’' = @'(x) + ¢(x); y” = P”(x) + ¢”(x). [lojcraBnas snauenns
ansa y, y' my” B HEOAHOPOAHOE ypaBHEHHUE, IOTYIAM

agl@7(x) + ¢(X)] + ay[D(x) + ¢'(x)] + ap P(x) + §(x)] = f(x),
[ao®”(x) + a;D'(x) + a;P(x)] + [ag”(x) + a,@'(x) + a;p(x)] = f(x).

Boipaskenue B nepBoii KBaJpaTHON CKOOKe PABHO HYJIO, TAK KAK
@(x) — obee pemenue OAHOPOJHOTO YPABHEHMHA; BbIPAXKeHHE BO
BTOPO# KBaJpaTHOI ckoGKe paBHO f(X), Tak Kak ((x) — yacTHOe pe-
WIeHHe HEOAHOPOHOTO YPABHEHUS .

CaenoBatensno, pyuknusa y = M(x) + ¢(x) AeiiCTBUTENBHO eCTh
obiee pelenue HeOHOPOAHOTO ypaBHeHns. Ero MoskHo sanucath B
Busie y = Cyy, + Cyyp+ 9(X), rie y, 1 Yy, — JUHEHO He3aBUCHMBIE 9a-
CTHBIE PellleHUs OJHOPOJHOro ypaBHeHus:d, a ¢(x) — Kaxkoe-HNOYIb
4ACTHOE PelleHie HeOAHOPOAHOTO YPABHEHUS . [ ]

TTockoabKy obIee perreHne oJHOPOAHOTO yPaBHEHUA Mbl HAX0~
JAUTH yMeeM, TO ocTaeTcs HANTH TOJABKO YaCTHOE pelieHue HeoHO~
POAHOIO ypaBHeHMs .

PacecMOTpuM HEKOTOpBIE cilydau, B KOTOPBIX PelleHHe HAXOAUT-
€5 MeTO/IOM HeonpeJieIeHHbIX Koa(hdUIneHToB.

Cayuaii 1. [TycTs npaBas 4acTh HEOJHOPOAHOTO YPABHEHUA UMEET
Buz f(x) = P(x)e™, rae P(x) — muorouwren. Torga neogHopoanoe
YypaBHeHHe UMeeT YacTHOe pelenne Bua ¢(x)= x"Q(x)e™", rae Q(x) —
MHOI'OYJIeH TOH e creneHu, 4ro u P(x), npuyem, eCJu YUCI0 m He
SABJSAETCS KOPHEM XapaKTepPUCTHUECKOTO YPaBHEHUA Agk 2+ a1k + ay=
=0, To n=0, a ecin ABAsETCH, TO N — KPATHOCTH ITOr0 KopHsi. [Tpa-
BHJIO COXPAHSIET CBOIO CUJTY M TOr/a, Koraa m = 0, T.e. B IpaBoii uac-
TH CTOMT TOJBKO MHOTOWIEH. B 9ToM ciryuae HA/I0 IPOBEPUTS, He AB-
asieres Ju yucesio 0 KOpHeM XapaKkTepHCTHYeCKoro ypasHenns. B ua-
CTHBIX CJIyuasgX MHOrouweH P (x) Moser GbITh HYJIeBOi CTelleHH, T. e.
TIOCTOAHHOI BeJTMUHHOMN.

Hpumepet. 1. Haittu obumee pemenne Andbepennatsoro ypasse-
Hua y” - 2y +y =x+ 1 1 yacTHOE pemlenne, yAOBIETBOPAIOLIEE HAYAID-
HbiM yeaosuam y(0) = 25 y’ (0) = -3.

Pewenue. XapakTepucruueckoe ypasrenne nmeer sug k> — 2k + 1=0 =
= ky= ky = 1. Ilonyunm obuiee pemenne ofHOPoAHOTO ypaBHeHns M(x) =
=(C, + Cyx)e”. Jlnsa HAXOMKACHHSA YACTHOTO PELICHHA HEOAHOPOJHOrO ypaB-
HeHUs TPaBYI0 yacTh sanumenm B uze (x + 1)e’ *. [Mockonsky m = 0 He B~
JISETCA KOPHEM XaPAKTEePHCTHUECKOTO YPABHEHUS, YACTHOE PelleHHe He-
OHOPOHOTO ypaBHeHUA Oynem uckarth B Buae ¢ (x) = Ax + B:
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@ (x) = A; 9”(x) = 0. [ToacTannsAs B HEOAHOPOJAHOE YPABHEHME, NIOTYIUM

A=1 {A:l

_2A+AI+B:IH:{72A+B=1 B-3,

caepoBatensHo, @ (x) = x + 3. Obuiee pemenne HOAHOPOAHOTO yPABHEHUS
umeer Bua y = (Cy + Cpx)e” + x + 3.

HaiizieM uacTHOe pelieHue, yJAOBJIETBOPAIOILee 3aJaHHBIM HAUATbHBIM
yenosuam: y(0)=2=C,+3=2=C,=-1;

Y =Ce*+(C+Cyx)e" +1;
Y (0)=-83=C;+Cy+1=-3=C,=-4-C,=-3.

Yacrroe pemenye umeer Bui: y = (-1 - 3x)e” + x + 3. ,

2. Haiiti obmee pemenne anddepenuuansioro ypasaenus y” — 4y’ +
+ 3y = 3e*.

Pewenue. XapakTepucTuieckoe ypaBHeHHe HMeeT B

K -4k+3=0=k =1;k=3.

Toyuim pemenye 0AHOPoAHOTo ypasHenns:-D(x) = C e* + Cye™.

Mockonsicy P(x) =3 um = 2 — He ABAACTCA KOPHEM XAPAKTEPHCTHYE-
CKOro ypaBHeHMs, TO YACTHOE PelIeHHe HeOAHOPOAHOr0 yPABHEeHUS Gynem

MeKaTh B Buge O(x) = Ae®: )
@'(x) = 24 9(x) = 4Ae*"

IloacTaBasAs B HEOAHOPOAHOE yPABHEHHE, OJYyYNM
446 ~BAet +3Ae% =Be? = - Ae® =3e™* = A =-3, ceaoRaATENLHO,
9(x) = -3e?.
Obimee pelene HEOAHOPOAHOTO YDABHEHMS HMEET BUA
Y = Cye* + Cpe® — 3e*.

3. HaitTn obimee pemenue audxpepennansuoro ypassenus y” — 4y’ + 3y=
= xe*.
Pewenue. XapakTepucTuueckoe ypaBHeRne HMeeT B

K -4k +3=0=>k =1;k,=3.

Toayuum pemenue oaHOpoAHOTo ypasHenus: M(x) = C e* + Cpe™.

Tlockonsky P(x) = x u m = 1 ABNAETCH KOPHEM XAPAKTEPUCTHUYECKOro
YPaBHEHMS, TO HACTHOE PeIIeHNe HeOAHOPOAHOrO ypaBHeHus Gy eM HCKATE
peuge @(x)=x(Ax + B)e* = (Ax® + Bx)e™:

@'(x) = (2Ax + B)e* + (Ax® + Bx)e* = [Ax” + (2A + B) x + B Je".
¢7(x)=(2Ax + 24 +B)e” + [Ax* +(2A + B)x + Ble* =[Ax* H4A + B)x +2A + 2BJe".
TloacTaBuM noJy4eHHOE B HEOAHOPOAHOE ypaABHEHHE

[Ax® + (44 + B)x + 2A + 2BJe" — 4[Ax* + (24 + B)x + B Je* + 3(Ax’ + Bx)e* = xe’.
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_ 1
4Ar+24-2B=x={tA=l  |A=-3 L g 1
24-28=0 ~ |, 1 1

1
caegoBaTenbHo, ¢(x) = ~zx(x +1)e”. Obiee pemenne HEOAHOPOAHOrO ypaB-

HeHus umeer Bug y =Ce* + Cye —%x(x +1)e*.
Cayuaii 2. [TycTs npaBasi 4acTh HEOJJHOPOAHOTO YPABHEHUA UMe-
er Buj
f(x)=acosqgx + bsingx.

1) Ecau uncsa +qi He ABJAAIOTCA KOPHAMA XapaKTEPUCTHYECKO
'O YPABHEHUS, TO HACTHOE PelIeHHe HeOAHOPOAHOrO YPABHEHH HMe-
er Buj

@(x) = Acosgx + Bsingx.

2) Ecam ke umucna +qi CAYKAT KOPHAMA XapaKTEPUCTHYECKOTO
YPABHEHWS1, TO YACTHOE PeleHHe HeOAHOPOHOTO YPABHEHUS NMeeT BUJL

¢(x) = x(A cosgx + Bsingx).

B HexoTophix cayuanx, korga a = 0 uau b = 0, yacTHOe pemenue
HEOJAHOPOAHOTO YPABHEHUA BCe PABHO CJEJIyeT HCKATh B YKA3AaHHOM
TOJIHOM BH/E.

IMpumepwi. 1. Haiitn obmee pemenne guddepeHunanbHOro ypaBHeHua
Y’ + 4y’ + 18y = bsin2x.

Pewenue. XapakTepuctTuueckoe ypaBHeHHe HMeeT BUJ

K +4k+13=0=ky,=-2+ JA—13 =-2 + 3i =k, =2~ 3i; ky = -2 + 3i.
Ilonyunm pemenye OAHOPOAHOTO yPABHEHNS
@(x) = e ¥(C,c083x + C,sin3x).

Tak kax uucia +2i He ABAAIOTCH KOPHAMH XAPAKTEPHCTHYECKOTO ypaB-
HEeHM#A, TO YACTHOE PellleHHe HeOAHOPOAHOIO ypaBHeHHSA HilleM B Bije ¢(x) =
= Acos2x + Bsin2x:

@'(x) =-2Asin 2x + 2B cos 2x; ¢”(x) = —4A cos 2x - 4Bsin 2x.
TloacTaBnas 9TH 3HAYEHHSA B HEOAHOPOAHOE ypaBHeHHe, GyAeM HMeTh

~4Acos2x — 4Bsin 2x ~ 8Asin 2x + 8Bcos 2x + 13A cos 2x + 13Bsin2x =
= 5sin2x.
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(9A + 8B) cos 2x + (-8A + 9B) sin 2x = bsin 2x.

9A+8B=0
-8BA+9B=5

CnenoBaTenbHO,

o(x) = —%coﬁ&t + %sinZ:.

Obuiee pemenne HEOAHOPOAHONO YPABHEHNS NMeeT BHA
=e % (C,co83x + C;8in 3x) -8 coszr+ Lsin2x.
v f ’ 29 29

2. Haiit obimee pemenne guddepeHINaNIbHONO ypaBHEHUA
4" + 9y = 2cos Bx + 3sin 3x.
Pewenue. XapakTepucTuueckoe ypaBHeHHe HMeeT BHJL
B2+ 9=0= ky,=+3i.
Tonyuum pemenue OAHOPOAHOTO YPABHEHHA
@(x) = C, cos 3x + C; sin 3x.

Tak Kak uucaa +3i ABAAIOTCA KOPHAMH XapaKTEPUCTHYECKOTO ypaBHe-
MM, TO HACTHOE PelIeHNe HeoAHOPOAHOrO ypaBHeHus 6y1eM UCKATh B BHAe
@(x) = x(Acos3x + Bsin3x):

¢'(x) = Acos3x + Bsin3x + x(-3Asin3x + 3Bcos3x) =
=(A + 3Bx)cos 3x + (B - 3Ax)sin3x.
¢"(x) = 3Bcos 3x + (A + 3Bx)(-3sin3x) + (-8A)sin3x + (B - 3Ax)3cos3x =
= (6B - 9Ax)cos3x + (-6A — 9Bx)sin3x.
TloacTaBass 9TH 3HAYEHNUS B HEOAHOPO/HOE ypaBHeHNe, Oy1eM UMeTh
(6B — 9Ax) cos 3x + (-6A — 9Bx) sin 3x + 9Ax cos 3x + 9Bx sin 3x =
= 2cos 3x + 3 sin 3x

i
6Bcos3x - 6Asin3x = 2cos3x + 3sin3x.

1
{55:2 B=3

=
-6A=3 |, -%, CJIe10BATeNLHO,

olx)=

[*lmsx * 1:ai1\1<!:z].
2 3
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Ofbuiee penrenie HEOAHOPOAHOTO YPABHEHHA HMeeT BUJ|
v 1
y=Cyco83x + Cysin3x + x -Ecosﬂx + §sm31 4

O6mumii cayuait. Ecaiu B HeOHOPOHOM yDABHEHUH NPaBas 4aCTh
uMeeT BU

y=e™[M (x)cosPx + N(x)sinPx],

rae M(x) u N(x) — MHOro4JeHsl, a uncia o + i He ABAAIOTCA KOP-
HAMH XapaKTepHCTHYECKOro YpasBHeHUHA, TO YACTHOE pellleHne Heo~
JAHOPOHOTO yPaBHEHUs Oy/eT HMeTh BUj

@(x) = e™ [A(x) cos Bx + B(x) sin Px],

rae A(x) u B(x) — MHOro4wieHbl CTENIeHN, PABHON BhICIIeH U3 crene-
Heit M (x) n N (x). Ecan sxe unesa o + Pi ABAAIOTCH KOPHAMY Xa~
PAKTEPHCTHYECKOIO YypaBHEHMUA, TO BbillIeyKa3aHHOe YacTHOe pelne-
HHe cJielyeT YMHOXXHTb Ha X.

IMTpumep. Haiiti obuiee pemenne auddepeHnanbHoro ypapHeHus
Y’ +y=4xsinx.
Pewenue. XapakTepucTHiecKkoe ypaBHeHue HMeeT BU
K2 +1=0= ky,=+i.
Tlonyuum pemenye 0AHOPOAHOTO YpaBHEHN S
@(x) = C cos x + Cysin x.

Tak Kak WMC/a i ABAAIOTCH KOPHAMH XAPAKTEPHCTHUECKOTO ypaBHe-
HHS, TO YACTHOE PellleHHe HeOAHOPOAHOTr0 YpaBHeHN:A GyieM HCKATD B BUJe
@(x) = x[(Ax + B)cos x + (Cx + D)sin x] = (Ax* + Bx)cos x + (Cx* + Dx)sin x:

@’ (x) = (2Ax + B)cosx - (Ax* + Bx)sinx + (2Cx + D)sinx +
+(Cx? + Dx)cos x = [Cx® + (2A+ D) x + B Jeos x + [-Ax” + (2C — B)x + D]sin x.
¢”(x) = (2Cx + 2A + D)cos x — [Cx* + (24 + D) x + B sinx +
+(~2Ax + 2C - B)sinx +[- Ax® + (2C - B) x + D Jcosx =
=[-Ax®+(4C - B)x + 2A + 2D]cos x + [-Cx* + (-4A - D)x + 2C - 2B]sin x.
Hmeem
(4Cx + 24 + 2D)cos x + (- 4Ax + 2C - 2B)sinx = d xsinx;
(2Cx + A + D)cosx + (- 2Ax + C - B)sinx = 2xsinx;
[2Cx + (A + D)] cos x + [~ 2Ax + (C - B)]sinx = 2xsinx;
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2C=0; C=0;
A+D=0; |D=
-24=2; A
C-B=0; [B=0,

CeoBaTENLHO,
@(x) = -x’cosx + xsinx.
Obuiee pemenne HEOAHOPOAHOTO YPABHEHMA UMEET BHJL

y=Ccosx + Cysinx + x(sinx ~ xcos x).

3apaun Ans CamoCTOATENbHOIO peLeHns
1. Haiiaure obiee pemenue cieyomunx OAHOPOAHBIX JH(peper-
UMAIBHBIX YPABHEHMIT BTOPOrO MOPsAKA:
1) y"-6y"+9y=0; 2) y” -5y +4y=0; 3) 2y"+y = 0;
4) 2y -3y’ +4y =0; 5) y"+4y =0.

2. HaiiguTe obiiee perienue caepyonux HeoAHOPOAHBIX Andipe-
PeHIHMANBHBIX YPABHEHU BTOPOTO NOpsAAKa:

6) y"+2y -3y =

*; T) y” -5y — 6y = cosx +sinx;

8) Yy +4y' +4y=x+1;9) ¥ -y =x*-x;

10) y”+4y +5y =5x? -32x +5; 11) y” -4y +4y = 2e**.

3. Haiiaure obiee peiienue cieAyomux HeoAHOPOAHbBIX Andide-
peHIHANLHBIX YPABHEHHIl BTOPOTO NOPAAKA M YACTHOE pelieHne,
VAOBJIETBOPAIOIIEE HAYANBHBIM YCAOBHAM Y = Yo,y = Yo 1PH X, = 0:

12) y"+4y +4y =2e%; yo=-2,4'=-2;

13) ¥y -2y +5y=x*+1; yo,=-3,y' =

14) 5" +2y +10y = -sinbx; y, =0, :3.

4. Pemnre 3anauy Komn n1s caeayiommx anddepennuanbibix
YPaBHeHMIA:

15) y"+y' -2y =4x; y(0)=2,4(0)=
16) y"+9y =sin2x; y(0)=0,y'(0)=5;
17) y” -6y +9y = (x +2)e®; y(0)=2,y(0)=3.

2
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KOHTPOJIbHbIE BOMNPOCHI

[NavTe onpepenenmre 06bIKHOBEHHOTO AMt(HePeHUMaNLHOro ypas-
HEHUA NEPBOro NOPSAKa.

Y10 Ha3bIBAIOT O6LUMM M HaCTHBLIM pelueHvem auddepeHumnans-
HOrO ypaBHEHUA?

Kakoe audhepeHumancHoe ypaBHeHNe Ha3biBaIoT NIMHERHBIM?
[MokaxuTe Ha MPUMEpaXx MPUEMbI PELUEHIS IMHEAHOrO HEOAHOPOR-
HOrO O6bIKHOBEHHOTO AMGePeHLMantHOro ypasHeHus Nepsoro
nopaaka.

BanuwmTe 06WMA BUA ypasHeHns Beprynnu.

VKaXuTe BIf] YACTHOTO PELLIEHUS IMHENHOTO HEOHOPOAHOr 06bIK~
HOBEHHOr0 AM((EPEHUMANsHOMO YpaBHEHW BTOPOro NOPRAKE.
C NOCTOAHHBLIMU KOI((MUMEHTEMM B 38BMCVMOCTM OT HUCNa KOP=
HEW XapaKTePUCTUYECKOr0 ypaBHEHUS.

KNH4YEBbLIE CNOBA

OudpbeperumansHoe ypasHerue, 3apaya Kowm, meton Narparxa,
ypasHeHue BepHynnu, oaHoOpoaHoe avdihepeHunanbHoe ypasHe-
HWE, HEOAHOPOAHOE AM(EPEHUMaNEHOE YPABHEHME.

OCHOBbI AUCKPETHON MATEMATUKIA

MHOXXECTBA 1 OMEPALIA HAQ HUMW

5.1.1. MoxsiTve MHoxXecTBa

@ Tloa MHONCECMEO0 M MOHUMAIOT COBOKYITHOCTH 00'EKTOB 110601
npupo/sl, 06aana0IUX OOIUM CBOHCTBOM.

PaccMOTPUM HEKOTOPBIE IIPHMEPEI MHOMKECTB:

1) MHOKECTBO CTY/ICHTOB B rpymme;

2) MHOYKECTBO KHHT Ha IOJIKe;

3) MHOKecTBO JoAeil B Mupe;

4) MHOKEeCTBO JIleHCTBUTEIbHBIX YHCE.

@ O6BeKTHI (4MCIa), COCTABIAIONINE MHOKECTBO, HA3BIBAIOTCH €ro
anemenmamu,

Baezsem o6oanauenns: MHOXkecTBa Gy1eM 0603HAYATH IPOIUCHBI-
My OykBaMu JaTHHCKOrO andasuta A, B, C, ..., a 2JeMeHTbl MHO-
JKeCTB — CTPOYHBIMHM @, b, ¢, ...

Banuch @ € A 03HAYAET, UTO HJIEMEHT  NPUHALJIEIKUT MHONKE-
eTBY A. Banuce a ¢ A 03HAYAET, YTO BJIEMEHT b He IPUHAAJIeHUT MHO-
amecTBy A.

HMpumep. Pacemorpum muoxkectBo A = {1; 2; 3; 5; 8), cocrosmee na

natu wucex. flcwo, uto, nanpumep, 3 € A, 8 € A, 0¢ A, %eA.

[0] Muosectso, cocroamee ua koneunoro uncaa 9JIEMEHTOB, HA3bI~
BAETCH KOHEUHbLM, U3 GECKOHEUHOTO YHCJIA JIeMEHTOB — Gecko
newHbLM,

Ipumepbwt. 1. MHOMECTBO AHEH B FOAY — KOHEUHOE MHOJKECTBO.
2. MHOKeCTBO LeJbIX 4ices — GeCKOHeUHOe MHOIKECTBO.
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@ MHOKecTBO, He HMEIOIIee HU OJHOTO DJIEMEeHTA, HA3LIBACTCH MY~
cmuim mHoNecmeom n obosnauaercs J.

Hpumepwot. 1. MuOeCTBO fieTeii 10 5 JieT B AaHHOM Ipymie cTyAeHTOB.
2. MHOKECTBO UeTHBIX "uces B Muoxectse A = {13 3; 5; 7).

GCaIM KasK bl 21IeMEeHT MHOKeCTBA A eCTh DJIeMeHT MHOKeCTBa
B, T0 roBOPAT, 4TO A €CTh 100 MHONCECME0 MHOMXKecTBa B, n Uy T
ACB.

Ecan A € Bu A # B, o numyr, uro A < B.

Hpumepwi. 1. A = {3; 4; 7; 9; 11; 35}; B = {7; 35}. Umeem: B C A,
T.e. B apaserca noamMuoxecTsoM A.

2. N — MHOMKECTBO HATYPAILHBIX UuCeN; Z — MHOKECTBO HeNbiX UH-
cent; Q — MHOXECTBO paunoHaXbHbIX uncen. Umeem: N ¢ Z ¢ Q.

TIpMHATO CUUTATE, YTO MYCTOE MHOMKECTBO ABJIAETCH MOJAMHOMe~
CTBOM JII06OT0 MHOMKECTBA.

3amewanue. Tucio NoAMHONKECTB JTI0O60r0 KOHEUHOTO MHOMKEe-
CTBa, COAEPIKAIIETO N DJIEMEHTOB, paBHO 2",

Hpumep. Iycrs A = {1; 3; 5}. OGpasyem Bce BO3MOMKHBIE TIOAMHOMNKE=
crBa atoro Muoxkectsa. Byaem umern: A, = {1; 3; 5); A,={1; 3}; A= {1; 5);
A= 135 5l As= {1} A= (3} Ar= {5} Ag= (D).

Hrak, uncsio noamuoxects pasno 8(2%).

@ MuoxecTBo A pasno muokectsy B, ecim A c Bu BC A.
Ecau MHOMecTBAa A 1 B KOHEYHBI, TO B Cllyuyae PABEHCTBA OHH
COCTOAT U3 O/IHUX M TeX JKe DJIeMEeHTOB.

5.1.2. Cnocobbl 3aaaHnA MHOXECTB

CymecTByeT TpH cnocoba 3a1aHUA MHOXKECTB.

* 1. IlepeuncienueM ero aJieMeHTOB.

Tak MOXKHO 3ajaBaTh JIMIIbL KOHEYHbIE MHOXKeCTBa.
Ilpumep. A = {2; 4; 6; 8; 10}.

* 2. OnmcaHueM XapakTepuCTHYeCKHUX CBOMCTB, KOTOPbIMU 0bsaa-
0T ero 3JIeMeHThI.

Hpumep. A ={x e N|x: 2} — MHONKECTBO HATYPATLHBIX THCEJ, AEALAX-

cs Ha 2.

* 3. lopoxaaiomieii npoueaypoii, KoTopas onuchbBaeT crocod mno-
JIyYeHHA JJIEMEHTOB MHOXKEeCTBA U3 YiKe HMEeIOIUXCHA dJIeMeHTOB
6o APYrux obbexToB. B aTom cJayJae dJIeMeHTaAMH MHOYKecTBa
ABJIAIOTCHA BCe 00BEKThI, KOTOPbIE MOI'YT GBITH HOCTPOEHBI ¢ IOMO~
B0 TAKO#H IPOLIeAYPBI.
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Hpumepwt. 1. Baaars ¢ NOMOMBIO TOPOKAAIOILEH TPOLEAYPHI MHONKE-
cr8o N Beex naTypanbHbix uncen: 1, 2, 3, ...

Pewenue. B fanHOM ciyuae NOpOXKAAOMAA NPONEAYPA COACPHHUT BA
npasuna: a) e N; 6)ecim x € N, ro x + 1€ N.

2. 3aaTh ¢ NOMOIIBIO MOPOKAAIOIIEN NPOIEAYPEI MHOMKECTBO A Beex
“eTHBIX YHuces, He npesbimamux 100: A = {2; 45 6; ...; 100}.

Pewenue. B 1anHOM ca1yuae NOPOAKAAIONIAR TPOLEAYPA COMEPIKUT TPH
npasnia:

a)2€ A;6)ecin xe N; 1o x+2 € A; B) x < 98,

5.1.3. Onepauun Hap MHOXECTBaMK.
[Ouarpammbl 3inepa—Benna

Vuueepcanvnuvim muoxcecmeom U HA3BIBAETCH MHOXKECTBO
6écex 3JIEeMeHTOB, KOTOPbIe MOI'YT BCTPETUTHCHA B JAHHOM HCCJe0Ba~
HUH.

Juarpamma Jitnepa — Benna npejacrasisier coboit nzobpaxkenne
NPAMOYTOJIBLHUKA, 0003HAUAOIIer0 YHUBepcaibHoe MHOkecTBO U, a
BHYTPH HEro — KPYros (MM KaKnX-HUOYAb IPYIUX 3aMKHYTHIX (hu-
ryp), COOTBETCTBYIONIMX PACCMATPUBAEMBIM MHOMKeCTBaM. MUrypsl
JIOTKHBI GBITH COOTBETCTBYIOIIMM 06pa3oM 0603HAYEHBI H MOTYT CXe-
MATHYECKH IepeceKaTbCsd WJH He NepecekaTbes B Hanbosee obmem
cayuae, TpebyeMoM B 3ajade.

Touku, Jexanue BHYTPH PasJudHbIX objacTeil AuarpamMmbl,
MOXHO PACCMATPHUBATH KAK 3JIEMEHTHI COOTBETCTBYIOIIUX MHOMKECTB.

BamTpuxoBaB onpesiesieHHbIe 00JIACTH IMATPAMMBI, MOXHO 110JIy-
4ATh HATJIAJHOE FeOMeTpHUecKoe NpejicraBienue (o6pass) TpeGye-
MbIX B 3ajlauye MHOXKeCTB U UX KQMﬁMHBU."ﬁ.

@ O6wvedunenuem npyx muoxects A u B (o6osnauaercs A U B)
HA3BIBAETCS MHOMKECTBO, COCTOAIeE U3 DIeMEHTOB, IPHHAIHKALIX
xoTs 661 OAHOMY M3 MHOXKecTB A u B (puc. 5.1):

AUB={x:xe Awmx e B}.

@ Iepecewenuem npyx muoxects A u B (obosnauaercs A N B)
HAa3bIBAETCH MHOMKECTBO, COCTOAIECe U3 3JIEMEeHTOB, IPHHAJIeKAIINX
M MHOMKeCTBY A, M MHOXKecTBY B (puc. 5.2):

ANnB={x:xe Auxe B}.
OueBnano, 4To ANBCcAc(AUuB)uAnBcBc(AUB).

JMononnenuem (no U) muoskecTBa A (o6osHavaercss A) Hasbl-
BAETCH MHOKECTBO BCEX DJIEMEHTOB, He PUHAJIeKAINX A (HO npu-
nagnexamux U) (puc. 5.3):
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Puc. 5.1 Puc. 5.2
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Puc. 5.3 Puc. 54

Z:U\A:(x:er uxe A).

[T_fl Pasnocmvio muoxecrs A u B (o6o3navaercs A\B) naszbiBaer-
€5l MHOJKECTBO TeX DJIEMEHTOB MHOKECTBA A, KOTOPhIE He COAEPIKAT-
csa B MHOMcecTBe B (puc. 5.4):

A\B={x:xe Au x¢ B}.
B o6mem cayuae A\ B# B\ A.
3amevwanue. A\ B=A AB.

[0] Cummempunecroi pasnocmuio A A B muoxects A u B Ha-
apiBaercs obbeguHenne Muoxects A\B u B\A, r.e. AAB =
=(A\B)U(B\A) (puc. 5.5):

AAB={x:xe A\BumxeB\ A}.
3amewanue. A A B=(AUB)\ (ANB).

[0] fexapmosvin npoussedenuen Ax Bmaoxects A n B apas-
eTcA MHOXKEeCTBO BCeX YIOPAAOYeHHBIX map < a, b, >, rae a, € A n
be B,r.e. AxB={<a,b>:a,€ Anbe B).

Mpurep. Ecau A = {1; 3} B = {2; 4; 6}, T
AxB={<1,2><1,4><1,6><83,2><3,4><3,6>}.
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5.1.4. OcHoBHble ToXaecTBa anrebpbl MHOXECTB

Jlns m06bix nogmMuOKecTB A, B 11 C yHUBEPCAJIbHOTO MHOMKECTBA
U BBITIOJIHAIOTCA CEYIOLINe TOMeCTBA:

NAUVU=U
HAUD=A
|3)aud=4
|[9AVA=U

5 AU B=BuUA — KOMMYTaTHB-
HOCTB Onepamum U

|6)AUBUC)=(AUB)UC—

| ACCOUMATHRHOCTE ONepaLiy

| DAUBNO)=(AUB)N(AUC) —
AMCTPUOYTHBHOCTE Onepanum
OTHOCHTENILHO M
8)A U B=AU B — sakon

| e Moprana

|

|9)A U (AN B)=A — aaxon

‘! noromenus
10)(ANB)UANB) =4 —

| 3aKOH CKIeHBAUS

| 11) A U4 A B)= A A B — saxon
[opeuxoro

[12)ANn(B\C)=(ANnB\(ANC)—

YEHUA OTHOCHTENHHO PASHOCTH

| 13) A = A — 3axon zBoitHOro OTPHIARNSA
j 14) AAB=BA A — 3aKOH KOMMYTATHBHOCTH CHMMETPHYECKOH PasHoCTH
|15)AA (BAC)=(AAB)AC — 3aK0H aCCOLMATHBHOCTH CHMMeTpHYE-

| cKoii pasHocTH;

16) AN (BAC)=(A " B)A(A N C) — 3akon AucTpubYTHBHOCTH nepe-
CeYeHNsi OTHOCHTEJLHO CHMMEeTPHYECKON PA3HOCTH

AnU=A

An@=0

AnA=A

ANA=0

AN B=BnNA— KOMMYTATHBHOCTb |
onepamum N

An(BNnC)= (AnB)NnC — ac-
CONUATHBHOCTH OTIePAILIN M

AN(BUC)=(ANB)U(ANC)—
ANCTPHOYTHBHOCTH ONIEPAILMH ()
OTHOCHTENBUO L

|
A B=AuU B — 3axon e Moprana ‘
A (AU B)= A — 3akon norzo- |
weHus [

(A U B) " (A U B) — 3akou ckaen-
Bamus

AN(AUB)=AnN B — aakon
Topeuxoro

3AKOH AMCTPHOYTHBHOCTH Mepece-

Onepauuu obbeunenusn (U), nepecedenus (M), pasuocry (\) aB-

JIAKOTCH IBYMECTHBIMH.

Onepauus gonosHeHus (1) — OAHOMECTHAS.

Menonbays oTH ONEPanyuy, MOKHO BHIPAYKATD OJHH MHOMKECTBA
uepes Apyrue, pH 9TOM CHAYAJA BBINOJIHAETCHA OIHOMECTHASA Ollepa-
U AONONHeHUHA, 3aTeM epecevueHns U TOJIbKO 3aTeM ONeparus
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y=sinx

o = roln

y==x

Puc. 1.8

TakxnM 06pasoM MOKHO PACCMATPHBATD X KAK (DYHKIMIO OT Y ¢ 06-
JacThio onpeaenenns [¢; d | n MmHOMecTBOM 3navenuit [a; bl Pyuk-
uus x = f (y) HaswiBaeTcH 0Gpamuoi QyrKy el 10 OTHOMEHUIO
K dysxmun y = f(x). Ecan xe B ypaBuennu x = f “(y) samenuTs x
Ha y, To pynkuna y=f ' (x) byaer 6zaumno obpamnoi x yux-
unm y = f (x).

I'padmky npsMoi 1 B3aNMHO-06paTHOM QYHKIMI CUMMETPHYHBI
OTHOCUTEILHO GUCCEKTPUCHI ¥ = X TIePBOTO H TPETHEr0 KOOPANHATHBIX
YrII0B.

Hpumep. Haiitu B3aumuo-06paTayio QyHKumio K GyHKINH y = sinx ¢

n
=|-ZX uE(f)=[-1;1).
D(f) 2’2 [ ]
Pewenue. U3 ypaprerus y = sin x Boipasum x vepea y. Ioayunm x =
=arcsiny. 3aMeHss B 9TOM COOTHOWIEHWHM X HA Y M y Ha X Gynem nMeTs:

y=aresinx D(f)=[-1; 1]u E(f)=[45:§]. Hrax, dynkumm y = sin x

: 1

ABAAIOTCA B3AHMHO-00paTHBIMK, VX rpaduKH CHMMETPHYHBL OTHOCHTEIb-
HO GMCCEKTPUCH J = X EPBOTO 1 TPETLErO KOOPAMHATHBIX YI108 (puc. 1.8).

(Dm:[—g;g] wB(f)=[-1: 1) u y = arcsin x [D(/):H: 1 E(-

1.1.8. fIBHbIE 1 HEABHbIE (PYHKUUN

@ DyHKIUA HASBIBAETCS AGHOLL, €CJIA OHA 3aaHa Gopmyoit, mpa-
Bas 4aCTh KOTOPOH He COAEPMKHT Y.

Hpumep. y =sinx.

14

@ DYHKIHUA HABBIBAETCH HEAGHOL, €CJIN OHA 3ajlaHA YPABHEHU-

em F(x; y) =0, u3 KOTOporo Ju6o HeBO3ZMOIKHO BLIPAZUTS Y, 160 B

9TOM HET HeOOXOAMMOCTH.
Mpumepsi. \[x* Y% +1gy=3; x* +y

2

1.1.9. OgHO3HaYHbIE N MHOTO3Ha4HbIE (hYHKLUN

[O] Ecan kasxaomy sHauenmio ApryMenTa cooTBeTCTBYET OHO 3HA-
yeHne QYHKIMH, TO OHA HABBIBAETCA 0JHOIHALHOU .

Hpumep. y = 3x*

Puc. 1.9

Ecan KaM/JI0My 3HAUYEHHIO APryMEeHTa COOTBETCTBYET HECKOJIBKO
3Ha4YeHMl PYHKIHH, TO OHA HA3BIBAETCH MHOZOIHALHOU .

Mpumep. y=+Jx (puc. 1.9).

1.1.10. 3nemenTapHsie hyHKUMM 1 nX rpadmkn

OCHOBHBIMM 3JIeMEHTAPHBIMU PYHKIMAMM ABISIOTCH:

1) crenennan Gpyukuus y = x", rue n € R;

2) nokaaarenbnas Gynkuua y = a* (a >0, a # 1), y = e* (sxcno-
HeHTa);

3) norapudmuveckue pyuknun: y =log,x(a>0,a#1),y=Inx,
y=lgx;

4) TpuroHomerpuyeckue PyHKuMM: ¥ = sinx, y =cosx, y = tg x,
y=ctgx;

5) obpaTHBle TpUTOHOMETpHYECKHE (KPYTroBbie) QYHKIHN: Y =
= arcsin x, y = arccos x, y = arctg x, y = arcctg x.

@ Dnemenmaprvimu QYRKEURAMU HASBIBAIOT QYHKIHUH, KOTO-
Phie HOJIYYAIOTCA N3 OCHOBHBIX BJIEMEHTAPHBIX (DYHKIIHIT € IOMOIIBIO
uyeTbipex apudMeTHUecKnX AeHCeTBHI U cynepnosunmii ((hopMuposa-
HHe CIOKHBIX QYHKIHIT), IPUMEHEHHBIX KOHEYHOe YUCIO0 Pas.
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AnB (ANB)U(ANB) - A
Puc. 5.6
! o U
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O | - ot @D
a2 lindid (AUBIAAUB)- A
Puc. 5.7

00beAMHEeHNA 1 pasHocTH. JlIs N3BMEHeHUs DTOrO NOPAAKA B BhIpa-
JKEHUH MCTIOIB3YIOT CKOOKH.

Hpumepot. 1. Nanw muoxkecrsa: U ={a, b, c.d. e, f.p.q}, A={a, c, e,
p}, B=1b.d.f.p}, C={a.d. . q). Mokasate, uto A \ (BU C)=(A\ B)\ C.

Pewenue. 1) BU C={a,b,d,f.p,q}, A\ (BUC)={c,e}.

2)(A\ B)={a,c.e}; (A\ B)\C={c.e}.

Hrak, A\(BUC)=(A\ B)\C.

2. C nomomsio aAnarpammel Diinepa— Benna nokasats, uro

(ANB)U(ANB)=(AUB)N(AUB)= A.

Pewenue. 1) Jlesas uacTh pABEHCTRA NPe/CTABACHA HA pHC. 5.6,
2) [paBas yacTh paBeHCTBA NpeACTABJIeHa Ha puc. 5.7.

5.1.5. Pa3bueHne MHOXeCTBa Ha KNnaccbl

@ Pasbuenuem muoxectsa M Ha Kaacchl A, Ha3BIBAETCA TpeJi-
CTaBJIeHUe JAHHOTO MHOXKECTBA B BH/I€ CYMMBbI ITONAPHO Hernepecexka-
0IUXCA ero NoOAMHOMXKecTB A, i = 1, 2, .., n, TAKUX, YTO KaAblil
BJeMEeHT MHOYKecTBaA M SIBJSIeTCSH B TO 3Ke BpPeMs U 2JIEMEHTOM MHO-
JKecTBa A; (B TOYHOCTH OIHOTO NOAMHOKECTBa A ), T. .

M=A,UAU..UA,
rae

ANA=0mpni#juA,NnA;=Anpni=ji, j=1,2,.,n.
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Puc. 5.8

Ilyers, B uacrnoct, M = AU BUC, rae A, B, C — nepecekaio-
mumecs MmuoxkectBa. Torja pasbnenne Muoxectsa M Ha KJACCHI MO~
HO NIpeACTaBHTH B caeayomeM suje (puc. 5.8):

M=A+A,+Ag+ A+ Ag+ Ag+ Ag,
rae )
A =ANBNC; A,=ANBNC; A;=AnBnC; A;=AnBNC;
A;=ANBNC; A;=ANBNC; A,=AnBANC.

Muoraa B 3ajauax BOIHUKACT HEOOXOAMMOCTD HAXOIK/ACHUA MHO-
secrsa A N BN C. OHO onpejiesisieTcs U3 COOTHOLIeHU s AuBUC+
+ANnBNC=U.

YHCJI0 2JIEMEHTOB KOHEYHO020 MHOKEeCTBA HA3bIBAETCH ero MOouy-
nocemeio n obosnauaercs m(A). Ecan nepeceyenue KOHEUHbIX MHO-
xects A u B (AN B) nyero, o m(AUB) = m(A) + m(B).
B obmem cayuae m(AUB) = m(A) + m(B) - m(AnB).

IMpumep. Ha dupme paboraior 40 uesosex. Na AHKeTHBIX AAHHLIX 13-
BECTHO, 4T0 20 YeIOBEK BIAACIOT AHIAMIICKUM A3BIKOM, 20 YeoBeK — KoM=
neiorepom, 14 uenoBex — AEJIONPOMIBOACTBOM. AHIIHACKHM H3BIKOM M
KOMIBIOTEPOM BAAAEIOT 9 UesIOBeK; AHTIMHCKHM AIBIKOM H JIeJI0NPOU3BO/-
CTBOM — 7 UeJOBEK; KOMIBIOTEPOM H JEJONPOMIBOACTBOM — b UeJIOBeK;
AHTIMHCKNAM A3BIKOM, KOMIIBIOTEPOM H /IeI0NPONIBOACTBOM — 2 HeJOBeKa.
CKOJIBKO YeJIOBEK He BIAJCIOT HY aHIIMACKUM A3BIKOM, HI KOMIIBIOTEPOM,
HU €101 POM3BOACTBOM?

Pewenue. 1) Beenem oGosnauenns:

U — MHOMeCTBO uesoBeK, paboraouux Ha Gupme;

A — MHOMKECTBO YeJ0BeK, BIAACIOUNX AHIIMHACKAM AZLIKOM;

B — MHOMECTRO YeJIOBeK, BAAJEIOIINX KOMILIOTEPOM;

C — MHOXMECTRO YeJIOBEeK, BJIAJCIOMNX AeJ0NPOU3BOACTBOM.
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Toraa MOIHOCTH JTHX MHOXK€CTB PaBHBI:
m(U) = 40; m(A) = 20; m(B) = 20; m(C) = 14.

Kpome Toro, H3BeCTHO, 4TO AHIJIMHCKHM AILIKOM M KOMIIBIOTEPOM BJA-
Aeior 9 uenoBek, caeoBatensHo, m(A M B) = 9; aurauiicKUM A3BIKOM H
AenonpouasofcTeoM — 7 wenosex, caeporarensro, m(A N C) = 7; koMb
10TEPOM M JIeJIONPOM3BOACTBOM — b UeI0BeK, cieoBatensno, m(B M C) = 5;
AHIIMIACKUM A3BIKOM, KOMIILIOTEPOM M JIeJIONPOMBBOACTBOM — 2 Hes0BeKa,
cnepoBarenbHo, m(A N BN C)=2.

Heobxoanmo onpeaennts m(A B C).

2) Pasobsem MuokecTBO M = A U B UC Ha T ONapHO Henepecekaonmx-
CcA MHOKECTB A, A, ..., A7, u306pasum ato pasbuenne Ha guarpamme Jii-
snepa— Benua (puc. 5.9) u HaiileM MOIHOCTH KAXKA0T0 M3 ITHX MHOMKECTB;

8) A;= ANBNC — MHOXECTBO YeJI0BeK, BIANCIONMX AHITHACKAM A3bi-
KOM, KOMITBIOTEPOM M J1eJIONPOM3BOACTBOM, M(A,) = m(ANBNC) = 2;

6) A;= ANBNC — MHOXECTBO 4eJ0BeK, He BIaACIOMMX AHrTHHCKUM
AIBIKOM M BAAJACIOUIMX KOMIBIOTEPOM ¥ jgesonpouasoacrsom, Herpyano
aameTHTsh, 4T0 BN C = AU A,, crenosarensno, m(BNC)=m(A,) + m(Ay),
orkyna m(Ay) = m(BNC) - m(A)) =5 -2=3;

B) A;=ANBNC — MHOKECTBO HeNOBEK, BIAACIONMX AHIAHIACKHM
AZBIKOM M JIeJIONPOM3BOACTBOM M He Biajelouux Komnsiorepom. Herpya-
HO 3aMeTHTh, uT0 AN C = A, U Ay, caeposarensno, m(AnC) = m(A,) +
+ m(Ay), otkyna m(Az) = m(A NC) - m(A)=T7-2=5;

r) A;=ANBNC — MHOXEeCTBO HeJOBEeK, BIANCIOIMX AHTTHACKIM
ABBIKOM M KOMNBIOTEPOM M He BJafeloIux Aejonpoussoacrsom. Herpya-
HO 3aMeTHTE, uT0 A N B = A, U A,, caefopatensno, m(A N B) = m(A,) +
+m(Ay), orkyna m(A) =m(AnB)-m(A)=9-2=T;

1) Ay = ANBNC — MHOXKECTBO 4e0Bek, He BAANCIONINX aHrIHHCKAM
A3BIKOM ¥ KOMIBIOTEPOM M BJIAJEIMX AenonpoussoacTsom. Herpyano
aameTuTs, uTo C = A; U A, U AU A;, caenosarenso, m(C) = m(A,) +
+m(Ay) + m(Az) + m(Az), orryaa m(Asz) = m(C) - m(A,) - m(A,) - m(Ay) =
=14-2-3-5=4;

e) A4g=ANBNC — MHOKECTBO 4enOBEK, He BAARCIOMUX AHTIHi-
CKHMM SAI3BIKOM M JIeJIONPOM3BOACTBOM M BAAACIOMNX KoMubioTepom. He-

N\ 0
A
B
A”JAI‘) A,
4
A% 4
Y
c \
§;ﬁ§né Puc. 5.9
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Tpyano samernth, uTo B = A, U A, U AU A, caenosatensno, m(B) =
= m(A;) + m(Ay) + m(A,) + m(Ag), orkyna m(Ag) = m(B) - m(A,) - m(Az) -
~-m(A)=20-2-3-7=8;

%) A;=ANBNC — MHOKECTBO Ye0BeK, BIAJCIOUIMX AHIIHACKUM
A3BIKOM ¥ He BAAAEIOMMX KOMIIBIOTEPOM M Jesonpouasoacreom. Herpya-
HO 3aMeTHTh, uT0 A = A; U AgU A, U A,, caefosarensno, m(A) = m(A,) +
+ m(Ag) + m(A,) + m(A), otryaa m(A;) = m(A) - m(A,) - m(Ag) - m(A,) =
=20-2-5-7=6.

Oxonuatensio M = AUBUC=A,UA,UA;UAL AU AgL Ay, crieio-
patensno, m(M) = m(A,) + m(Az) + m(Ag) + m(A,) + m(Az) + m(Ag) + m(A;) =
=2+3+5+7+4+8+6=35. o

3) Tax kax U=M+AnBNC, To m(U)=m(M)+ m(A B C), orxy-
a8 m(AnBAC)=m(U)-m(M)=40-35=5.

CrnenoBaTenbHO, 5 YeJOBEK He BJAAACIOT HM AHTIMICKAM A3LIKOM, HA
KOMIIBIOTEPOM, HI A€JI0MPONIBOACTBOM.

33}18‘1“ AN CaMOCTOSTENLHOIO pelweHns

1. Jlaue: muoskectsa : U={a, b, c, d, e, f,p, q}, A ={a,c,e,p}, B=
=1{b,d, f, p}, C =a, d, f, qg}. Bermoxuure cieayiomue onepamnun:
1) ynpocTHTe BHIpAXKEeHUA:

a) (A\B\BNC)\CU 4;

6) (AuAmEuZnC)anB\C;

B) A \Znﬁr‘.CuAanC;

r) (m)u(Br\E)uA:

N (AN(ANB)ABACYUBUC;

e) Z\W\AmszuAuBr\C;

x) AUBNBUC\B;

3) (AUANBUANC)NANBNC;

1) (AUBAC)\(BUCUANBNC)U(AUBUC);
k) (AU(B\ A)UANC)NANC\C;

2) npoBepbTe TOKAECTBAL

1) (A\B)\C=(A\B)\(B\C);

M) A\(B\C)=(A\B)U(BNC).

2. C nomompIio guarpamm Jiiyiepa — BeHHa ynpocTHTe BHIPAYKeHHA:
a) AU(A\B)U(A\ B);

6) AU(AUB)UB:
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8) (AN B)U(ANB)U(ANB);
r) (AUB)N(AUB)N(ANB)N(AUB).

3. M3 276 0TOGpaHHBIX CTYACHTOB 3KOHOMHYECKOrO By3a 83 nay-
ualT MateMaTHky, 95 — npaso, 102 — ¢unance. Kpome Toro, ua-
BecTHO, 4To 27 M3 HUX H3YYAIOT MATEMATHKY M 1paBo, 24 — mare-
Matuky u punancel, 20 — npaso n punance, a 11 — Bee Tpu npex-
Mera. CKOJIBKO yHAUMXCH He M3YYAlOT HU OJHOTO U3 ITHX IpeMe-
ToB? CKOJILKO M3 HUX M3YYaloT (PHHAHCH!, HO He M3YYAIOT HU MATe-
MaTHKY, HH 1paBo?

4. IIposepounblii 9K3aMeH 110 MATEMATHKE COAEPIKAN TPH 3aaUH:
npejes, npoussoanas u uarerpai. Ma 800 cryaenTtos sagauy ¢ npe-
Aesiom pernnin 250 Ye0BeK; ¢ IIPeiesIoM WK uHTerpasom — 660 ue-
sosex. [To aBe sagaun pemnin 400 yenoBek, 3 HUX JBe 3aa4l HA
Tpejiesl ¥ Ha NPOU3BOAHYI0 pemuin 150 uesoBek, Ha npejes M MH-
Terpan — 50 uenosex. Hu oxnu crysent He pemmia Bce aagaum;
20 cTyeHTOB He pemuau Hu 0AHOIN 3azaun. ToNbKO 3ajavy Ha HH-
Terpas pemruin 120 yesoBek. CKOJBKO CTY/AEHTOB PeIINIM TOJbKO
oany aagauy? CKOJIBKO YeJ0BEK PeLIMIN 3a/a4y Ha POU3BOAHYI0?

5. Kadespa maremaTnkn obcayskuBaer Tpu GakyabTeTa: 9KOHO-
Muueckuii, puHAHCOBBI 1 ToBapoBeAnkbii. [IpenogasaTenn kaden-
PBI MOTYT paboTaTh Ha HecKOJNbKNX (akyabrerax. Ha ¢punancosom
Gakynbrere paGoraior 22 npenojasaTessi, Ha 9KOHOMHUECKOM —
23 npenojaBaresis, Ha 9KOHOMHYECKOM M TOBApPOBeAHOM — 36 npe-
nopasareseit. Tonbko Ha puHAHCOBOM hakybrere paboraior 10 npe-
nojaBaresieil, TONbKO HA DKOHOMUYECKOM M TOBAPOBEHOM (DaKyib-
Terax — b npenogasareseii. Jlpa npenoaasaress paboTaior Ha Tpex
daxynbrerax. Yucno npenogasareneii, paboTaomuUX TOJBKO HA DKO-
HOMHYECKOM ¥ (JHHAHCOBOM (haKyIbTeTax, PABHO YHCIY NPernofaBa-
Teseil, paboralomux Ha PUHAHCOBOM M TOBAPOBEAHOM (haKyJabTeTax.
Cxonbko npenogasaresieit paboraer na kadeape? CKoJIbKO npemnoa-
Baresieii paboTaeT TOJILKO Ha OAHOM (akyiabTeTe?

IEES 37EMEHTLI MATEMATUYECKOW NIOTUKN

5.2.1. 06wwe noHaTua

Maremaruueckas JOTMKa npejcTaBiser coboit obnacTs MaTema-
THKH, H3YYAIOLLYI0 PA3JINYHbIe ClIOCOObI JIOTHYECKHX PACCYIKACHUI
€ MOMOIIbIO MATEMATHYECKHUX METOJI0B.
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IlockonbKy J11060€ JOrHYecKoe paccyieHne COCTOUT U3 BhICKa-
SLIBAHUI, OCHOBHBIM TIOHATHEM MATEMATHUECKOMN JOTHKH ABJIACTCH
NOHATHE BhICKAIBIBAHUSA.

[0] Ton evicrasvisanuem Gynem nonumars 11060e NOBECTBOBATEI b
Hoe npejJioKeHue, 0 KOTOpOM umeeT CMBICJ PFOBOPUTH, YTO OHO MC-
TUHHO MW J103KHO. [loBeMTeNbHbIE, BOIPOCHTENbHBIE I GeceMbIC
JIeHHBIE NPeUIOKeHNS He ABJIAITCH BbICKA3bLIBAHUAMM.

IlpuBejeM npuMepbl BHICKA3bIBAHH

1) pexa Bouara snajgaer 8 Kacnuiickoe mope;

2) Bepaun — croauna Pocenn;

3) uncao 9 genurcsa Ha 3;

4) KypHIa He NTHIA.

BoickaspiBanus 1 1 3 MCTHHHBI, A BRICKAIBIBAHKA 2 1 4 — JI0K-
Hbl.

Ipeanoxenns Tuna: «Byan 310pos!ls, «Koropeiii uac?» ne 0THO-
CATCA K BHICKA3LIBAHUAM.

@ BbicKaspIBAHKSA, NpejcTaBasioniue coboii 01HO yTBEpKACHNE,
HA3BIBAIOTCS 1 POCMbLMU, WM e menmapr vt mu. U3 anemenrap-
HBIX BBICKAa3bIBAHMIT 110 onpeaeseHHbIM JIOTHYECKHUM [IpaBHJIaM co-
CTABJAIOTCH CHOMHBIE BHICKA3BIBAHUA.

Bcee BbICKa3bIBAHUSA paccmMaTpuBalOTCH TOJBKO € TOYKH 3PpeHns JIO-
PUYECKOro 3Ha4YeHu s, OTBJeKasaCh OT UX HKUTEHCKOTO colepyKaHns.
Cuuraercs, 4TO KaXKA0e BLICKA3bIBAHUE NGO HCTHHHO, JM6O NOK-
HO ¥ HM OJIHO BBICKA3bIBAHME HE MOYKeT OBITH OJHOBPEMEHHO MCTHH-
HBIM 1 JIOHCHBIM.

DJleMeHTAPHbBIe BBICKASBLIBAHUSA, KAK PABIIIO, 0003HAUAIOTCS Jia~
Tuackumu 6yksamu A, B, C, ..., X, Y, Z, ...

VcTnHHEBIE 3HAYEHUS BHICKA3bIBaHMIl 0603nauaores Gyksoit U
wn wadpoit 1, a noxapie — 6yksoit JI mim uudpoii 0.

PaceMOTpUM npocTeiilue JoruyuecKue onepanuu (CBA3KM), NO3BO-
JAAIKEe CTPOUTH CHOMKHBIE BbICKA3bIBAHUA U3 DJIEMEHTAPHBIX.

5.2.2. Nornyeckne onepaunu
Haj BbICKa3bIBAHNAMM

Konwonkyus (onepanus «us», Joruieckoe Npou3BeieHue) AByX
BJeMEeHTAPHBIX BHICKA3biBaHUHA A 1 B — HOBOE BRICKA3bIBAHNE, KO-
TOpOe CUMTAETCH MCTUHHBIM, €CJIH 008 BLICKAZLIBAHMA A n B ucrun-
HBI ¥ JIOXKHBIM — BO BCEX APYTHX cayuasXx.

O6oanauaerca A A B n unraercs «A u By.
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Jloruueckmne 3HAUCHUST KOHBIOHKITHA OITUCHIBAIOTCS Tabnieil uc-
THHHOCTH:

A B AnB 7‘

| 1 B

T T [
== T L 0

) 1 0 71

o [ o [ o]

HMpumep. Buckasupanne A: 8 reantes ua 2.

Beickasnisanne B: 8 genurcs na 4.

Brickaswisanne A A B: 8 nennrtes ua 2 u na 4.

B pannom npumepe shickaswiBanue A A B MCTHMHHO, TaK KAK HCTHHHBI
BHICKasuBanna A u B,

@ Juswronkyus (ONEpanus «HJIH», JOrHYECKas CyMMa) ABYX aJie-
MEeHTAPHBIX BBICKAa3biBaHUil A 1 B — HOBOe BbICKa3bIBAHME, KOTO-
poe cUnTaeTCH JIOKHBIM, eclin 00a BBICKA3BIBAHUSA JIOXKHBI M HCTHH-
HBIM — BO BCEX APYIHX clydasx.

O6osnauaercss A v B u unraercs «A wan B», npu aT0M paszenn-
TeJbHBI CMBICI CJIOBA «MJIN» HCKIIOUACTCS .

Jlornueckue 3HaYEHNS JAHIBIOHKIHUA ONUCBIBAIOTCA TBGJ]MI{EFI ue-
THHHOCTH:

Ipumep. BrickaswiBanne A: Mocksa — croauna Pocenu.

Brickaswisanme B: Kues — croanna Pocenu.

BoickasmiBanue A v B: Mocksa — croanua Pecenn wan Knes — cronm-
ua Pocenu.

B jaHHOM npHMepe BhICKasbiBanne A v B ABAAeTCA MCTHHHBIM,
TAK KAK MCTHHHO BBICKa3bIBaHUe A.

Hepasnosnaunocme (ACKI0OYaKOIEe, Pa3/eluTeNbHOe
«HJIM») ABYX DJIEMEHTAPHBIX BLICKA3BIBAHUIT A 1 B — HOBOe BhICKa-
3bIBAHKE, KOTOPOE JIOKHO, eciii 06a BRICKa3biBaHM#A 160 0IHOBPE-
MEHHO MCTHHHBI, JIN60 OIHOBPEMEHHO JIOMKHBI X MCTHHHO — B PO~
THBHOM CJIyuae.
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O6osnauaerca A ® B u unraercs: «mbo A, mubo By, «nan A,
nin By,

[loHnMAaeTCs B pas/ieIuTeILHOM CMBICITE.

Jlornyeckne 3HaUCHNS HEPABHOZHAYHOCTH ONHMCHIBAIOTCH Tabn-

et MCTUHHOCTH:

olo|m|m >
Sl Clm &
Ol = o 8

IMpumep. Buckasmpanie A: 0HOIA — UIKOILHIK.
BoickasbiBanne B: 0HOmA — CTYAEHT.

Buickasmpanue A ® B: 0HOMmA WK MKOJALHUK, WK CTYAeHT. B anHnom
npHMepe CBA3KA «MJIH» NOHMMAETCHA OYEBH/IHO B PA3JCTUTENLHOM CMbICIE.

@ Ompuyanue (AHBEPCHST) BHICKA3BIBAHUA A — HOBOE BhICKA3BI-
BaHKe, KOTOPOe CUMTAETCA MCTHHHBIM, €CJIM BhICKa3biBaHue A JI0-
HO, ¥ JIOZKHBIM, eCJIH BHICKA3biBaHMe A HCTHHHO. OGosnauaeTcs cCUM-
BOJOM A ¥ UMTAETCH «He A» HJIM «HEBEPHO, 4TO A».

Jlornyeckue 3HAUEHHS OTPUILAHMA ONMCHIBAIOTCH Tabuuueil ne-
THHHOCTH:

MoskHO 06pa3oBaTh TaKsKe OTPHIAHNE BRICKAIBIBAHMA A, T.e.
BHICKA3BIBAHKE A, KOTOPOE HA3BIBAETCS JBONHBIM OTPHIAHHEM BHIC-
kaswiBanusa A. FICHO, UTO A COBNAZAET C CAMHM BhICKa3bIBaHNeM A.

I pumep. Brickasusanue A: pexa Boara snanaer s Kacuniickoe mope.

BuickasiBanne A: pexa Boara ne Bnagaer B Kacnimiickoe mope.

Brickaseisanne A @ HesepHO, uTo peka Bosra me Bnajaer s Kacnmiickoe
mope.
@ Homnaurkayus (JoradecKoe cie/loBanue) IBYX BbICKA3bIBAHMI
A u B — HOBOe BbICKa3bIBAHHE, KOTOPOe CYMTAETCS JIOMHBIM, eClIn
A MCTHHHO, a B — JIOKHO ¥ MCTHHHBIM — BO BCEX OCTaJIbHBIX CJIY-
uanx. O6osHauaeTca cumMBosoM A — B u unraercs «eciu A, To B»
wian «u3 A caenyer Br.
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IIpu 5ToM BhICKa3bIBAHKE A HA3LIBAIOT YCJIOBHEM WJIM NOCHLIKOM,
a BbICKa3bIBaHue B — cJIe/ICTBHeM MJIM 3aKJII0UeHHeM.

Jloruueckme sHAYCHNA MMILINKAIME ONMCHIBAIOTCS TAOAMLe ne-
THHHOCTH:

IMpumep. Buckaspianne A: Mocksa — cromuna Pocenu.
BrickasuiBanue B: Mocksa — croauna CHIA.
Brickaswisanue A — B JI0KHO, Tak KaK BRICKA3bIBAHME A HCTHHHO, A BbI~
ckassiBanne B 10HO.
@ Jleoinan umnaiuxayus (3KBUBAJIEHTHOCTD) IBYX BbICKA3biBa~
HUiT A u B — HOBOe BBICKA3bIBAHME, KOTOPOE CYMTACTCH MCTHHHBIM,
Korzia 06a BpicKasbiBaHnA A 1 B 160 0iHOBPEMEHHO HCTHHHEL, TN60
OJHOBPEMEHHO JIOXKHBI, ¥ JIOXKHBIM — BO BCeX OCTAJIBHBLIX CHyYasaX.

Ob6oanauaercsi cumBosiom A «> B (A ~ B, A = B) u unraercs «A
TOT/A M TOJIBKO TOTAa, KOrAa Bs win « A okBHUBaNenTHO B» wiu « 11s
TOrO 4T06BI A HEOGXOAMMO M JOCTATOYHO, UTOOLI B» .

Jlornueckmne 3HaueHUS IBOHHON MMILIMKAILMA OIIUCHIBAIOTCH TG~
JMLei MCTHHHOCTH:

A B Ao B

1 1 i 1

1 o1 10
I 1 0
| o 0o 1

ITpumep. Buickaspisanue A: 1eTHpexyroasHUK — NAPAJLIeTOrPAMM.

Brickasuisanue B: B 4eTHIPEXYTOJIbHUKe TPOTHBONEAKAILIE CTOPOHEI 110~
NAapHO MapaNIeNbHb.

BrickaguiBanue A SKBUBAJIEHTHO BLICKASLIBAHMIO B (A ~ B) n unraercs
TAK: V1A TOTO 4TOOBI 4eTHIPEXYrONbHUK GBI apajaesorpaMMom, Heo6xo-

AMMO M IOCTATOYHO, 4TO0bI B YeTHIPEXYrOJbHMKE POTHBOJIEKAILHE CTOPO~
HbI GBI NONAPHO MapaJIebHEI.
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5.2.3. ®opmynbl anrebpbl Norvkn

C noMOIbIO arefphbl JOTMKX Hajl BHICKASBIBAHUAMYI MOHO BBI~
NOJIHATH caeAyiouiue onepanuu:

« 1) 3 3a71aHHOI COBOKYMHOCTH dJIeMEHTAPHBIX BBICKA3bIBAHMI
CTPOMTDH PA3IMUHBIE CIOMHbIE BHICKASBIBAHNA;

. 2) CJIOKHBIE BHICKA3bIBAHUSA NpeACTaBIAATH B BHJIE [IeNIOYKH dJie-
MEHTAPHBIX BbICKA3BIBAHMI}

« 3) ynpomaTh CJI0KHbIE BHICKASHIBAHMA C TIOMOIIBIO PABHOCHIIL
HBIX (hopMyII;

+ 4) npoBepsTH (JOKA3HIBATH) MCTHHHOCTD MJIM JIOAKHOCTD IENOYeK
CJIOMHBIX BBICKA3LIBAHMIA.

IlopsAA0K BbINOJIHEHUs onepanuil yKasbiBaeTcs ckobKamMm, KOTO~
phie MOKHO OIyCKAaTh, NPUJIEPHKNBASACE CIEAYIOIEro nopsifka aei-
CTBHII: KOH'BIOHKIINA BBINOJHACTCH paHblie, 4YeMm BCe OCTAJIbHbIE
onepanmum, JMIBIOHKINA — pasble, Yem MMIJIMKALMSA W OKBHBA-
serTHOCTH. Ecam Hag GopMyJioi CTOUT 3HAK OTPHILAHUA, TO CKOOKH
TAKKe ONYyCKaTCH.

TIpuBesieM OCHOBHEBIE 3AKOHEI, ONPEEIAIONIHE JIOTHIeCKHe ore-
panum:

1) Av A=A — 3aKOH HemMno-
TeHTHOCTH AMIBIOHKILMM

2) AvB=Bv A — 3aKOH KOM-
MYTATHBHOCTH AM3BIOHKIMM

3) Av(BvC)=(AvB)vC—
3aKOH ACCOUMATHBHOCTH
AMIBIOHKILMH |

4) AvBAC=(AvB)A(AVC)—
3AKOH AMCTPUOYTHBHOCTH
AMIBIOHKIUN OTHOCHTENBHO

AAA=A — saxom maemnorent- |
HOCTH KOH'BIOHKIIHH

AAB=BAA — 3aKOH KOM-
MYTATHBHOCTH KOHBIOHKIUH \
AA(BAC)=(AAB)AC — saxon
ACCOUMATHBHOCTH KOHBIOHKIIMH

AA(BvC)=AABVAAC — |
3aKOH AMCTPUOYTHBHOCTH \

KOH'BIOHKIIHH
5) AvB=AnrB— saxon AnB=AvB — saxon |
e Moprana e Moprana |
6) ANBVAAB=A — (A v B) A (Av B)=A— saxon ‘
3aKOH CKIEHBANMS cxnennamms

TAvAAB=A—
3aKOH NOrJouesns

AA(AvB)=A—

3AKOH MOrJoueHns

8) AVAAB=AVB — AA(AVB)=AAB —
aaxon Ilopeukoro saxon [Topenkoro

9 AvO=A AAr0=0

10)Av1=1 Arl=A
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11) AvA=1 — sakon nckuio-
YEHHOTO TPeThero

12) AVB=AAB
13) AVB=AAB

AAA=0 — 3aKoH npoTHBOpeuHA

AAB=AVB
AAB=AVB
14) A=A — aakon cusTH ABOMHOrO OTPHUAMA

15) A>B=AvB=-AAB

16) A 5B-AvB=A,B
17 A5B=AAB=ArB
18) A B=(A-B)A(B—A)=(AvB)A(AvB)=(ArB)v (A 1 B)

Hpumepw. 1. Banucars noruveckoil nenoukoi CJeAYIOlee CI0MHOe
BBICKA3BIBAHHE:

«Ecan criopremen unrencusno TPEHHPYETCA U IIPH HTOM NPHHUMAET 38~
TIpEIeHHbIe CTHMYIATOPE, TO OH JMG0 HOCTHIAET BHICOKUX CHOPTHBHBIX
PeayJibTaToB, 1u60 MONAAAETCA HA ZONUHTes.

Pewenue. Jlannoe c03HOe BHCKASLIBAHNE COCTONT U3 CJeAYIOUNX PO~
CTRIX:

A — CHIOPTCMEH HHTEHCHBHO TPeHMpYyeTCs;

B — cnopremen npurumaer 3anpenieHHble CTUMYAATOPE;

C — CHIOPTCMeH A0CTHTAeT BHICOKMX PE3yJaLTATOR;

D — cnopremen nonanaercs na gonuure.

C yueroM BBefeHHEIX 0603HAMCHMII, CTOKHOE BLICKAIKIBANME MoMmeT
GmITh NpescTaBIeHO CreayIOelt norHecKoi nenouxoii: (A A B) - (C @ D).

2. C nomomp1o Tabaun neTHHHEOCTH TIPOBEPUTE CIPABELTHBOCTE CIeAY-
IONMX JIOTHYECKAX 3aKOHOB:

DA=AV(AAB) 2)AV(BAC)=(AvB)r(AvC);

3) ASB=AAB; 4) Ao B=(AAB)v(AAB).
Pewenue. 1) A=A v (A A B)

A B AAB Av(,q;s)‘
1l a 1 1
1 o o 1 1
0 1 0 0
o[ ol o] » |

Kax Buano ua rabauusi, MCTHHHELIE U J0KHKe 3HAYCHMS neproit n noc-
JlexHel KOJIOHOK coBnasaioT.

2)AV(BAC)=(AVB)A(AVC)
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A B c BAC |Av(BAC)| AVB AvC (AvB)A(AvO)
il ald] a i 1 1 7

1 1|0 o 1 1 G i
1o 1| o 1 T | 1| a1
o[ 1| 1| 1 | 1 1 1 1
1| 0| 0] o 1 1 1 ED

ol 1] o0 o 0 1 0 0 )
0 0 1 0 0 0 1 |
o/lo o o 0 o [ o [ o

Kax BuHO M3 TabanIbl, HCTHHHBIE U JIOXKHBIE IJHAYEHUSA NATOH U noc-
JlefHei KOJIOHOK COBNAAAIOT.

3) A>B=AAB

A | B | B|A->B|AAB |"ArB
ilel-a ] o1 |
G EI IR 0o |

BETERE 0 1
o1 1 0 1

Kak BuaHo M3 TabaMIbl, MCTHHHbIE U JIOXKHBIE 3HAYEHNS YeTBEPTOH 1
nocaeaHeil KOJOHOK COBNAAAIOT.

4) Ao B=(AAB)V(AAB)

A B A | B |AcB|AAB|AAB|AABIVAAD)
1 1 0 0 1 1 0 1
1 0 0 1 0 0 0 0
0 1 1 0 0 0 0 0
0| o | 1] 1 1 0 1 1 i

Kak BuaHO 13 Tabauibl, NCTHHHbIE W JIOXKHBIE 3HAYEHUA NATOMH U moc-
JlefiHeil KOJOHOK COBNA/AIOT.

3apaun Ans CaMOCTOATENLHOrO peweHna

1. Jlaun! ABa BHICKA3bIBAHUS: A — CIOPTCMEH y4acTBOBAJ B aB-
ropannn; B — cnopremen paa6us mamuny. Jlaiite ciosecnyio ¢pop-
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MYJIMPOBKY BBICKA3LIBAHMIT, COOTBETCTBYIONIMX CJIE/AYIONIMM JOTH-
YeCKHM onepanHam:

a) AAB;6)Av B;B) AnB; 1) AAB.

2. IlepeBeuTe B CHMBOJIMYECKYIO (DOPMY CIEAYIONIHE CIOMKHBIE
BhICKaswiBaHmA: a) «Ecan Basa ynazer, To oHa pasobbercs. Basa
pas3bura, 3HAYMT, OHA ynajas; 6) «DTOT YEJIOBEK MM JKEHTIbMEH,
nim crysenT. Ho Ol He JUKeHTIbMEH, 3HAYUT, OH CTYAeHT»; B) « Ecam

A u B ucrunnsi, 1o C ucrunno. Ho C noxno: snaunr, A wiu B nox-
HBI».

3. C nomonsio Tabani HCTHHHOCTH NPOBEPhTE NPABIILHOCTD CJle-
AYVIOUHUX JOTHYECKHX 3aKOHOB:

a) AvB=AAB;6) AnB=AvB;
B) A5>B=AAB;1) Ao B=(AvB)A(AvE
BNAABVC)=AABVAAC.

KOHTPOJbHbIE BOMNPOCHI

1. MNepe4ncnute Crnocobbl 3aiaHNA MHOXECTB 1 NPUBEAVTE NPUME-
Pbl, WNNIOCTPUPYIOLUME NIPUMEHEHIE DCHOBHBIX ONEPALIMA HAA MHO~
KECTBaMU (C NOMOWLLIO ivarpamm Sinepa—BewrHa).

Ha3osuTe cnocobel 3aAaHNA MHOXECTB.

Kakve onepauum anrebpbl MHOXECTB Bam N3BECTHbI?

470 HA3bIBAKOT MOLHOCTBIO KOHEYHOTO MHOXECTBA?

pwP

KINHYEBBLIE CNOBA

MHOXECTBO, 3nemMeHTbI, Aarpamma 3inepa—BeHHa, NycToe MHO-
XECTBO, NOrUYECKUe onepaLnm.

InaBa 6

YNCNEHHbIE METObI ANTEEPbI

ABCOMIOTHASA 11 OTHOCUTENbHAS
NOrPELLIHOCTN

anKT"‘leCKﬂﬁ JAeSATeJIbHOCTDL YeJlOoBeKa Hebaapunﬂo CcBA3aHa ¢
HCJaAMM, KOTOPbIE MOYKHO NOJIYy4YaTh TpeMs cnocobamu: B pesyabTa-
Te M3MEPEHMil, CueTa M BLINOJHEHHS PASINIHBIX MATEMATHYECKHX
onepanuit. O1HAKO HEOOXOAUMO 3aMETUTD, YTO:

* 11060e U3MepeHue HeJb3sl BBINOJHUTH a6COMIOTHO TOYHO: OmMNG-
Ky aaer anbo cam npubop, aubo Haba0AaTeNb;

* cuer JjaeT TOUHBIE Pe3yJIbTAThI, TOJBKO €CJIM KOJHYeCTBO nepecuun-
TBIBAEMbBIX IPEJIMETOB HEBEJIMKO M eCJIM OHO NMOCTOAHHO BO Bpe-
MEeHH;

* JlaJIeKO He BCe MaTeMaTH4YeCKHe Olepaiui MOKHO BbITIOJIHUTL a6-
COJIIOTHO TOYHO.

[102TOMY NEPBBIM B TEOPHH YHUCICHHBIX METOJOB SBJAETCH BOI-
poc o cnoco6ax onpe/esieHUs MOrPENTHOCTH JaHHOTO YHCIa U O IPH-
emax onpejieJIeHus MOrPelIHOCTH YHCei, NOJyYeHHbIX B pesyabrare
pafa npocTefinx apupMeTHIeCKNX AefcTBUil ¢ NPUGIMKEHHBIMI
uuCAAMH,

[0] Beamumna A, =|A — a|, rie A — rounoe suauenne uucaa; a —
ero npubIMIKEHHOE 3HAUEHNE, HASBIBACTCA AGCONIOMHOL NO2Zpeut
Hocmbio Yucaa a.

T'panuyeir abecoromnoit nozpewrHocmu (ee mpeie/IbHbIM 3HaUeHH -
©M) HA3BIBAETCA BO3MOIKHO MEHBIIee YHCIO A, PO KOTOPOE U3BecT-
Ho, uto |A — a| < A.

Ha npakTnke Mbl BBIHYKIeHbI 6paTh 4MCJIO A € 3a11aCOM, TAK KaK
TouHOE 3HAYEHNe A, KAK PABHJIO, OCTAETCH HENIBECTHBIM M, CJIeJI0-
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BATEJIbHO, HEBO3MOKHO BHIYMCINTE A, = |A — a|. Branue a n A nosso-
JI5IeT YCTAHOBUTH PPAHMIEL, B KOTOPHIX JIEKUT TOUHOE YMCI0 A, TAK
KaK U3 HepaBeHCTBa |A — a| < A cneayer, uto a - A< A < a + A. Taxk,
Hanpumep, sanuch A = 2,21 + 0,01 osnavaer, uro 2,21 - 0,01 <A <
<2,21+0,01, nin 2,2< A < 2,22,

3amewanue. Ecav a ectb npubinkennoe snavenue uncia A,
npUYeM npesieibHas aGCOTIOTHAS TIOTPEIIHOCTh PABHA A, TO TOBOPAT,
4TO @ ecTh NPUGIHIKEHHOE 3HAYEHNE YHCIa A ¢ TOYHOCTBIO 10 A.

Tonpo6yem Teneps OTBETUTEL Ha CJEAYIOUMIl 80npoc:

NYCTh HAM M3BECTHO, YTO TOYHOE 3HAYEHHE A HEKOTOPOTO YUCHA
HaxoauTca B nHTepBane A, <A < A,. Ecin B3aTh 3a ero npubanixen-

A +A, A +A,
HOe JRavenue ¢ noaycyMMy —_—2, T.e. a==_"%, To kaxasm

aToM GyseT npeiesnbHas a6COMIOTHAS TOTPeIHOCTh?
Pemenne 1aHHOro BONPOCA BHITEKAET U3 CEPUN HEPABEHCTB.
Ilyers A; < A < A, Ho, ¢ apyroii cropoust, a -A< A <a + A, cre-

a-A=A

,OTKyaaA=a-AyummA=A,-a.
a+A=A, ) . A

JIOBATEJILHO {

Ecmmme a=tAs o Aitd —A = Aa=4y
2 2 2
Takum obpasom, npejesbHas aGCOMIOTHAS NOTPEIIHOCTh YHUCIA.
A+ A Ay—Ay
a=——= =1

2
2 paBHa 2

Ipumep. Ussectno, uro 3,14 <n < 3,15.
Ecam BaaTh 3a npubiMiKenHOe 3HAUEHHME UMCJA T UHCIO =
_3,14+315
=
3,15-3,14

=3,145, To npesennHas aGCONOTHAA NOTPEIIHOCTL PABHAL

A

=0,005.

Taxum o6pasom, 1 = 3,145 ¢ rounocrsio a0 0,005.

Onnako aGcoNOTHAS OTPENIHOCTE caMa 110 cefe He XapaKTeph-
3yeT TOYHOCTh BHq“CﬁeHKﬁ, TOCKOJIBKY OHA BbIpa)<aeTcs B TeX Ke
eMHULAX, YTO U M3MEPAEMAas BeINUNHA, U, CICOBATEILHO, €€ 3HA-
uenHue Gy/eT MEHATHCH, KOIIA M3MEHAIOTCS eIMHHILEI, € TOMOIIBIO
KOTOPBIX Mbl H3MepseM N3YyUaeMylo BeJIHUHHY.

Tax, eciiu U3MepsATH PACCTOAHHE MEXK/Y ABYMs POPOIAMH, KOTO=
poe pasHo 100 KM, ¢ TO4HOCTBIO 10 1 M, TO 70 GyAeT OueHb TOUHOE
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——1—— =0,001 % uamepsiemoii Besu-
100000

UMb,  eCJIN JKe C TOYHOCTHIO 10 1 M H3MepeHa JINHA YYACTKA 3eM-
s, Koropas pasia 10 M, To a10 GyzeT rpyboe namepenue ¢ norpem-

M3MepeHHe ¢ OTPeIIHOCTHIO

HOCTBIO % =10 % namepsieMOil BeJIMYMHBI.

T10aTOMY /151 XAPAKTEPHCTHKM TOUHOCTH MPUOINIKEHHBIX BHIYHC-
JIeHUH BBOAAT NOHATHE OMHOCUMEABHOU NOZPEULHOCTU YUCAa 8y
ABASIONIErocs NPUGIMKeHHBIM 3HAYCHHEM BeJTNUMHbBI A, KOTOpas
onpejiesserTca KaK OTHONUIeHHEe aGCONIOTHOM NOrPenIHoCTH K abco-

A,
JIOTHOMY 3HAYEHHIO YHCTIA &, T.e. O, = F"I

I'panuieil OTHOCHTE ILHOM IOrPeNIHOCTH (ee NpeAe/IbHbLIM 3Haue-
Juem) Gy/ieM HASLIBATH BO3MOMKHO MEHbIIEe YHCJI0 §, PO KOTOpoe na-
BECTHO, UTO

A, < 5l
8, <8, m.e. HSG win [A - al< 8lal,
al
OTKyJAa caeayer, UTo
a-dlal< A<a+dal

B orsimuue ot aGCONOTHOM, OTHOCHTEIbHAS NOIPEIIHOCTD BCerja

pesMuMHA GeapasMepHas, 0ObIYHO BRIPAJKAEMASA B IPOLEHTAX .

IMpumep. lpn B3BeWIMBARMY KYTJIEHHBIX A6GNOK MOAYYEHO YHCAO
5,5 Kr, IPHYEM M3BECTHO, YTO NPe/lebHasA AGCONIOTHAS NOrPEIIHOCTE PaB-
na 50 r. OnpeaennTs NpefeabHYI0 OTHOCHTENbHYIO OTPEIIHOCTE i IPaHM-
bl HCTHHHOTO 3HAYeHNs (A) MACCH KYTUIeHHBIX A6710K.

Pewenue. 1) a = 5,5 kr = 5500 r; A =50 1; &

L
10

=0,009 =(0,9%).
2) Uctunnoe snauenne macce A = 5500 r (+ 50 r) nan A = 5500 r
(=0,9%).

E-Bl OKPYINMEHWNE YNCEN.
MOrPELUHOCTY NPOCTENLLNX
APN®METUYECKWUX OENCTBUN

[0] Oxpyzaume wucno — 3HAUMT COXPAHMTL B HEM OAHY HJIM He-
CKOJIBKO Udp, CUNTAA CIeBA HATIPABO, A& OCTAJbHBIE OTOPOCHTE.
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[0] 3navawumu Yugpamu NPUGIHIKEHHOTO YHCJIA HASBIBAIOTCSA
Bce IUMPHL B €r0 3aUNCH HAUMHAS C IePBOH HeHYLe6oil crieBa.

TIpasuao oxpyriaenus. UTo6nl OKPYIIUTL YHCIO A0 N 3HAYATIAX
uudp, orbpachiBaloT Bee LH(PLI, CTOANIME CIIpaBa OT n-it 3Havamei
UHOPbI, HIH, €CJIH HTO HYHKHO /ISl COXPAHEHUS PA3PAJLOB, 3aMeHs~
10T MX HYJISIMH.

TIpu srom ecan neppas n3 orbpomeHHbIX LGP Gobiue WM pas-
Ha 5, TO NOCIeAHIOK0 OCTABIIYIOCH UH(PY VBEIHYHBAIOT HA €ANHUILY.

Ecun sxe or6paceiBaercs TogbK0 oA nudpa 5, TO NOCANHION U3
coXpaHfAeMbIX TUdp ocTABAAIOT Ge3 M3MEHEeHUS, eCAH OHA YeTHASN,
H YBEJIMYHUBAIOT HA JIMHUILY, €CJIM OHA HeYeTHAs.

@ Iudpa kakoro-1m6o paspsna B 1pubIHIKEHHOM YHCIE CUUTACT=
€Al geproil, €CTHN YNCIIO UMeeT abCOoTIOTHYIO TOTPeIHOCTh He 60/1b+
e NOJIOBUHBI €INHHILLI HTOT0 paspaja.

Ecau ke abcomoTHas norpenHocTs 601bIe MOJOBUHBI €N HUILBL
Kakoro-uubyab paspana, To uudpa aTOro paspasa U LMAPLL ALY
IOIMX CIIpaBa PaspsA/ioB CYMTAIOTCH COMHUTEIbHBIMH.

CnpaBefinBo ¥ caeayiollee ymeepicdenue: eciu aecaTHIHAS
dopma 3anucH HPUGINIKEHHONO YHCHA COALPIUT TONLKO BEPHBIE
IHAPLI, TO €10 A6COTIOTHAS IIOIPEITHOCTE He NIPEBBLIACT MOJTOBUHBL
eINHUILLI HU3IIero paspsja.

Hpumep. Oxpyrass uncno A = 3,647 10 1PUGINIKEHHOTO 3HAYCHHUSA
a=3,65, Mb1 noryuaem abeoNIOTHYIO NOrPenIHoCT OKpyraenns A, = |A - a| =
=0,003. Iludpa 5 B 3amucH NPUBAMKEHHOrO SHANEHNUS ABIAETCH BEPHOH,

TaK Kak A, % 10°%

=0,005).

3amenanue. MOKHO NOJIOKATD, YTO B ITOM IPHMEpe TPeesb-
Has a6COMIOTHAS MOTPEUTHOCTH NPUOIMIKeHHOTo Yneaa a = 3,65 pas-
na 0,005.

IMpumep. Haiitu npeesbubie abCOMOTHBIE TOIPELIHOCTH MTPHGIHAKEH-
HBIX YHCeJI, 3aNHCAHHBIX B ICCATHYHOI (popMe BephuiMu nudpamu: a = 2,7;
b= 0,0373; ¢ = 5472.

Pewenue. A 104 =0,00005; A, =--10°=0,5.

3107 =005 &,

2 2

Banumenm Teneps 6e3 J0KazaTeabCTBa (POPMYJTHPOBKH PSIAA TOJI0-
JKeHUil, TO3BOJNAIOUMX ONPeAeNATh AGCOMIOTHbIE H OTHOCHTebHEIe
TOTPEITHOCTH BEJINYHH, HOJNYUEHHBIX B PeayJbTaTe apudMeTHUeCKUX
JAeHcTBH HAZl HCXOAHBIMH NPAGIHIKEHHBIMH YHCIAMH, TIOTPENTHOC
TH KOTOPBIX U3BECTHBI.
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Toaomenue 1. [Ipegennaan abCoMOTHAR TOIPEIIHOCT CYMMbL HE-
CKOMBKUX MPUBIMIKEHHBIX UMCe], 3AIIMCAHHBIX B JIECATHYHOMH (op-
Me BepHBIMM IM(PaM#, PABHA CYMMe Ipe/ieJIbHBIX a6COMIOTHBIX 10~
rperHocTei caaraeMbix.

3ameuanue. [Tpu ciaoxennyn NpUGIMIKEHHBIX YHCEJ B TI0JIYYeH-
HOM pe3yJIbTaTe Hy’KHO OTOPACKIBATE 110 PABHIAM OKPYTJIeH s -
Phl T€X PAa3pA0B CIPaBa, KOTOPBIX HET XOTs GBI B 0AHOM M3 JAHHBIX
NPUOTHIKEHHBIX YHCe.

HMpumep. u=1,3+3,62 + 9,678 = 20,598.

Byzem umers: A, = 0,05 + 0,005 + 0,0005 = 0,0555.
ECTH Mbi XOTHM OKPYT/HTS UHCIO U O NPHOTHIAKCHHOIO SHAYCHNHS @ =
= 20,6, TO ABCONOTHAS NOTPEIIHOCTE OKPYTIIEHHSA

A, =lu— a| =[20,598 - 20,6/ = 0,002.

L{ibpa 6 B 3aMHCH NPHOIMIKEHHOrO SHAYCHNS ABAAETCH BEPHOH, TAK KAK
A <% 10 (= 0,05).

YuuThiBasA NOrPelIHOCTE OKPYTJICHNA, MOMKHO 3aMCaATh, 4TO

u = 20,6 (+ 0,0575).

Hoaoxenne 2. [IpeesnbHas abCOMIOTHAS NOTPELTHOCTD PAIHOCMU
ABYX NPUOIHIKEHHBIX UMCeJ], 3aTTMCAHHBIX B IeCATHYHO# (hopme Bep-
HeIMI AdpPaMi, PABHA CYMMe T1pe/IeIbHBIX a6COTIOTHBIX NOrPeIIHo-
CTeil yMeHbIIAeMOro U BEIMUTAEMOro.

3amewanue. I1pn BorauTanny NPUOINIKEHHBIX YHCEJ! B I0JyYeH~
HOM peayJibTaTe HYHHO 0TOPACHIBATH [0 IPABUJIAM OKPYTJIeHHA WHd-
Phl TEX PABPAZIOB CIIPABA, KOTOPBIX HET XOTs Gbl B OAHOM M3 JAHHBIX
NpubIHKEHHBIX YHCeJT.

Hpumep. u=8,1- 2,87 =5,23.

Byzaem umers: A, = 0,05 + 0,005 = 0,055.

EcJiu MBI XOTHM OKPYIJINTH YHCJIO U JI0 TPUOIHIKEHHOrO 3HAYEHUA a =
5,2, T0 aBCOTIOTHAA TOTPENIHOCTE OKPYTICHIS

A, 5,23 - 5,2|= 0, 03.

[ndpa 2 B sanucy NpUGIHIKEHHOO 3HAUCHHS ABIACTCA BEPHOH, TAK KAK

A < ém*%: 0,05).

VuuThiBAS NOTPEIIHOCTL OKPYTJIEHNA, MOMKHO 3aNUCATE, 4TO

u = 5,2 (+ 0,085).
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A,=0,0005; 8, = %’i =0,0002 (= 0,02%).

8,=8,+ 8,=0,0031 (= 0,31 %).

Tonoxenue 3. [IpeseibHAs OTHOCKTEILHAS NOIPELIHOCTD NPOUS-
6e0eHus HeCKONBKHUX NPUGIMIKEHHBIX YNCes, 3AIMCAHHBIX B €CH-
THYHO# (hopMe BepHBIMM IH(PaMH, PABHA CyMMe NIpe/leIbHBIX OTHO=
CHTEJBHBIX IOTPeIIHOCTeH COMHOKHTENeH.

3amevwanue. IIpu yMHONKEHUN TPUGTHIKEHHBIX YACEN B PE3YITh-
TaTe HY’KHO COXPAHATH CTOJBKO 3HAYAIMX UH(P, CKOJIBKO UMeeT
BPHGJIH)KEHHOG JAAHHOe C HAHMMEHbIIUM KOJHYEeCTBOM auaqamu
mudp (camoe «KOPOTKOE» U3 JAHHBIX MPUOIMIKEHHBIX YHCe).

Hpumep. a =5,42; b =0,638; u = ab = 3,45796.

A,

Byzem umers: A, = 0,005; §, = o 0,0009 (= 0,09%).
a

Au oriyna A, = 8, |u| = 0,0081 - 0,5506 = 0,0017.

Ho §, =
Jul

EcM MBI XOTUM OKPYTJIHTh YHCIO0 ¥ A0 NTPUOANIKEHHOrO 3HANeHNS U =
% 0,55, To A6COTIOTHAR MOTPEITHOCTH OKPYTIEHHS

~ o[ = 10,5506 - 0,55| = 0,0006.

Lndpa 5 B 3anucy MPUEITHIKEHHOrO 3HAUEHMS ABJIAETCH BEPHO, TAK KAK

A< % 10°2 (= 0,005).

A= 0,0005; &, = = = 0,0008 (= 0,08% ).

g

8,=8,+8,=0,0017 (= 0,17 %).

VuuTHIBas NOrPEUIHOCTb OKPYIVIEHUA, MOXKHO 3aIIMCATH, Y4TO
u = 0,55 (+ 0,0023).

Toaoxenue 5. [Tpe/iesibHaA OTHOCHTEIBHAS OTPELIHOCTE cmene-
U npUBINKEHHOTO YHMCJIa, SAITMCAHHOTO B IECATHYHOI (opme Bep-
BIMI UdPAMHE, DABHA IPOUBBE/ICHUIO IOKA3ATEIIA CTENIeHH Ha 1pe-
JIBHYIO OTHOCHTEJIBHYIO NIOIPEITHOCTE OCHOBAHMSA .

Bameuanue. Ipu 6036edernuu npubINIKEHHOTO YUCIA 6 K6AD-
m u Kyl B pe3yJibTaTe HYXKHO COXPAHATb CTOJBKO 3HAYAIIMX
Mbp, CKOIBKO UX HMeeT BO3BOJMMOE B CTENeHb YHCJIO.

Ho 5, = %“,. otxyaa A, = b, lu| = 0,0017 - 3,45796 = 0,0059.
Ecii MBI XOTHM OKDYPJHTB YMCIIO U 0 NPUGIHKEHHOTO 3HAYCHUSA U
= 3,46, To aBCONOTHAS NOIPEIIHOCTL OKPYTIeHMs

AIl

-]

45796 - 3,46/ = 0,00204.

udpa 6 B 3anucH NpHGIHIKEHHOrO 3HAYEHHS ABJIAETCH BEPHOIl, TAK KAK
Ipumep. Buraucants o6bem Kyba co c;mponoﬁ a=127Twm.
A< % 10 (=0,005). Pewsenue.V =a® = (1,27) 3 = 2,0484 (u").

A,=0,005; 3, = % ~0,0039 (= 0,39%).

8, = 85,= 0,017 (= 1,17 %).

VUHTHBAS NOTPENIHOCTE OKPYI/IHUs, MOKHO JAIHCATS, H4TO
u = 3,46 (+ 0,00794).

Tonomenwue 4. [lpesenbHas OTHOCHTENLHAA TOTPEITHOCTH OT de-
JIeHUA IBYX NPUOINIKEHHBIX YHCeJl, 3AIHCAHHBIX B JIeCATHIHON (op-
Me BEPHBIMU IM(PPAMH, PABHA CYMMe Npe/ieIbHbIX OTHOCHTeIbHBIX
TOTPEIHOCTe ! AeTUMOTO U JIeIATENs . '

3amevwanue. [lpu fenenny NPUOINIKEHHBIX YUCEN B PE3YJILTATE
HY’KHO COXPAHATH CTONBKO 3HAYAIIMX 1P, CKOILKO UX UMeeT IIpH-
GumiKeHHOe JaHHOe C HAMMEHBIINM KOJMYECTBOM 3HAYAIINX LH(P.
(camMoe «KOpPOTKOE» M3 JJaHHBIX NPHOIHIKEHHBIX YnuCces).

Ho 8, 8%, omeyaa Ay~ &,V = 0,017 2,0481 = 0,024.
Ecu MBI XOTHM OKPYTJIMTH YHCI0 V 10 NpuGIHIKEHHOro 3HAYeHNsA U =
» 2,05, To a6COMOTHAS IOTPENIHOCTL OKPYTAeHN s

A=V - v|=2,0484 - 2,05| = 0,0016.

Iudpa 5 B sanucy NpuGINKEHHOrO 3HAYCHNA ABJIACTCH BEPHOI, TAK KK

A< % 10°% (= 0,005).

HMpumep.a=1,73;b=3,142; u= 0,5506.

VYuuTHBaA NOTPEIMIHOCTL OKPYTIEHNUA, MOJKHO 3aNTMCATH, YTO

V= 2,05 (+ 0,0256).

Bynem umers: A, = 0,005; §, = TAa—"l =0,0029(=0,29%).
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Tonomenne 6. [IpesesbHAs OTHOCHTENBHAS IIOTPEITHOCTD KOPHA
U3 NPUBIUNCCHHO20 HUCIA, BATTMCAHHOTO B IeCATHYHON Gopme Bep-
HBIMH IU(PPaMH, PaBHA NPeIeJbHON OTHOCHTEJbHON MOrPeIIHOCTH
TOIKOPEHHOTO YMeJIa, IeJIeHHO Ha NoKa3aTe/lb KOPHA.

3amevwanue. [Ipn u3srevenun KBAAPATHOTO H KyGHYECKOr0 KOP-
H#A M3 NPUOIMIKEHHOTO YHCIA B PE3yJbTaTe HYIKHO COXPAHATH
CTOJIBKO 3HAYAIUX ﬂ"q)p, CKOJIBKO UX MMeeT NOJIKOPeHHOe YHCIIO0.

Hpumep. Tlpn n3BieveHnn KBAJAPATHOrO KOPHS M3 NPUOIHIKEHHOTO
amcna a = 1,27 nonyunan anavenne u =+/1,27 =1,1269, sanucannoe sep-
HeiMu nuppami. Kakyio abcomioTHyo norpemnocTs Mbl 6y1eM HMeTh, eCan
nocje OKpyrjieHus sanumem, 4ro 1,27 = v =1,13?

Pewenue. A, = 0,005; 5, =22

lal

0,0039 (= 0,39%).

=0,00195.

A
Ho 8 = 75- otkyaa Ay =5 ,a =0,00195-1,1269 = 0,0022.

Ecan Ml X0THM OKPYranTh unesno u = 1,1269 no npubaukennoro ana-
uwenus U= 1,13, 1o a6CONOTHA NOrPEIIHOCTL OKPYTICHNSA

A,=|u~v|=[1,1269 - 1,13 = 0,0031.
Iludpa 3 B 3anMCH IPHOTIIKEHHOIO SHAYCHMS ABACTCS BEPHOI, TAK KAK

A, <% 10 % (= 0,005).

VUHTHIBAS OTPEIIHOCTS OKPYTIIEHIA, MOAHO 3AIHCATE, 4TO

V1,27 =1,13(+0,0053).

YNCNEHHOE PELLIEHWE YPABHEHUN
C OAHOW NEPEMEHHON

6.3.1. OcHoBHbIE ONpefeneHus 1 Teopembl

Byaem paccmarpusath ypasHenue suja f(x) =0, rae f(x) — Hexo-
Topas GYHKIUMSA AeHCTBUTEIBHOTO APIYMEHTa, ONPe/IeJIeHHAS U Henpe-
' PHIBHAS B HEKOTOPOM KOHEYHOM min GecKoHeuHoM nHTepBaJe (a; b).
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[(ﬂ Yucsno xoua obnactu onpeenenus Gynkunn f(x) HaspiBaeTcs
rxoprem ypasnenus f(x)=0, eciu f(xy) =0.

Hama 3ajiaya COCTOMT B ONUCAHUH BJIeMEeHTAPHBIX IPHEMOB, 110~
SBOAOMNX HAXOAUTH KOPHK ypasrerus f(x)=0c¢ JOCTATOYHOM JUIA
NPAKTHKH CTENeHbIo TOYHOCTH.

Ilpouece HaXO}/AeHNs KOPHeil ypaBHeHUs pacnajaeTcd Ha He-
CKOJIBKO 3Tanos:

1) onpesensOTCs rPAHMIE MHTEPBaJIa, B KOTOPOM HAXOAATCS 6ce
kopuu ypasaenns f(x) = 0;

2) yeTAHABJIMBAIOTCH BO3MOMKHO MaJIbie IPOMEXKYTKH, B KAXKI0M
13 KOTOPBIX COAEPIKUTCH POGHO OOUR KOPEHb;

3) KaxAbIi U3 KOPHeH BLIYUCIIAETCH ¢ 3aJlaHHON TOYHOCTBIO.

K coxasnenuio, onpejesenue B o6lieM Bujie rpaHuIl HHTEpBaa,
B KOTOPOM HAXOJSATCA 6ce KOPHM ypaBHenus f(x) = 0, MOXKHO JaTh
TOJBKO 1A Bnreﬁpam(ecxom VPaBHEHHMS B KAHOHHYECKOM BUJE, T.€.
ANs ypaBHEHUA BUJAL

agx" + a;x" '+ ax"?+ .. +a, ,x+a,=0,raea,#0. 1)
B nanbreiimem 6yseM HAXOAUTh TOJBKO delicmeumenvrbie

KopHu anreGpaNueCKIX yPaBHEHHIL.

* Ilepssii aran. Haunuas nepserii orain, npusejiem 6Ges oKasaresib-
CTBa pAJl TEOPeM, NO3BOJAINX onpeAeasiTh KOJHYeCTBO U rpa-
HUILbI KOPHeil anrebpanuecknx ypasaenuii (1).

Ocnoenas meopema anzebpoi. Ypasnenue suda (1) umeem
POBHO N KOpHeil, DeilcmEUMeNbHbLX U KOMNICKCHbLY, eCAU KOPeHb
Kkpamnocmu k cuumams 3a k kopneit.

@ YHea0 XoHA3BIBACTCS KOPHEM KPATHOCTH k ypaBHeHHs (1), ecmn
npu x = x, obpamaercs B HyJb cama QyHKIAA f(x) n ee npoussoA-
upie A0 (k — 1)-T0 nopsAAKa BKJIIOYATENbHO, T. €.

F(x0) = F'(x0) = "(%0) = o = [*axg) = 0, & [Pxg) # 0.

Kopens kpatHoct# k = 1 HasbIBaeTCs NPOCMbLM.

1. Yueno deitemeumenvhoix KopHeir ypasnenus (1) vemnoir
cmenenu ¢ dellcmeumenbHbLMU KOIPpHUYUeRmamu 6cez0a HemHo
(6 MOM wUCIe MONCEm PABHAMBCA HYIO).

q,
Ecau kpome smozo —- < 0, mo ypasHenue LemHoiL cmenenu ume-
ay

em no kpaitneit mepe d6a deiilcmeumenbHblX KOPHA pa3HO20 3HAKA.
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2. Vpaenenue (1) newemnoit cmenenu umeem no kpaitneit mepe

> a,
00uH deilcmeumenbHbLil KOPeHb MO20 He 3HAKA, ¥mo U ——* .
a,

Teopema Jexapma+. ucio noroxumeibHbix KOpHeil ypae-
Henus (1) pasHO UAU HA YeMHOE HUCLO MEHbULE HUCLA NePeMEH
3HaKa 6 pady KOIPHUYUEHMOS ag, @y, ..., a, ypasrenu. Tax Kax
npu samene x na -y Kopnu ypasnenus (1) mensom snaxu, mo ¢
NOMOULHIO IMOiL MEOPEMbL MONCHO OYEHUMb U HUCLO OMPUUAMENb:
HbLX KOpHeil.

2
Ipumepwi. 1. B ypasaenun HeueTHoil crenenn 3 x — 2 =0 (xﬂ - :‘;‘J KO~

adpunmentTs ag=3,a,=-2u ——*=-——==>0,
% 38 8
Kpome 1010, 4nCI0 nepeMeH 3HAKOB pa;
Cnenosarensho, no reopemam 2 u 3 (cm. | T
AefCTBHTeNLHBIN MOM0KNTeNbHbIT KOPEeHb.
2. B ypaBuenun Heuetnoii crenenn x* - 2 x* - x + 2 =0 (x, =

), OHO MMeeT OAMH

X, =1; x3 = 2) koappuumentrt ay= 1, a,=2n —::" = —% <0. Caeposarens-

HO, 110 TeopeMe 2, OHO HMeeT 10 KpaitHeil Mepe OUH AeHCTBUTe LB OT-
pHIATENLHbIH KOPeHb.

Yueso nepeMen 3HAKOB B IAHHOM YPABHEHHH DABHO ABYM, CJII0OBATEb-
HO, 110 Teopeme 3, oHO umeeT aubo ABa, MM60 0 MONOKATENLHBIX AeHCTBH-
TeNbHBIX KOpHeii.

OneHuM Y4HCI0 AeHCTBHTEIBHBIX OTPHIIATEBHEIX KOPHEeit. JLns atoro 3a-
menuM X Ha — y. lonyuum ypasnenne (-y)* - 2(-y)* — (-y) + 2 = 0, wan
~y*-2y*+y+2=0, nan y* + 2y* - y - 2 = 0. Yncio nepemen 3HAKOB B
JTOM ypaBHeHMM DABHO 1, CIe10BaTENILHO, HCXOHOE yPABHEHHE HMeeT OAHH
AeHCTBUTEeNbHBIN OTPHIATENBHBIH KOPeHb.

3. B ypasnenuu uetnoi crenenu x’ — 2x - 3 =0 (x, = - 1; x, = 3) Koadp~

uuments ag=1,a,=-3u 2 = —Ta =-8<0. Cnexosarensno, 10 Teopeme 2,
ag

OHO MMeeT ABa efiCTBUTEeIBHBIX KOPHS PA3HOTO JHAKA.

4. B ypapsenun wernofi crenemn x* + 3 x*~ 4 =0 (x, = - 1; x, = 1) xoodp-
Puuments ag=1, a,=— 41 % = %‘ =-4<0. Cnezosarensho, 1o Teopeme 2,
a,

OHO MMeeT 110 KpaiiHeii Mepe ABa AHCTRHTEABHEIX KOPHS PAIHOTO 3HAKA.

*P. Jlekapr (1596 — 1650) — (panmyackuit dinsocod, matemarui, huank u du-
auozor.
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"Yueso nepeMen 3HAKOB B JAHHOM ypaBHeHMH paBHO 1, caeoBaTenbHO,
110 TeopeMe 3, OHO MMeeT OAMH MOJOKHTENAbHBIN JefiCTBUTENBHBIN KOPeHb.

OneHnM YMC0 AeHCTBUTENLHBIX OTPHIATEAbHBIX KOpHEit. [lns aToro 3a-
menum x Ha - y. oayunm ypasrenue (—y)* + 3(-y)* -4 =0, man y* + 3 y* -
~ 4 = 0. Yueno nepeMen 3HAKOB B 9TOM ypaBHeHMH paBHO 1, ciexosaresnb-
10, HCXOJHOE YpABHEHWE UMEET OAMH AeHCTBUTENbHEI OTPHIATE bHbIH
KOpeHb.

Jlagnm Tenepb OPMYJTHPOBKY T€OPEMbI, IO3BOJIAIONIEN J0CTATOY -
1o rpy6o onpeaesATH IPAHMILI MHTEPBAJa, B KOTOPOM HAXOAATCA
@ce jelicTBATEbHBIe KOPHY ypaBHeHus (1).

[T 1. Ecau A = maxla|, rae 0<i<n-1; B=max|a, 20e 1<i<n,

a, B
- =1+—, Tor<|x|<R.
Ardal * 7l
2. Bee nonoxumenvhbte deiicmeumenvhnie Kopru ypasrenus (1)
naxodames 6 npomexcymie r < x < R, a 6ce ompuyamenvhoie dei-
emeumenvhuble Kopru ypasuenus (1) Haxodamea 6 npomexymie
~R<x<-r.

B r=

Mpumepni. 1. Bypaauenuux ~2x-3=0(x, =~ 1; x, = 3) Koapduru-
ente ag=1,a,=- 2, a,=a,=
Haiigem uncna A, B, r, R:
A = max (lag|, a,)) = max (1; 2) = 2; B = max (la,}; |a,]) = max (2; 3) = 3;

Bee nosioxkuTebHble AefiCTBUTEIbHBIE KOPHH YDABHEHUA HAXOAATCA B
npoMexyTKe gs X <4 (3navenue X, = 3 NONAJAET B ITOT NPOMEIKYTOK).

Bce orpunarenbHbie JefCTBUTENbHbIe KODHH YDABHEHUS HAXOAATCHA B
npomeskyTKe —4 <X < ~% (snauenme x, = — | NONANAET B ATOT TPOMEKYTOK).

2. B ypasuennn x* - 2 x* —x +2=0(x, =- 1; x; = 1; x3 = 2) koathpuun-
enth ay= 1, @, 2,a,=-1, az=a,= 2. Halinem uncna A, B, r, R:

A = max (|aghlaj),az)) = max (15 2; 1) = 2; B = max (lay; |azl; |ag) =
2 1

= 51;2)=2;r=
max (2; 1; 2) =322

5 BR=1 s2w 3.
1
Bee nonoxurensuse feficTBuTeNbHEE KOPHI YPABHEHUA HAXOAATCH B
npoMexxyTKe %s x <3 (s3Hauenus x, = 1 ¥ X3 = 2 NONAAAIOT B 3TOT NpoOMe-

KYTOK).
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Bee oTpuiaTenbHble AefCTBUTEbHbIE KOPHN YDABHEHUA HAXOAATCH B
1
npoMexyTKe -3< x < g (3navenme x, = -1 nonajaer B ITOT NPOMEIKYTOK).

3. B ypasnenun x* + 3 x* - 4 =0 (x; = - 1; x, = 1) koappuunents
ay=1,a,=0,a,=38,a;=0,a,=a,=-4. ¢
Haiinem uncna A, B, r, R:

A = max (lagaj|,las),|as) = max (1; 0; 3; 0) = 3;

B=max (la,}; |a,}; las); la,)) = max (0; 3; 0;4) = 4; r = 3114 = ;; R :1?%

Bce nonoxurensHble fefiCTBUTEIbHEIE KODHH YPABHEHUA HAXOAATCH

NpOMeXyTKe ;s x <5 (anauenue x, = 1 nonajgaeT B aTOT NPOMEIKYTOK).

Bce orpunarensubie AeHCTBUTENbHEIC KOPHM YDABHEHHS HAXOAATCH

4
npoMesxyTke ~H< x < 7 (3navenue x; = —1 NONAJAET B ITOT IPOMEKYTOK).

“TBK. Mbl HAYYHJIMCH HAXOJIUTH KOJIMYECTBO )IeﬁCTBHTeJleH‘
KOpHeil aare6pauyeckoro ypaBHeHus U JIOCTATOYHO rpyObie HHTEP-
BaJIbl, B KOTOPBIX OHH BCE COJAEPIKATCSH.

* Bropoii atan. Ha 9T0M arane ycTaHaBIMBaoTCA BOZMOXKHO MAJIBIE
TPOMEKYTKH, COAEPIKANINE POBHO O/INH AeHCTBATeIbHEI KODeHb.
anreGpanyeckoro ypaBHeHns.

Jaaum GOpMyIMPOBKY CIAEAYIONIeil TeopeMbl.

Ecau nenpepvienas u duppepenyupyeman pynxyus f(x), on-
pedeaswousas anzebpauieckoe ypasuenue f(x)=0, na Koryax ompes-
Ka [a; b] npunumaem snavenus pasnvix 3naxos, m.e. f(a) f(b) <0,
u ee nepeas npou36OOHAA COXPAHACM FHAK BHYMPU IMOZ0 OMPe3-
Ka, mo Ha [a; b] naxodumes po6Ho 0dun deiilcmeumenbHbLi KOPeHb
0aHHO20 YPABHEHUA.

IHpumepwi. 1. [Lns ypasuenns x° — 2x - 3 = 0 HaiileM MHTePBAIL! 3HAS
KOIOCTOAHCTBA HenpephiBHOil gynkunn f(x) = x* — 2x — 3. Jlns atoro Be-
uucauM ee npouasoaHyo: f'(x)=2x - 2; f(x)=0npu 2x-2=0,T1.e. x=1.

IIpu x > 1 f(x) > 0, T.e. pyHKIMA BO3pacTAET.

Tpu x < 1 f'(x) < 0, T.e. dyHKIus yOLIBACT.

CpaBHMM 3TH MHTEPBAJILI C PaHee Hali/IeHHBIMH IPOMEKYTKAMU, B
KOTOPBIX COAEPIKATCSA BCE TIONOKHUTELHEIE M OTPUIATETbHBIE ACHCTBUTE b
Hble KopHY ypasHenns (puc. 6.1).

3 3

W3 cpaBHEHNS NOJYYHM TPH IPOMENCYTKA: —4<1<~g. g<x< 1ul<x<4.

256

~ " Boapacraer

Voumaer 17 W )
% Z x
Z 7 7 2
303 B
5 5

Orpunarenusie kopis TlonoxuTennibie KOPHI

Puc. 6.1

Haiitem anaku pyHKIMHM HA KOHIAX 9THX IIPOMEIKYTKOB:

f(-4)=(-4)*-2(-4)-3=16 +8 -3>0;

(3o

cneoBatensno, cornacuo reopeme 5 (cm. [T 5)), ypasnenue x? - 2x — 3= 0

3
Ha npomeskyTKe —4<x< 3 HMMeeT POBHO OJAMH OTPHUATENbHBIN AeiicTBH-

ERORIORRCER

f(1)=1%-2.1 -3 < 0, creaoBaTeNLHO, COMIACHO TEOPeMe 5, ypaBHeHHe

TeAbHBIH KOPeHb.

x?- 2x - 3= 0 Ha npoMexyTKe *% Sx<1 ne umeer aeficTBUTEBHAIX KOD-

Heit;
f(1)=1*-2.1-3<0;
f(4)=4*-2-4-3=16-8-3>0,

CaIel0BATEIBHO, COrMACHO TeopeMe 5, ypasrenue x* - 2x — 3 = 0 na npome-
skyTie 1 < X < 4 HMeeT POBHO OJHH TIONOKUTEbHEI AeHCTBUTE BHbIH KO-
penb.

2. Jlas ypasHenus x° — 2 x* — x + 2 = 0 HAlileM HHTEPBAJILI 3HAKOTIOCTO-
AHCTBA HenpephiBHO# dynKimy f(x) = x* — 2 x* — x + 2. Jlns aTOr0 BEIUMC-
M ee mpouasoanyio: f(x)=3x* -4 x - 1; f'(x)=0npu 3x* -4 x-1=0,
T.e.
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45 " Puc. 6.2
& S 241 x
3 - 3

Tlpn xe[«;#]u(%nn] f'(x) > 0, r.e. pynkumus sospacra-

er; npu xe [ f/(x) < 0, T.e. dynxuns yonaer (puc. 6.2).

2-VT 2447
3 '3
CpaBHMM 5TH MHTEPBAJLI C PAHEe HANJIEHHBIMH NPOMEKYTKAMH, B KO~
TOPBIX COAEPIKATCH BCE NOJOKMTENbHBIE H OTPHUATENbHbIE AeiCTBHTE b
Hble KOpHM ypasHerus (puc. 6.3).

W cpasmern moxyun Tpi mpowexyTHa: 35 ¥ < 3, Sex< 2_+3\ﬁ :
< ’a‘ﬁ <x<3.

Haiinem snaku QYHKIMA HA KOHIAX 3THX TPOMEKYTKOB:

f(-3)=(-3)"-2(-3)*- (-3) +2=-27-18+3+2<0;

BB EE) E PR T Y
2 2 2 2 8 4 2

caepoBatensHo, cornacHo reopeme 5, ypaprenne x* - 2 x° — x + 2 =0 na npo-

1
MexyTKe -3<x < -5 MMeeT POBHO OJIMH OTPHILIATENBHEI AeiiCTBUTeNbHBIR
KOpeHb;

2-1 2447
3 3

" Boapacraer

. Vousaer wmmmmmn
Y 7/ x
Vi ,/)1 1'// I, -
3 i ! 1 3
2 2

Orpunarensisie kopun Tonoxurenusie kopuu

Puc. 6.3
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5 2
,(1]:(!] _2(1) _[1],2:142.1,1&)0;
2)7(2) "12) (2 8 "1 2

/(1,549) = (1,549)" - 2(1,549)*~ 1,549 + 2 ~ 3,717 - 4,799 1,549 + 2< 0,

cJle0BATENLHO, COTACHO TeopeMe 5, ypasrenue x* — 2 x? - x + 2= 0 na npo-

2447
3

1
MEXYTKe 2 Sx< HMMeeT POBHO OIMH NOJOKHTeNbHBIH JeficTBHTe b~

HEI KOpeHb;
£(1,549) = (1,549)° - 2(1,549)*~ 1,549 + 2 = 3,717 4,799 - 1,549 + 2 <0,
f(3)=3"-2.32-3+2=27-18-3+2>0,

CJIelOBATEILHO, COTIACHO TeopeMe 5, ypasHenue x° — 2 x? - x + 2 = 0 na npo-
2447
3

MBIl KOpeHb.

3. Ilas ypasuenus x* + 3 x* - 4 = 0 naiifem HATEPBATL FHAKONOCTORH-
crBa HenpepsiBHO# Qynkiun f(x) = x* + 3x* — 4. [lns aToro BeruMCIUM ee
npoussoanyio: f'(x) =4 x*+ 6 x; f(x) =0 upu 4 x* + 6 x = 0 nam 2x(2x* + 3) =
=0, orkyaa x = 0.

Tpu x < 0 f'(x) < 0, T.e. pynkuus yousaer; npu x > 0 f'(x) > 0, r.e.
(ynkuus sBoapacraer (puc. 6.4).

CpaBHUM 5TH HHTEPBATE ¢ paree HAKCHHHIMH POMEKYTKAMH, B KO-
TOPBIX COAEPHKATCH BCE TONOKMTENLHEIE M OTPHIATEBHEIE AeHCTBUTE N b
HBle KOpHUM ypaBHenus (puc. 6.5).

MeXYTKe

<X <3 uMeeT POBHO OJIMH NOJOKUTEIbHBIH AeHCTBUTEN b

L + " Bospacraer

Voumaer 0y o 4 %

_—~" Bospacraer

oy -4 4 5
7

Orpunatensisie kopii TonoxuTenuHe KOpHU

Puc. 6.5
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4 4
W3 cpaBHEeRNS NOJyYMM ABA NPOMEKYTKA: ~DS X < i " 7 <x<5.

Haiiziem anaki GyHKILUN HA KOHILAX ITHX TPOMEZKYTKOB:

£(=5) = (-5)" +3(-5)*~ 4 = 625+ 75 - 4> 0;

A
TR I P
7 7 4 2401 49

CJIeI0BATENBHO, COTIAcHO Teopeme 5, ypasrenne x* + 3 x? — 4 = 0 na npo-
4 o
MeXyTKe ~5H< x< = MMeeT POBHO OJMH OTPHIATENbHELI AeiiCTBUTeNbHBIR

KOpeHb;

o el .
/[5J:(ﬁ] «3[5) G D0, AR e
7 7 7 2401 49

f(5)=5'+35°-4=625+75-4>0,
cJlefloBaTeNLHO, COTaIacHO Teopeme 5, ypasnenye x' + 3 x? - 4 = 0 na npo-

4
MexyTKe 75 X <5 uMeeT POBHO ONMH NOJIOXKHUTENbHBIN AefCTBHTEbHBIN

KOpeHb.

B3amewanue. [Ina anrebpanueckux ypassennii (1), crenenb Ko~
TOPBIX Goapire Tpex, TPYAHO AHAJUTHYECKH HAXOAUTH HHTepPBaJbl
3HaKonmocTosHCeTBa pynkuum f(x). [loaToMy st HAXOMIEHUS BO3~
MOKHO MaJbiX NPOMEKYTKOB, COJEPIKALUX POBHO OJMH JeiCTBH~
TeJbHbIH KOpPeHb, MOJKHO Ha IPAKTHKe HCIIOJIB30BaTh CJeAYIolne
cnocobsi:

1) cpeacTBaMu KOMIbIOTEPHON rpapukn Gyukuus f(x) npex-
CTaBJAETCA HA AUcnee u HPHGJIHJKQHHO OnpeAessalTCHA BO3ZMOM-
HO MaJjible IPOMEKYTKH, COAePIKALINe POBHO OAMH KOPeHb (T.e.
NMPOMEKYTKH, cofepiKaliue OJHY TOYKY nepeceqeﬂun l‘pﬂq’"lc‘
Gyukunn f(x) ¢ ocsio Ox);

2) ecan rpaduk GyHKuuy f(X) HOCTPOUTH TPYAHO, TO GOPMUPY=-
10T mpocThie QYHKIUA () 1 Qy(x), Takue, uTo ypaHenue f(x) =
npeobpasyerca B BHjie @;(x) = @,(x). 3aTem cTposTca rpaduKu GyHK-
wuit y = @y(x) 1 Y = Qo(x) ¥ IPHOIHIKEHHO ONIPEIeNAIOTCSH TPOMEIYT-
KH, cofepikamue abCIuCChl TOYEK NepeceueHus aTuX rpahukos.

Tak, nanpumep, ypasuenne x* — 2 x* — x + 2 = 0 Mo3kHO npeo6pa-
3oBath K BuAY x* = 2 x* + x — 2 ¥ 3aTeM NOCTPOUTDL rpaduKy GyHK-
muity=x*uy=2x*+x-2.
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* Tperwii aran. Baauase n1aauM (OpMYyJITHPOBKY T€OPEMbl, 103BO-
JIAIOMIeH OIeHUBATD TOTPENTHOCTD NMPAUOIMIKEHHOTO PelIeH s .

Ecau x, mounbtit, a x; npubauicennstit koprnu ypasnenus (1),
npunadaexcawyue 00HOMY u momy e npomexcymiy [a; b], mo cnpa-

nk |f(’:z)|

sednuea oyenrxa: | x, — , 20e m — HauMeHbUWee FHAYeHUE

MOOYaA npous600nou pynkyuu f(x) na npomexcymie [a; b].

Ipumep. Panee Mul yeTaHOBMIH, 4TO ypaBHenne x* — 2 x - x+2=08
1 *
NpoMeKyTKe ~3< x < =3 HMMeeT POBHO OIMH OTPULIATEILHBIN AeiicTBUTEeNb

Hb1il KOpeHb.

Tpeanonosxum, 4To ero npubauKenHoe 3aHavenne x, = —1,1. Onennm a6-
COMIOTHYIO TIOTPEIIHOCTS | X, — x|, TAe x| — HeM3BeCTHOE TOUHOEe 3HAUEHHE
KOPHS.

Jias atoro serancanm | f (x,)| n m:

a) f(x)=f(-1,1)=(-1,1)* - 2(-1,1) + 1,1 + 2=- 1,331 - 2,42+ 1,1 + 2=
=-0,651,

| £ (x2) = -0,651| = 0,651;

6) B npomexkyTKe -3<x < —% npoussoanas f'(x) =3 x* — 4 x + 1, ocra-

BASCH NIOJIOKUTENLHOM, namensercs ot (- 3) = 3 (- 3)* - 4(- ) + 1 =40 xo

2
['[7%J=3 [—%] -4 [ 2] l-—— CrenoBaTeslbHO, MUHMMAJILHOE 3HAYE-
15 15
HUe ee MOAY/A PABHO —, T.e. M = —.
1 1
Corxtacso Teopene 6 (cx. [T 6]) uueen: |-L1-x, m ~017.
4

Jlasiee Ha KOHKPETHBIX NpUMepax GyJeT Npe/cTaBIeHO HECKOIb-
KO c1oco60B HAXO0MKACHNA NPHOJNIKEHHBIX 3HAYEHN JeiicTBATE b
HBIX KOpHeil ypaBHenus (1).

6.3.2. MeToz nonoBuUHHOrO Aenexus

IMocraBum 3adavy: MeTOAOM NOJOBUHHOIO JeJeHNA HANTH NpU-
GaMIKeHHOe 3HAYEHHE [T0JIOMUATEIbHOIO AEﬁCTB"TEJH;HOrO KOpHA X
anrebpanyeckoro ypapaenns f(x) = 0 ¢ TOYHOCTBIO /10 €.

Pewenue. 1) IpeAnonoxRuM, 4TO YAATOCH HANTH JOCTATOYHO Ma-
JIBI IPOMERYTOK [X; X,], coneprkaiuilt POBHO OAMH AefICTBATEN b
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HbI KOPeHb X, aared) yeckoro ypasaenus f(x)=0. Toraa, cornac-
HO Teopeme 5 (cM. B noapasa. 6.3.1), nenpepriHas u audde-
penuupyemas pyHKIMA y = f(X) IPUHAMAET HA €ro KOHIAX 3HAYe~
HUS PA3HBIX 3HAKOB, T.e. f(x;)f(x,) < 0.

x + X
2) Pasgenum npomesxyTok [X;; X,] TouKoil xg :'—2—"5 Ha ABa

OAMHAKOBBIX: [X; X3] 1 [x3; x5].

Ecan f(x,)f(x3) < 0, TO KOPeHb X, COACPKUTCHA B IPOMEIKYTKE
[ESEAN

Ecam axe f(xy) f(x,) <0, TO KOPeHb X, CONEPIKUTCH B IPOMEIKYTKE.
[x3; x2).

TIpeaAnosoknm, Ui ONpeeJeHHOCTH, YTO KOPEHb X HAXOANTCS
B nipomesxcyTKe [ x;. x3].

3) PaceMoTpum abeosioTHOE 3HAYEHHe PASHOCTH |x, — Xy

Ecau |x, — x4 < 2¢, To nponece HaxoxAeHus NPUGIHKeHHOTO 3HAYe"

X, + X,
HUA CJIEYET 3AKOHYMTD M B KAYECTBE X( B3ATH BEJIMUHHY Xo =1,

Ecan e [x, — x5| > 2€, To cieiyeT paszienTh NpoMeskyToK [x,, x3]

X+ Xy

TOYKON X4 = HA JBA OINHAKOBBIX: [x; x,] 1 [x,; x3] n noBTO-
PUTH AeficTBUA, yKa3aHHbIe B 1. 2 1 3, 10 JOCTHIKEHUs 38 1aHHOMK
TOYHOCTH E.

Ipumep. MeToa0M NIONOBHHHOTO JieJIeHUA HAlTH NPUOIMIKEHHOE 3HA~
HEHME NOJI0KHTEILHOTO AefiCTBUTELHOTO KOPH ypaBHenus x° — 2x — 1 =0
¢ TounocThio 20 0,1.

Pewenue. 1) IpubananTenbHble rPaHUIlEl MHTEPBATA, COAEPIKAILETO
OAMH NOJOMKUTENBHLIH AeHCTBATENBHBIH KOPEHDb JAHHOTO yPABHEHUs, ON-
peaenum rpapuyuecknm meronom. [las sroro npeobpadyem ypaBHeHHe K
Buay x*= 2x + 1. Jlanee naueprum rpaduxn Gynknnit y = x*, y=2x + 1 u
Haiiiem abCIMCCRl MX TOYEK NepecedeHus.

Uas cpaBuenns aByx rpadguxos (puc. 6.6) BuAHO, YTO MOJOKHUTENLHEI
JAefiCTBUTEe B Bl KOPeHb X, ypaBHeHus x° — 2x — 1 = 0 pacnoioXkesn B npo-
MesxyTke 1 < xy< 2, npuuem pynkuns f(x) = x* - 2x — 1 HenpepuiBHA 1 Aud-
(epeHIMpYeMa BO BCeX TOUKAX 9TOTO MPOMesKYTKa (ee npouspojHas f'(x) =
= 3x” - 2 nosoxurensna npu x € [1; 2]), a Ha ero KOHIAX NPUHUMAET 3HA-
ueHNs PA3HBIX 3HAKOB, T.e. f(1)=1°-2.1-1=-2<0uf(2)=2"-2.2-
-1=3>0.

2) Pasaenum npomexyTok 1 < x < 2 Ha 1B OAMHAKOBBIX:

1<x<1,5n1,56<x<2.
Haiizem snauenne pynkunn f(x) B Touke x = 1,

11,5)=(1,5-2-1,5-1= 8,375-3
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0,625 < 0.

1 x,%1,5625 x

Puc. 6.6

CreposatensHo, 10 reopeme 5 (cM. 1. 6.3.1), KOpeHb ypaBHeHHS pacno-
snoken B uHTepBase 1,5 < x < 2, rak kak f(1,5) <0, a f(2) > 0.

Pacemotpim abeomioTroe anauennue pasnoetn |2 - 1,5 = 0,5. Tak kak oHo
Goabime 0,2, BLIMHCAEHHA TPOAOIKAEM.

3) Pasaenum npomesxyrox 1,5 < x< 2 Ha ABA OAMHAKOBBIX:

1,5<sx<1,75mn 1,75 <x<2.
Haiizem anauenue Gyukiun f(x) B Touke x = 1,75:
£(1,75) = (1,75)* - 2 - 1,75 - 1 = 5,359375 - 3,5 - 1 = 0,859375 > 0.

CrenoBarensHo, 10 Teopeme 5 (cm.
Hemus pacnonoxen B untepsane 1,5 <
f(1,75) > 0.

Paccmorpum abconornoe 3nauenue pasnocrn [1,75 - 1,5 = 0,25, Tak
Kak oHO Gonbie 0,2, BEIMHCACHUA IPOAOIIKAEM.

4) Paageaum npomesxyrok 1,5 < x< 1,75 Ha 1Ba O1MHAKOBRIX:

noapasz. 6.3.1), kopens ypas-
< 1,75, Tax kak [(1,5) < 0, a

1,56<x<1,6251 1,625 < x<1,75.
Haiinem anauenne pynkunu f(x) B Touke x = 1,625:
£(1,625) = (1,625)* - 2 1,625 - 1> 0.

CrenosaresbHO, IO TeopeMe 5, KOPeHb YPABHEHUA PACITIONIOKEeH B MHTED-
pane 1,5 < x< 1,625, Tax kax f(1,5) < 0, a £(1,625) > 0.
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PaccmoTpum abeooTroe suavenue pasnoctn [1,625 — 1,5 = 0,125, Tak
Kak 0HO MeHbe 0,2, MOJKHO CAeIaTh BHIBOJ O TOM, UTO HEOGXOAMMAs TOU-

1.54;.625 ~1,5625.

Hrak, ¢ Tounoctsio 10 0,1, nonoxurenbHbii feicTBUTeNbHBI KOPeHB
ypasnenns x* - 2x - 1 = 0 pasen 1,5625.

HOCTB I0CTHTIHYTA. B KauecTse x, BO3bMeM BeJIMUUMHY X, =

6.3.3. MeToa xopa

TIpeAnonoxuMm, 4To yAAN0CH HANTH JOCTATOYHO MAJBIT IPOMEeRKY-
TOK [X; X;], coaepmamuii pOBHO OAMH JefCTBUTENbHBIN KOPEHb
ypaBHeHnHs (1).

Toraa, cornacuo Teopeme 5 (cM. B mozpasj. 6.3.1), nenpe-
peiBHAA U Anddepenuupyemas GyHKius i = f(X) npuHUMaeT Ha ero
KOHIlaX 3HAYEHMSA PA3HBIX 3HAKOB, T.e. f(x;)f(x;) < 0.

TIpeanonoxum Taksie, 4T0 MPOMEMKYTOK [X,; X,] CTONL MaJ, 4TO
BO Beex ero Toukax f'(x) u f”(x) coxpaHsOT MOCTOSAHHBIA 3HAK.

Ha puc. 6.7 — 6.10 nzo6pakensl cxemaTuueckue rpaGuku eTs-
Pex THIOB PACHOJIONKEeHNA JYTH KPHUBOIL.

()'I‘AEIIBHO PACCMOTPHUM U ONIMIIIEM JIBA cay4asn.

¥y Bl y2)
1x)>0
x>0
T Xy
0 i X x
A i) Puc. 6.7
v .
19 Blxsi y)
<o ]
x !
o ! e X x
Al y) Puc. 6.8

v Ay
f(x)<0
1"(x)>0
To1
o x
Bxzi ya)
Puc. 6.9 ol
v
A1) r(x)<0
- x)<0
o x x
Puc. 6.10 Bxz; y2)

Cayuaii 1. f'(x) f”(x) > 0 na [x;; ;] (cm. puc. 6.7 n 6.10), T.e.
ambo f(x) > 0 u f”(x) > 0 na [x; x,] (eM. puc. 6.7), 1ubo f'(x) <0
n f”(x) <0 ua [x; x;] (cm. puc. 6.10).

Cayuaii 2. f'(x)f"(x) < 0 na [x,; x,] (cm. puc. 6.8 u 6.9), T.e. 1u6o
1'(x) >0 un f”(x) < 0 na [x,; x,] (cM. puc. 6.8), aubo f'(x) <0 n
[”(x) > 0 na [x,; x,] (c™. puc. 6.9).

« IlpuBejem aJropuTM pelleHus 3a/a4u B IEPBOM clydae:

a) uepes Toukn A(x,; y,) u B(xy; y;) kpusoit y = f(x) nposesem

xopay AB. Ee ypasHeHnue nmeer BUJ
XN VT gy =+ 2By g
X2=% Y2—h Y2

6) naiizzem abeiuecy TOUKN nepecedenusi Xopabl AB ¢ ocbio Ox.

HB-%, .
Tlonoxus y = 0, MOAYUUM Xg =X ——— Uy
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B) NOJACTABUB 3HAYECHHME X(; B ypABHeHHe KpHBOii y = f(x), noay-
quM: Yo, = f(xg,). Touxa B, umeer koopaunatst By(Xgy; Yo1);

r) yepea Toukn B (xXg; Yo)) ¥ B (x,; y,) KpuBoii y = f(x) nposesem
xopay B,B. Ee ypaBHenne umeer Buj

X~ Xo1 Y-Yor X2 — X
== g x =2, + 2y~ yy);
X2=Xo1 Y2~ Yo 2~ Yo
) naiigem abenncey Toukn nepecedenus xopan BB ¢ ocbio Ox.
Tlonoxus y = 0, Gysem umeTs:
X2—Xo1 , .
Xoz = Xo1 ~ Yois
Y2~ Yo
€) B peayJibTare NoJIy4uM N0CJIe/I0BATEbHOCTh 3HAYCHMIE Xo, Xog,
X3y +eey CXOAAMYIOCH K X,
Tlocsie BBIMOAHEHUS HepaBeHeTBa | Xq, , | — Xo, | < €, TAe € — BB~
OpaHHAsA HAMH TOYHOCTDH IPUGJINIKEHH S, IPOILECC CIIEYET 3aKOHUYHTh.
Hrax, B 1ePBOM CJIyuae BBIMHCICHUS [IPOM3BBOAATCS 110 POpMyIam:

xp - X
xor =2 - 2—Lyi Yo = (X
Y2-4
- (2)
o1 = Xo — e 2 Yo Taei=1,2,3, ..
i

Y2~ Yo

« IlpuBeseM ajJropuT™ pellleHHs 3aa4u BO BTOPOM CJyvae:

a) 3HAYEHMSA Xo; U Yo; HAXONATCH TAK JKe, KAK U B IEPBOM cJyuae,
Touka A, nmeer koopauHatsl A,(xoy; Yo1)s

6) uepes Toukn A u A, kpuBoii y = f(x) nposesem xopay AA,. Ee
A O ol TRRPE.. o TR
Xor =% Yo~ ¥ Yo1 — ¥

B) Haiizem abcuuccy TOUYKH nepecedenns xopasl AA, ¢ ocpio Ox.

VPaBHeHHe UMeeT BU:

Tlonosxus y = 0, Gynem nMeThb: X, = X, ~My,;
Yo~ ¥

T) RanbHeimne JeCTBUA TaKKe JKe, KaK ¥ B IEPBOM cJy4dae.
Hrak, Bo BTopoM ciyuae BEIYHCJIHHS IPOUIBOIATCS 11O POPMYJIam:

x2
Xo1 =% —
Y

:z‘ s Vo= 1 (xo):
' 6

Xoi — Xy

Ly, raei=1,2,3, ..

Xois1 =X~
Yoi — 4
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Puc. .11 v

Hpumep. MeroioM Xopa HANTH NPUOIMIKEHHOE 3HAYEHHE TTOJI0IKATEN b
HOTo AeficTBUTeLHOrO KOpHS ypaBHerus x° — 2x — 1 =0 ¢ Tounoctsio 10 0,1.

Pewenue. 1) Panee Obiim naiijenns npubauaurenbHbie PAHUILBI HHTEP-
BAJIA, COAEPIKAILETO OAMH MONOKMTENLHBIH ACHCTBATEALHbI KOPEHE AaH-
noro ypasnenus: 1 < x, < 2.

2) f'(x) = 8x* - 2; "(x) = 6x.

Tak kak f'(x) u f”(x) > 0 npu x € [1; 2], TO BBIYHCIEHUA NPOBOAUM 11O
(popmyznam (2). Caenaem cxemaruueckuii uepres (puc. 6.11).

3) Koopaunaret Todex A u B: A (15 -2), B(2; 3).

Hrax, A(x; yy) = (1; -2); B(xg; y2) = (2; 3), cnepoparensso,

=Ly =-2nx,=2,y,=3.

2-1 (-2):1«3:1,4.

4) M3 popmyx (2) Gyaem umers: Xop =1- 32 5

Yor=fxo) = (1,4)*-2-1,4 - 1= 2,744 - 2,8 - 1 =~ 1,056.

-
Xog = Xy~ 20y,
e Yor
win
xp =14 2754 056)=1,44-28 1056~ 1,4+0,1562 - 1,5562;
3-(-1,056) 1,056

Yoo = F(Xgy) = (1,5562)° — 21,5562 -1 = 3,7687 - 3,1124 - 1 = -0,3437.

5) CocTaBuM pasHocTs | Xoy— Xo| = [1,5562 — 1,4| = 0,1562.
Tax kak 0,1562 > 0,1, npogoaxkaem npouecc npubANKeHMIT.

6) U3 dopmya (2) nmeeM: Xo3 = Xop

Y2~ Yoz

2-15562 4 3437)~ 1,5562+ 2io20

2-1,5662 ~1,6018.
3-(-0,3437) 3,3437

wim Xy =1,5562
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7) CocraBum pasnocts | oy — Xgo| = [1,6018 - 1,5562| = 0,0456. Tax
xak 0,0456 < 0,1, npouece npubanskennii saKonyen.

Hrak, ¢ TouHOCTBIO A0 0,1 NPUGINIKERHOE 3HAYCHHE TI0IOKHTEILHOTO
AefCTBATENLHOTO KOPHA ypaBenus x° — 2x — 1 = 0 pasro 1,6018.

6.3.4. Metop kacatensHbix (Metop HblotoHa)

Ilpu Tex e NpeAnoNOKEeHHAX, YTO U B MeToJle XOpA, n3obpasum
CXEMATHUYECKH IPADUKH YeThIPeX THIIOB PACHOJIOKEHHs IYTH KPH-
BOii (pue. 6.12—6.15).

OT7€bHO PACCMOTPUM M OTIMIIEM /BA CIyYas.

Cayuaii 1. f'(x) f”(x)> 0 na[x,; x,] (cM. puc. 6.12 u 6.15), T.e.
6o f'(x) >0 n f"(x) >0 na[x,; 5] (em. puc. 6.12), nubo f'(x) <0 n
f"(x) < 0 na [x,; x,] (cm. puc. 6.15).

v v

f(x)>0 F1x)>0
r'=>0 Bxz; y;) 1) <0

Blxzi ya)
1 Xo %o

2%

x
o / Xoz xo Xz %
Alxi )
Puc. 6.12 Puc. 6.13
y v
r(x)<0 ’
Ay fre)>0 ;f&’;%
Al )

B(xzi yy)

Puc. 6.15

Cayuaii 2. f'(x) f”(x) < 0 5a [x,; x;] (cm. puc. 6.13 n 6.14), T.e.
au6o f/(x) > 0 u f”(x) < 0 na [x,; x,] (cM. puc. 6.13), 160 f(x)<0
w f”(x) > 0 Ha [x,; x,] (em. puc. 6.14).

+ [IlpuBejeM ajirOpUTM pelleHHs 3a/la491 B IEPBOM cJyuae:

2a) yepea TouKy B (x,3 Y;) IPOBEIEM KACATeIbHYIO K KPUBOH § = f(x).

Ee ypaBHeHHe UMeeT B/

Y= Yo = [(x2)(x = x3) Mo X=X+ —— (Y~ ¥o);
l( x3)

6) maiiem abcuuecy TOYKM mepeceueHus sToi KacaTeJabHOI ¢

ocbio Ox. To10kuB y = 0, NONYYIUM Xg; = X; — ’!/2 3
f(xz)
B) OJICTABNB 3HAUEHHE X, B YPABHEHHe KPUBOii y = f(x), noayuum:
Yo = f (xg,). Touka B, umeer koopaunaret By(Xo1; Yo1)s
r) yepes TouKy B, npoBejeM KacaTeJbHYIO K kpuBoii y = f(x). Ee
ypaBHEHHEe HMeeT BIJ:

Y= Yor =1 (o)) (x = xop) maut x=xm+#(y Yor)s
['(x01)

1) Haiijiem aGcunccy TOUKM MepeceveHus aToil KacaTeabHOl ¢

ocbio Ox. Tlonoxus y = 0, TOTYUUM Xgz = Xg; — o
JAEY)
€) B peayJibTaTe MoJYYHM M0CJIe0BATEIbHOCTE SHa4YeHuH Xy, Xo2,
Xogs «r CXOAAIYIOCH K X
TlocJie BHINIOIHEHMSA HEPABEHCTBA [Xo; , 1 — xo| <€, rae e — Bubpan-

Has HAMJ TOYHOCTH NPUGIHIKEHUA, IPOLECC CIeAYeT 3aKOHUHUTh.
MTak, B IePBOM Cjyuae BBIYMCJIEHUSA MPOUIBOAATCH 1O HOpMY-
nam:

Xoy =%y — /( 3), Yoi=f (x0);
)

Xoiv1 = Xoi ~ ,raei=1,2,3, ..

Yoi
(o)

* AJrOpUTM pelieHus 3a/a4M BO BTOPOM cJiyuae OyJeT TakuM ke,
KAK U B [IEPBOM CJIyYae, TOJILKO nepBas KacatesibHas Oyjer mpo-
BOAMTHLCA uepes Touky A(xy; yy).
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v Puc. 6.16

2

7‘2)|>/ Zor Xor

Wrax, Bo BTOPOM cJ1yuae BIYHCICHHA IPON3BOAATCH 110 dopmynam:

Xo1 =% ‘f’_{;‘); Yor= [ (x);
1
(5)

Yo = ——2, raei=1,2,3, ..

(o))

ITpumep. MeTo0M KacaTebHEIX HAKTH IPHOIHKEHHOE SHAYCHHE 1010~
JKUTENLHOTO /IefiCTBUTEILHOrO KOPHS ypasHeHns x* — 2x — 1 = 0 ¢ TOMHOCTHIO
20 0,1.

Pewenue. 1) Panee Gbiin naiigens NpuGAManTe LHbIe IPARMIL uHTep-
BaJIa, COACPIKALIErO OJNH MOJOHKUTENLHLIN AeHCTBUTE LB KOPeHD JaH~
HOro ypasHenns: 1 < x,< 2.

2) f(x) = 3x* - 2; f"(x) = 6x.

Tak kax f'(x) n f”(x) > 0 npu x €[1; 2], To BEYUCACHUA TPOBOAUM TTO
bopmyaam (4). Crenaem cxemariueckuii uepresk (puc. 6.16).

3) Koopannats: Touex A u B: A(1; -2); B(2; 3).

Hrax, A(x;; y) = (15 -2); B(xy; y,) = (2; 3), crenosatenso, xn=1y-=
=-2ux,=2,y,=3.

4) Via popmya (4) Gyaem umers:

1'(2)=8-22-2=10, x, =

Yor=F(x1)=(1,7)*-2:1,7-1=4,913-3,4 - 1=0,513.

_ Yo, ¢ i 3

Xog = Xgy —=HOL_; 5 —3.(1,7)-2=6.67:

02 = Xo1 Faon (X)) =11, 7)=3-(1,7)* - 2= 6,67;
Xop= 1.7»3'5? =1,7-0,0795 = 1,6205.

Yoz = f(xgz) = (1,6205) — 2 - 1,6205 — 1 = 4,2555 - 3,241 - 1 = 0,0145.
5) Cocrasum pasnocts | xo,— Xy = | 1,6205 - 1,7] = 0,0795.
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Tax kax 0,0795 < 0,1, nponecc npubAMKeHMI 3aKOHUEH,
Hrak, ¢ TounocTsio a0 0,1 npubinkennoe 3HaUeHUe TONOKUTEILHOTO
JeiicTBUTELHONO KOPHS ypaBHenns x° — 2x — 1 = 0 pasno 1,6205.

6.3.5. Metog nocnegoBaTenbHbix NpUBNNXeHnn
(meTop urepauwi)

TIpeAnoNokuM, 4TO HAM YAAJIOCH HAMTH JOCTATOYHO MAJIBI PO~
MEXYTOK [x,3 x5, copepaamuii pOBHO OAMH AeHCTBUTEIbHBIN KO-
pens ypasaenns (1), n uro pyukuus f(x) Henpepsisra u Anddepen-
LMpyeMa BO BCeX TOYKAX AAHHOrO MPOMEeIKYTKA.

Bamenum ypasHenue (1) ypaBHeHneM BHJA: X = ((X), PABHOCHILHBIM
JAHHOMY. DTO BCErjia MOMCHO C/IeJIaTh 1 IPATOM MHOMMMH criocobamu.

Tak, nanpumep, ypasaenue x° — 2 x — 1 = 0 serko samensiercs
CIeAYIONMMH DABHOCHIIbHBIMH YPABHEHHAMY:

x=x%-x-1(agech ¢(x)=x*-x-1);
x=%(x"‘*l) (3necnb w(:t)=%(lr3 -1);

x=Y2x+1 (specr @x)=Y2x+1).

TlpuBenem Gea nokasaTenbcTBa HOPMYIMPOBKY TEOPEMBI, Onpese-
JISIOIIYIO YCIOBHSA TIPUMEHMMOCTH METO/IA HTepamuii.

Ecau ypaenenue f(x) = 0 u paénocurbhoe emy ypasnerue
x = @(x) umeem po6no 0dun deiicmeumenvHbiii KOPeHb HA NPOMe-
acymre [x,; X,] u, Kpome IM020, BbINONHAIOMCA YCAOBUA:

| ¢'(x)| < g <1nalx;x];

2) x, < @(x) € x Ha [x,5 x,],
Mo Memod umepayuit umeem peurerue, RPULeM 6 Kauecmee Hauaay:
HO20 NPUOIUNCEHUR KOPHA MONCHO Opamb aw6oe deiicmeumenshoe
SHAUEHUE Xoy U3 OMPe3Ka [Xy; X, |.

TeomeTpHYecKas HIMIOCTPALMA MeToAa urepaumii. 1) [lns Toro
4T00B! NPUOJIHIKEHHO, C 3aJaHHO TOYHOCTHIO, HAWTH AelCTBATEN b
HbIii KOPEHb X, YPABHEHHA X = ((X), COAEPIKAMINCSH B IPOMEKYTKE
[x,; x,], nocrponm rpadukn GyRKIMI y = X 1 Y = ((X) HA ITOM TPOMe-
JKYTKe M onpesennm abCLucey X, nX TOUKH nepecedenns (puc. 6.17).

2) B kauecTBe HauaJbLHOTO NPUOAMKEHNA BO3bMEM n1060e€ Jieii-
CTBATEJIbHOE BHAYEHNUE X, U3 IPOMexyTKa [x;; X,]. [Toacrasnss ero
B GYHKIMIO Y = O(X), TOJYYHM BEeJUYHHY Yo = P(Xy,;). 'eomerpuue-
CKM 3TOMY JefiCTBHIO COOTBETCTBYeT TouKa A, KpuBoil y = @(x). [lox-
CTABJISAS 3aTEM Yo; B DYHKIMIO y = X, NOJIyYAEM 3HAUEHHE Xo = Yoy,
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Herpyamno 3aMeTnth, 4to ¢'(x) > 0 ua [1; 2] u ee snauenns y6uBaloT HA

. 2 ¥ 2
1; 2]. Tak k 1)= =, 10 x)|€ —#=<1 ua[l; 2] — nepsoe yciao-
(1; 21 """’“MTW()Iaﬁ 121 pBOe

nie BHINOIHEHO;
6) BLIIOJIHeHHE BTOPOTO YCIOBUS TEOPEMBI, T.e. YCIOBUA X; < ¢(X) < X5
na [x,; X], B AaHHOM cayHYae JOJIKHO CBOAMTECH K BhINOJHEHHIO HePABEH-

erpa 1<Y2x+1<2 na [1; 2). Ero pemenue 9KBHBAJIEHTHO PELICHUIO CHC-
TeMbI {BYX HEPABEHCTH

Prx+121 _ [2x+121 x20
= = = = xe[0:3,5].
5 Yaxs1<2  |2x+1<8  |x<35

Yor--— g~ o B,

Takum obpasom, nepasencTso 1< Y2x+1<2 cnpaseasnso na npome-
xyrke [0; 3,5] u, caesoBaTennHo, cnpaBeTHBO Ha npoMeskyTke [ 15 2], ko-
7ot conepsmres B [0; 3,5] — BTOPOE YCIOBHE TEOPEMbI BHIIOIHEHO.

3) B kauecTBe HAUAILHOTO NPUGIIKEHIA BOILMEM aHAUeHHe Xo; = 1,5,
KoTopoe ABAseTCS cepeanHoil npomMesxyTka [1; 2].

Haiigem nocaeayoumme npubamKenns:

Xop = @(xo) = Y2 1,5+ 1= Y341 =1,

Beanunny (/Z MOCHO TAKIKE BEIMHCINTE MeTooM urepaumii. [Tokaxem
Kax 9T0 AesIaeTcs.

Wrak, nyerh TpebyeTcs BEIYHCANTL VE, T/le @ — HeKOTOPOoe NOJIOMKNTe b
Hoe AefiCTBUTebHOE YHCII0. DTa 3a/aua PABHOCHIIBHA OTHICKAHMIO TOJI0MKN-
TeIBHOTO AeHCTBITENLHOTO KOPHA aNrebpanyeckoro ypapHenus x" —a = 0.

IpeoGpasyem aTo ypaBHenue K BuAy X = ¢(x). s aroro k obenm wac-
15 npubGasum craraemoe nx . Bysem umers: nx"+ x" —a = nx"uwm nx"=
=a+(n- 1)x". Pasgenus obe wactu na nx" "', noayaum

x:l[ ':l+(n—l)x).
nix

0 X1 Xor Xoz Xos Xou

Puc. 6.17

TeomeTpuueckyn aToMy AeiCTBUIO COOTBETCTBYET TOUKa B npsaMo!
y=x.

3) lNoacrasass snauenue Xo, B GYHKUMIO ¥ = G(X), NOJSYyUNUM Be-
JMYHHY Yo = O(Xgy). IeoMeTpuueckn aToMy AeiCTBIIO COOTBETCTBY.
er Touka Ay KpuBoit y = ¢(x). lloacrasiss saTeM Yo, B QYHKIMIO y = X,
noJyuaeM 3HaUeHHe Xo3= Yo, leoMeTpuueckn aTOMY AEHiCTBHIO COOT-
BETCTBYeT TouKa B, npamoit y = x.

4) B peayibrare noJyunM nocJe10BATENbHOCTD 3HAYSHUIT Xo;, Xogy
X3y +ey CXOAAMYIOCH K Xo, IPUUEM Xy = Y(X01), Xog= P(X2)s wovy Xy =
=9(x0;1)-

5) Iocsie BeInONIHeH U HEPABEHCTBA |xq;,, — X | < €, TA€ € — BBI-
GpanHas HAMH TOUHOCTD NPHGJIMIKEHNS, IPOLECC CIEAYET 3AKOHUHTh.

Janbueiiiuye NOsSCHeHUA a1MM HA KOHKPETHOM TIpHMepe.

HMpumep. Metosom nrepaunii HaiiTH TPUOIHIKEHHOE JHAYCHHE TIONO~ Taxum obpazom, ¢(x)= 1[%“"* 1)1]-
n\x’

KHTENLHOTO AefiCTBHTEILHOTO KOPHA ypaBHeHHA X° — 2 x — 1 = 0 ¢ TouHOC
Thi0 10 0,1. ’

Pewenue. 1) Panee 6ui1n Haliiens npuGIN3NTeNBHEE IDAHMILE HHTEP-
BaJIA, CONEPIKAILEro OMH MONOKUTeNBHBIH AeHCTBUTE LB KOPeHb AaH-
HOro ypasenna: 1 < x,< 2.

2) lpeacrasum ypasuenne x* ~ 2 x ~ 1 =05 suge x = Y2x+1, rae ¢(x) =
=Y2x+1, u TIPOBEPHM BLINIOJHEHHE JABYX YCJIOBHIl TEOPEMbI, ONPeeisio-
el NPHMEHUMOCTb MeTOAa nTepanuii:

2

JlBa yca0BMSA TeOpeMbl IPUMEHHMOCTH MeToAa uTepanuii GyayT raxxe
BLINOJHATLCSA BOIM3N NCKOMOTO KODHSA.

Ecam 3a HauaabHOe NpubansKenue Xy, B3ATh rpy6oe npubanskennoe sua-
"eHHe HCKOMOrO KOPHA (B JAHHOM CJIyuae MOXKHO B3ATh Xo; = 1), TO nocye-
Ayiouiue NpubANIKeHHA Xy Xgg, ... BHIYHCAAIOT 110 hopmyJie

1
Xoi = —[—a TH(n-1)xy }
n\ Xy

i X 2
a) ¢'(x)= 5(2*’*‘1) 3.2= IIponece c1eAyeT OCTAHOBATE NOC/e BEITIONHEHUA HEPABEHCTBA | Xo, . 1 —

sfeccy
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~ Xo| < €, TIe € — 3aJAHHAA TOYHOCTH NPUOIMIKEHNUSA,
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a)x°-3x3+6x-3=0; 6)x°+0,2x-0,84=0;

B)x'-4x®+4x* -4 r)x*-0,2x*-0,2x-1,2=0;

NA4x*+3x?-9x+2=0; e)x*-3x*-Tx+4=0.

4. Metoziom xopz ¢ TounocTbio 1o 0,01 naiiaure npubanxKennoe
sHauenne HAMGOIBLIIEro AeHCTBUTEIBEHOTO KOPHS CJIeAYIOmMX anred-
panuecKnX ypaBHeHwuii:

a)x'-4x-1=0; 6) x* - 3x*+ 5x -4 =05

B)x?-x?-2x+1=0; r)x®+2x2-3x-7=0;

nx*+3x2+2x+5=0; e)x*-2x*+3x-5=0.

5. MeToioM KacaTeJbHEIX ¢ TouHOCTBIO 10 0,01 HafiguTe npuban-
JKeHHOe 3HAUeHHe HAMGOJIBIIEro AefiCTBUTEILHOIO KOPHA CleyI0-
mux anreGpanuecKkux ypaBHeHMt:

a) 2x* - 5x* +1=0; 6) x* - 2x2 - 4x-T=0;

B) x? - x2-9x+9=0; r)bsx*-x-1=

nx*+x-3=0; e)3x* - 0,9x-6=0.

6. Meroaom nrepanuii ¢ Tounoctsio 20 0,01 naitgure npubKen-
Hoe 3HAUEHHE CAEAYIONINX BhIPAXKEeHWil: a) ?/%‘; 6) ‘{ﬁ.

7. MeTooM urepanuii ¢ Tounoctsio o 0,01 naiignre npubInKeH-
Hoe 3HaUYeHHe HAMOOIBIIETo AeHCTBATEIbHOIO KOPHS CJeAYIOmMX a1~
re6panuecKuX ypaBHeHMii:

a)2x'-x-2=0; 6)x’-4x-1

B)x3+12x-2=0; r)x*-x+1=0;

) x®-2x-3=0.

Buruncsinm reneps Y4 ¢ rounoctsio 10 0,1. B rannom cayuae a = 4; n = 3,
3a HAMANBHO IPHOIHIKEHHOE IPHEMMAEM Xo, = 1.
Haiizem nociexyiomue npubausenus:

14
xnz=5[—+2-lj=2: | Xoz= x| =|2-1=1>0,1;

5

1(4
£ =§»[F+2-2]:5= 1,6667; | xq3— xo0| = [1,6667 - 2|= 0,3333 > 0,1

4
,6667)

+2-l.6667]=1.591 15 o4~ Xos| = [1,5911 - 1,6667] =

=0,0756 < 0,1.

Taxum obpasom, Y4 =1,5911 ¢ Tounoctsio a0 0,1.

TIpoaoskum pemenne npumepa.

Tpubammenne xo, = ¥4 =1,5911.

BRIYHCHM PA3HOCTE [xg, — Xoy | = [ 1,911 — 1,5 | = 0,0911.

Tax kak 0,0911 < 0,1, npouece pHEAMKeHNI 3aKORYEH.

Hrax, ¢ TounoCTE0 10 0,1 NPHEIMAKEHHOE JHAUEHHE HONOKHMTENHHO
AeficTBUTeNBHOrO KOPHS ypanHenus x* — 2 x — 1 = 0 pasuo 1,5911.

33“8‘”‘ AN CAMOCTOATENBHOMO peweHns

1. B peaysibrate uaMepeHns MOJIyUeHbI IPUGIHIKEHHbIE 3HAYEH!
Besnaun: x = 34,8 (+ 0,2); y = 0,00464(+0,00004); z= 4327 (+ 30).
Haiizgnre npeseibHyio OTHOCHTEIBHYIO MOTPENTHOCTE KAMKAOTO
JAAHHBIX YHCes.

KOHTPOJbHbLIE BOMPOCHI

2. Boruncsure: a) x =a + b - ¢, ecam a = 8,14(+0,01);
2,13 <b < 2,165 ¢ = 3,5 (+0,05);
6) x=ab, ecu 3,141 <a < 3,142; 0,0781 < b < 0,0784;

1. [aitTe onpegenens a6COMOTHON M OTHOCUTENBHOM MOTPELUHOCTER
NPUBNNXEHHOr0 Y1Cna.

2. Onpepenute Ha Npumepax abCoNKOTHYIO U OTHOCUTENLHYIO NOrpeLL-
HOCTY BENMYMH, NONYHEHHBIX B PE3YIIbTATE BPUGIMETUHECKOND AR~
CTBMA HAA UCXOAHBIMU 1 NPUGNVKEHHBIMU YUCTIMU.

3. MMepeuncnuTe OCHOBHLIE NPUEMBI YMCTIBHHOO PeLIeHNs anrebpa-
M4ECKMX YPABHEHWI C OfIHON NEPEMEHHOR.

B) x= %, ecau 3,85 < a < 3,88; b= 25,7 (0,1);

ab®

a ecau a = 4,378(+0,002); b = 3,42(+0,005); ¢
=2,941(+0,001);

r) x=

b
n x =i. ecan a = 85,39(+0,01); b = 45,1(+0,05); 708,5 < ¢ <
< 1709,0.

3. MeTo10M N0JIOBUHHOTO JeJIeHUs ¢ TOYHOCTBIO 0 0,01 Haiign-
Te NpUbIHIKeHHOe 3HAUeHHe HanGOIBIIero AefCTBUTENILHOTO KOPHSA
CJIeAYIOMAUX anre6panudecKnX ypaBHeHmit:

274

KNHOYEBLIE CNOBA

ABCONIOTHAR NOTPELLHOCTb, OTHOGUTENLHAR NOrPELUHOCTb, OKPYr-
NeHne “ucen, 3HauaLme undpsl, 0CHOBHAR TEOPEMa anrebpsl, Te-
opema [lexapra.
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ITpumep. Bunagenue T 04KoB IpH OAHOKPATHOM GPOCARHU HIPATBHO-

nasa 7 1o kyBuKa.

[0] CobriTue naspiBaeTcs caywainbim, eciu B peayipTaTe AaHHO
10 MCIIBITAHUS OHO MOKET IPOM30MTH MM He IIPOM30HTH.

OCHOBbI TEOPUWN BEPOATHOCTEW
N MATEMATWUYECKOW CTATUCTUKW

ITpumep. lonapanue B 1exb Npu BBICTPeJe U3 OPYANA.

Kasktoe cayuaitnoe coGbITHE eCTh CJIe/ICTBHE JefiCTBASA OYeHb MHO-
IMX IPUYMH, Y4ECTh BIMAHME KOTOPBIX HA Pe3yJIbTAT HCTILITAHUS He
NpeACTABIACTCH BO3MOMHBIM.

Bajadeil TeOPUM BEPOATHOCTEN ABJISETCH He NPe/CKasaHue Toro,
1POH30I/IeT UM HeT eJHHUYHOe cayuaitHoe cobbITHE, & YCTAHOBJIE-
nue JBKOHOMEPHOCTEﬁ MHOI'OKPATHO Haﬁnm,uneuux NpH OJIHUX M TexX
JKe YCJIOBUAX CIYUaiHBIX COOBITHIL, MOCKOJBKY AOCTATOUMHO 6onb-
10e YUCI0 OHOPOAHBIX CAYYailHbIX COOBITHII, HE3ABUCHMO OT UX
KOHer’I’HOﬁ NPUPOALI, MOAYNHACTCH onpe/ieJIeHHbBIM 3aKOHOMEPHO-
©TAM (HA3BIBAEMbBIM BEPOATHOCTHBIMM).

COBbITUA N UX KITACCUD®UKALNA.
KNACCWYECKOE N CTATUCTUYECKOE
ONPEAENEHNA BEPOATHOCTW
CNYYANHOro coebITNA

7.1.1. Nonstne cobbitus

HasecTHo, uTo M100as HAYKA, pasBUBAIOILAsn OGILYIO TEOPHIO Ka:
KOro-nmbo Kpyra siBJ€HUIi, COAPIKUT PAJL OCHOBHBIX TOHATHI, Hi
KOTOpBIX OHa Gasupyercs. TaKOBBI, HAIIpUMED, B F€OMETPHYU TOHS:
THS TOUKH, NPAMOil IMHUH; B MEXAHUKE — IOHATHS CHJIBI, MACCHI
CKOPOCTH, YCKOPEHUA U T. A1, ECTEC’I‘BEHHU. YTO He BCe OCHOBHBIE 110
HATHA MOTYT GBITH CTPOTO ONpe/eIeHbl, TAK KAK ONPeAeNTh MO
THEe — HTO 3HAYNT CBECTH €ro K Apyrum, 6osee uzpecTHbIM. OueBuz:
HO, IPOIECC NPEACTABICHHA OJJHUX NOHATHIH Yepes ApyTHe A0JKeH
TAe-TO 3aKAHYMBATBCSH, AOUAA /IO CAMBIX NEPBAYHBIX MOHATHIL,
KOTOPBIM CBOASITCSH BCE OCTAJIbHbIE ¥ KOTOpBbIE CAMM CTPOI'O He O]
AENSAIOTCH, & TOJAbKO NosAcHATCsA. Takue OCHOBHBIE TOHATHSA cyue:

CTBYIOT ¥ B TEOPHH BeposiTHOCTeii. B kauecTse nepsoro u3 Hux BBe
JleM NOHATHE «COObITHE» .

7.1.2. Bugb! cny4anHbix cobbiThit

@ IiBa cobbiTia A ¥ B Ha3bIBAIOTCA HECO6MECTHbLMIL, ECITN TIOSB-
JIeHUe OJIHOTO M3 HUX MCKJIIOYAeT BO3MOXKHOCTD NOABJIEHUS PyTroro.

Mpumep. B ypue naxonsrtes Gensie w yepuue waphi. Bunnmaes o
wap. Cobrrrie A — map Geastit, cobuTie B — map uepnniii. Cobnrns A u
B necosmecTHBI.

Jla cobbiTHA A 1 B HA3BIBAIOTCA CO6MECMH bLMU, €CIIU NIOAB-
JleHHe OJJHOTO M3 HUX He UCKJII0YaeT BO3MOXKHOCTH NOABJICHUA APy~
roro.

Ipumep. Bpocaiorca asa urpasrsx Kyouxa, Cobnrne A — Bunaje-
JiMe ImecTepKH Ha NepBoM Kybuie, cobriTie B — BhINajenue WecTepKy Ha
wropom Kybuke. CobuiTus A u B COBMECTHEL

Peayabrar nponaBeeHHOrO (MM MOTYIIEro GBITH TPOU3BECH"
HBIM) UCTIBITAHUSA HABBIBACTCH COBBLMUEM .

Ha6umonaembie HaMu COGBITHS MOXKHO NOPA3/ETNTE HA TPH BUAAL
JIOCTOBEPHBIE COObITHA, HEBO3MOYKHBIE COOBITHSA M CITYUAITHBIE COOBITHSA,

@ I'pynna cobuITHil Ay, Ay, ..., A, HASHIBAETCHA ZPYNNOUL HECOEME-
emubLx cobbemuii, ecan cobbITUA, BXOAAIME B IPyNny, NonapHo
HECOBMECTHBI.

CobbiTHe HA3BIBACTCH JOCMOGePH bl M , €CIN B Pe3yJIbTaTe AaH- IMpumep. Nponssoputcs Beictpen no mumenn. CoGurrie A, — mona-
HOTO MCHBITAHMSA OHO 0DAZATENIBLHO IIPONIOTIET. JAamme B AecATKY, A, — NONagaHue B NATEPKY, Az — npomax. Coburrusi A,,
A,, A, 06pasyIoT rpyniny HeCOBMECTHBIX cOGRITHI.

IMpumep. Ussrneuenne 6e10ro mapa u3 ypHEL, COAEPIKAILLil TONLKO G- @ I "
JTBIe mIaphi. pynna coGbITHIl HABBIBACTCH ZPYNNOU COEMECTMHBLY cobbi-

muii, eCJM COBMECTHBI XOTs Obl ABA COOBITHA U3 ITOU IPyNIIbL.

CoGhITHE HABBIBACTCH 1603 MONCHBLM , €CTH B PE3YJIbTATE JAH~

. I pumep. Mpouasoamnres Tpu BeicTpena no muirenn. CobrTue A, — 1o~
HOTO MCTIBITAHUSA OHO IPOMBONTH HE MOIKET. S sy w e 23

[A4aHME B MULIEHE IPH NEPBOM BLICTPee, A, — NONAZAHWE B MALICHS DK
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BTOPOM BhICTpeJie, A; — NONAZAHME B MHUIIEHb IIPH TPETHEM BhICTPeJe.

E_)] Bepoamnocmpio cobbITHA A HA3BIBACTCS OTHONIEHME HHCIA
OuiTHs A, Ay, Ay 06PA3YIOT IPYNITY COBMECTHEIX COOBITHIA.

(1ATONPUATCTBYIOIMX HTOMY COGBITHIO HCXOJ0B K obmemy gucay
JCeX MPOCTHIX, OTIAPHO HECOBMECTHBIX, eIHHCTBEHHO BO3MOMHBIX
M PABHOBO3MOXKHBIX MCXO/0B MCIIBITAHUA

@ CobbiTHs Ay, Ay, ..., A, HA3BIBAIOT €AUHCIMEEHHO 603 MONCH
MU, €CTIM TIPH MCITBITAHU Y HeusberkHO mpousoiifer Xors 661 OAHO
ITHX COOBITHIA.

IHMpumep. Monery nopbpocusu aBa pasa. EAMHCTBEHHO BO3MOXHBI P(A)
Gyayr cobrrtusi: A, — IT, A, — PP, Ay — I'P, A, — PI'(I' — srmage;

rep6a, P — Bmnagenne pemkn). BO3MONKHBI CITyuan:

[0] Cobrirus A,, Ay, ..., A, 0o6pasyloT noanyio zpynny cobuimud, 1) m=n=> P(A)=1 — BEPOATHOCTD JOCTOBEPHOTO COGLITUS paB-
€CJIN OHH ABJISIOTCH €AMHCTBEHHO BO3MOMKHBIMM M HECOBMECTHBI]

MCXO/laMH HEKOTOPOT'O HCIIBITAHMSA .

a 1;
2) m=0=P(A)=0 — BepoATHOCTH HEBO3MOXKHOIO cobbITHA

IMpumep. Crpenok ctpeasier 8 nenn. Cobuitne A, — nonaganue, oo

apna 0;
Tie A, — npomax. CobriTis A, 1 A, 06pa3yIoT NOJAHYIO PPYNITY cOOLITHIE,

3)m#n,m#0=>0<P(A)<1.
OKOHYATEJLHO: BEPOSTHOCTh COGLITHA €CTh HEOTPHIATEIbHOe
uncao 0< P(A)<1.

IMpumepw. 1. Urpansusiit kyOuk nogbpocunu o pas. Kaxosa sepo-
HOCTH TIOABACHMS MIECTEPKN?

@ Ecan nonnyio rpynny o6pasyior TOJBKO JBa HECOBMECTHBIX C
6BITHA, TO OHM HABBIBAIOTCSH 1L POMUBOTLONLONCH bLMIUL .

IHpumep. lNponssoanrcs ofHoKpaTHOe Gpocanne MoHeTsl. Cobbr
A, — Bumajenue rep6a, cobniTie A, — Brmazenye pemkn. Coburua A,
A, — nporusononoxusie (06osnavaoTes A u A ).

1
B = Ay==,
[O] Cobrirns A,, A,, ..., A, HaskiBaoTCs pasnososmoNcH b MU, Pewenue.n =6, m=1=P(A)=¢

€CJIM MMEIOTCH OCHOBAHMSA NOJIATATH, YTO HU OJIHO M3 3THX COOBIT!
He sABIAeTcA Gojlee BOBMOIKHBIM, YeM JpyTHE.

2. B ypue 3 Gewix u 7 wepHix mapos. CayuaitHuiM 06pasoM BHYIH
s map. KakoBa BepOSTHOCTE TOTO, 4TO OH Geblii?

Ipumep. Bpocaercs urpanbubiii kyonk. Cobumus A, A,, Ay, A,, A;,

ABJAIOTCH PABHOBO3MOXHBIME, rae A, — nossiaenue 1, A, — nossie:
2, .., Ag — nossaenue 6.

3
Pewenue. n =10, m=3= P(A)= 10

3. Bpocui 0uH pa3 ABa UrpaibHEIX Kyouka. Kaxosa meposrTHocTs
ro, 4T Ha OGeNX rpaHAX B cymme Bhnazer 7 04KoB?

7.1.3. Knaccuyeckoe onpeaenexve

6 _1
Pewenue. Haitaewm m (cm. Tabmuuy): m = 6= P(A) =75 =
BEPOATHOCTU CObbITUA

Ky6uk Ne 1 1 2 3 4

T
Jlns onpeaenenus Gosabiiell MM MeHbIIeH BO3ZMOKHOCTH MOS! I 1
[Kyoux N2 | 6 5 4 3 [ 2 | 1

JIEHUS TOTO WM HHOTO COObITHA BBOAUTCA NQHATHE BEPOATHOCTH
GbiTHIA.

ITycTs B peayspraTe HCIBITAHUA IPOU3ONLIO N MPOCTHIX, MOMA]
HO HECOBMECTHBIX, e[HHCTBEHHO BO3MOKHBIX M PABHOBO3MOJMKHBL
HMCXO/O0B, NPH KOTOPBIX MHTepecylollee Hac cobbiTHe A MOKeT I
M30MTH MM He NPOM30MTH (9TH HCXOAbI 0OPA3YIOT IONHYIO IPYIL
cobeiThit). B m 3 9THX MCXOAOB NoABJIeHME COOLITAS A 0CTOBE)
HO, B 1 — M MCX0JaX — HEeBO3MOKHO (m < n). Mcxo/bl, Ipu KOTOP!
coGBITHE A IPOMCXOAUT 0053aTeNbHO, HA3BIBAIOTCS 6razonpuam-
cmeyouu MU 10ABIEHHIO COObITHS A. §

278

. Kuaccuueckoe onpejieJieHie BePOATHOCTH JIaeT BOZMOIKHOCTB pac-
CMATPHBATB JIMIIL COOBITHSA, KOTOPbe PACIANAIOTCH HA KOHEYHOe
WHCIIO PAGHOBEPORMHBLX HCXOOB. ITO — HEOCTATOK KJIacchye:
£KOTO ONIpesesien s BepoATHOCTH. I10CTPOMM NOHATHE BEPOATHOCTH
COOLITHA LIS CIIYYAen ¢ 6ecKOHeLHbLM MHOMKECTBOM PABHOBEPOAT
WBIX MCXOJIOB MCIBITaHUA. B ofmem Buje sajady, KOTOpas NpuBo-
JMT K PACIIMPEHHIO IOHATHA BEPOATHOCTH M K IPYroMy ee onpeze-
JleHNI0, MOKHO c(HOPMY/INPOBATE CEAYIOUMM 06pasoM.
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K CTATHCTHYECKHUM tbax'rau 3acTaBAAIOT HAC He CYUTATH KJaccude-

0Koe oTIpeiesieHne BEPOATHOCTH OCHOBHBIM. DTH NIPHHINIHATBHBIE

TPYAHOCTH NPEOAOJIeBAIOTCH IIPH CTATHCTHYECKOM ONpeleIeHUH Be-
- posTHOCTH.

Ecin o cobbITUN A H3BECTHO, YTO OHO MOET HACTYIHTh B OIpe-
JIeJIEHHBIX YCIOBHAX, KOTOPBIE MOTYT NOBTOPATLCA HEOrPAHWYEHHOE
MCJIO pas, a B peayabraTe 60aBIIOro yncaa HabII0OAeHAH yeTaHOB-
JIeHO, UTO YACTOTA €ro NMOYTH Beerja Kosebyercs 0KoJIo HeKOTOpoi
#00o61Ile rOBOPSI HEMBBECTHON) MOCTOAHHON BeauunHbl P, TO Oynem
MTaTh, YTO COOBITHE A HMeeT BepOATHOCTD, KOTOpas paBHa P.

Ilyers Ha nnockoeTu umeercs obnacte G n HekoTopas obnacTs
B Heil. VIX IJI0Imaau paBEbI cOOTBETCTBEHHO S; u S,. B obnacrs G
Gpocaerest mayraz Touka. BeposirHoeTs Toro, uto rouka oRaxercs

obsiacTu g, npunMMaercs paBHOil P = :i. ITpu aTom npexnonarae
A

C#, 4TO TOYKA MOMKET [ONAacThb B M106y10 yacTe o6aacTH G, a Bepos

HOCTD Nonajanus B 061acTh g NPONOPUHOHANBHA JIHIID ee nioma:
JAM M HE 3aBHCHUT HU OT PACIIONOIKeHUS, HH OT Gopmbl obaacT. Ana:
JIOTHYHO MOTYT OBITH onpeaeneH b BEPOATHOCTH nonajgaHus TOYKH
obbeM v, HaxoAsMiiCa B 0GBeMe V(P = v/V), na orpesox 1, pacro
JIoXKenHbIi Ha orpeske L(P=1/L). BepositnocTn, onpenenenmnbie o
TAKON cXeme, NOJIYYHJIH Ha3BaHHe zeo.m’mpu HecKkux.

[0] Ba npubrumennoe snavenue seposmuocmu cobprrns npn-
MMAETCS ero YACTOTA B CEPUM U3 0CTATOYHO GOJIBIIOro YMcaa Ha-
jonennii. [loguepkHeM, 4TO B 9TOM CJIydae He OlpeeaseTcs Bepo-
'HOCTH COBBITHA, A JIMIITL IOCTYJIMPYETCH ee CYlecTBOBAaHHEe H yKa-

7.1.4. Cratuctnyeckoe onpepenexdve BaeTCs crnocol AJs NPUGINIKEHHOTO ee ONpeAeeH .

BEPOATHOCTW cobbITUa Mo3KHO 0Ka3aTh, YTO BEPOATHOCTH, ONPE/IeJeHHbIE CTATHCTHYe-
M, Osllﬂllﬁl()'l' TEMU e CBOHCTBAMM, KAK U BEPOATHOCTH, NMOJIYHeH~
ble C TOMOIIBIO KJlacCHYecKOoro onpejenenus. Yacrora moboro co-
ITUA, BEPOATHOCTE KOTOPOTO MOYKHO HBﬁTH. NoJIL3yACh KJaccuie-
MM ONpejiesleHueM BepOATHOCTH, KoJlehieTesi 0K0JI0 9TOi BepoaT-
OCTH. "03TOMy CTATHCTHYECKOE ONpe/ieJieHHe BePOATHOCTH ABJIAET-
06001eHNeM KJAaCCHUECKOro H OTHOCHTCH KAaK K COGBITHAM, K KO-
OPBIM IPUMEHNMO KJIACCHYECKOE ONPe/ieJIeH e BePOATHOCTH (1 1aeT

JKe peayJbTar), Tak ¥ KO MHOTHUM JIPYTUM.

B ocHoBy kaacenueckoro n TeOMeTpPUYEeCKOro onpeaeseHnii Bepo
ATHOCTH NOJIOKEHO OHATHE PABHOBEPORMHOCMU (xoropoe sBasie
€4 ranexo ne ouesnanbiM). Kpome toro, yacro 6pisaer TPYAHO MO0
6paTh KoHeunyio (1in Beckoneunyio) TPYIIY €IMHCTBEHHO BO3MOK:
HBIX, PABHOBO3MOYKHBIX M HECOBMECTHBIX HCX0A0B HCOBITAHMA, &
GosnblMHCTBe cayuaes aToro caenath Henbas. Hanpumep, econ u
PaJIbHBI KYOHK — HelpaBUIbLHEBL WECTHIPAHHUK M3 HEOJHOPOJHO:
ro Merauaa, To NPeAoNoKeHne o0 PaBHOBEPOSATHOCTH BbINA1eH K/
TPaHeil CTAHOBUTCS OIMGOYHBIM. OHAKO ONBITHI ¢ TAKUMHM MIpahb:
HBIMHM KYOMKAMH I0OKA3KIBAIOT, 4TO B CEpHAX M3 JOCTATOYHO GOMIb=:
IOTO YMC/IA NOAGPACKIBAHMIT HACTOTHI TI0SBACH M rpaseit oueHs yc:
TONYMBBHI N HEe3HAYHUTEeJIbHO KOJIeﬁJHOTCﬂ OKO0JIO HEKOTOPBIX NOCTOSAH:
HBIX JUISL KAXKA0M IPanu BeTMuuH (Lacmomois cobbimus A B JaHHOK
CEPHH HCILITAHUI HAJLIBACTCH OTHOIIEHHE THCIA HCTILITARMIL, B KO
TOPBIX IIPOM30ULIO cobhiTHE A, K 06IIeMy uHCay ucnbitaumii). Ipu
PACCMOTPEHMH DKOHOMUUECKUX 3a/a', 3a4AY eCTECTBEHHOHAYUHO
T'O XApAKTEPa YACTO BCTPEUAIOTCS COBBITHSA, KOTOPhIE TAKKe 068!
10T CBOMCTBOM YCTOWUYMBOCTH UACTOTHI, HO K HUM He NPUMEHUMO
KJaccuieckoe onpexaesienne BEPOATHOCTH, TAK KakK Kajoe U3 HM:
He PACHA/IACTCSA Ha KOHEWHOR UHCII0 €IMHCTBEHHO-BO3MOYKHBIX, pas-
HOBO3MOXXHBIX U HECOBMECTHBIX HCXOJI0B. yqu'l'bmau BBILIEN3JIOKEeH~
HO€, MOKHO NPeANONI0KATE, YTO BEPOATHOCTH TAKHUX COOBITHII BCe
xe CYIIECTBYIOT KAK YHCIOBBLIe XapakTepUCTHKH BO3MOKHOIO TOSAB~
JIeHUA Kaxa0ro u3 Hux. Ioxusrii nponsson B BBIGOpE paBHOBePOSIT-
HBIX C()ﬁbl‘l'ldﬁ, HEBO3MOJKHOCTH TpUMEeHeHUs MOHATHA BEPOATHOCTH
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KOMBUHATOPUKA. BbIBOPKW 3/ITEMEHTOB

7.2.1. O6wue npaBuna KOMBUHATOPUKM

0] Komburamopuroi naspisaercs obnacTb MaTeMATHKH, B KOTO-
Poii M3yUAIOTCA BOIIPOCH! O TOM, CKOJBKO PA3JINYHBIX KOMOMHAIMI,
NOAYMHEHHBIX TEM HJIM HHBIM YCJIIOBHAM, MOXKXHO COCTABHTDH U3 dJie-
MEHTOB, IPHHAJJIeKALIMX JAHHOMY MHOXXECTBY.

Ipasuao cymmer. Eciu HeKoTopbiil 00beKT A MOXKHO BRIGpaTh m
mnocobamu, a oobexT B — k cniocobamu (He TaKMMH, KakK AJ1s 06beKTa
A), To obbeKT «s1n60 A, 1160 B» MoxkHO BuIGpaTh (M + k) cnocobamu.

Hpumep. B ogsom siuuke m mapos, B Apyrom — k mapos. [Iponasons-
WO M3 KaKOro-HUOY AL AIMKA HIBAeKaeM map. CKOALKAMU CrocoGaMHU 5TO
MoxHO crenats? Omeem: (m + k) cniocobamu.
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IMpurep. Crombxumn cocobaMu MOKEO pasmecTHTs 12 un 3a cro-
J0M, HA KOTOPOM moctasieno 12 npubopos?

Pewenue. P, =121=479001600 cnocobamu.

Ilpasuio npoussenenns. Eciu o6bext A M0xHO BHIOpaTL M 1O~
cobamu, a 1ocJe KaxA0ro TAKOoro Beibopa Apyroit 06bekT B MOMKHO
BBIOpPaTh k criocobamu (HeaaBUCHMO OT BbiGopa oGbeKTa A), TO mapsl
06bexTOB A M B MoxcHO BRIGpaTh mk cniocobamu. -
[0 Ecam ua eex pasmermennii, KOTOPbie MOKHO COCTABHTE M3 1 d71e-
MEHTOB 110 M, OTOGPATh TOJLKO T€, KOTOPBIE OJIHO OT APYIrOro OTIH-
WAIOTCS, RO KPaitHell Mepe 0QHUM IAeMEHMOM, TO TIONY4uM BEIGOP-
K, KOTODbIe HABBIBAIOTCH COYEMAHUAMU.

Hpumep. U3 nepporo suuka, B KOTOPoM m mapos, Gepem oxun maj
M HE3aBMCHMO OT 3TOrO M3 BTOPOTO AMMKA, B KOTOpOM k mapos, Ge)
oaun map. CKOABKO PasJMYHbIX Nap MAapos npu atom obpaayerca? O
sem: mk nap.

Ecnu B KaK/J0M M3 COUETAHUIT c/le/1aTh BCeBO3MOMKHbIe epecTa-
WOBKM, TO MIOJIyYMM BCEeBO3MOKHBIE padmemtenus. Takum o6pasom,
MICJI0 BCeX pasMeleH il U3 71 3IeMEeHTOB 110 M PABHO YMCJY BCeX O™
Weranuii U3 N BJIEMEHTOB 1O M, YMHOKEHHOMY Ha YHCJIO BCeX nepe-

AHOBOK, KAKHME MOXHO C/IeJIaTh U3 M 2JIeMeHTOB, T.e. A" =C'P,.

7.2.2. Boibopkn anemeHToB

TIycTh MMeeTCs HeKOTOPOe MHOIKECTBO H3 7 DJIEMEHTOB dy, a3, «
a,. I3 aTOro MHOMKeCTBa MOKHO 06pa3oBaTh pa3Hble BHIGOPKH, K:
J1asi M3 KOTOPBIX CoflepuT m anementos (0<m<n).

Bei60pK# MOTYT GBITE YIOPSALOYCHHBIMH — PAIMOULCHUAMU W
YIOPSAOUCHHBIMU — COUEMAHUAMU.

n!

[0] Pasmengenunmu ua n snementon no m nasmsaior raxue BbiGO]
KH, KOTOpBIe, UMed 110 M 3JIEMEeHTOB, BHGPHHHHX M3 YMcia JaHH]
1 D71€MEHTOB, OTIMYAIOTCA O/IHA OT APYTOii 1MBO cocTaBOM dJIeMe!
TOB, IM60 NOPAAKOM MX PACIOJIOMEHN.

Yueno pa:sMemeHuﬁ M3 11 NIEMEeHTOB 110 M 3JIEMeHTOB BhIUNCIL
ercs 1o opmyie:

7.2.3. CsoicTBa Yncna coveTaHuin

CpoficTBa YMCIIA COUETAHMIT MOIKHO BBIPA3UTH CJIeAYIOIMMH (op-

;2)Cl=n; ) Cr=Cr™; 4) C; =C) =1.
Mpumeps:. 1. B cnoprusnoii cexnun sanumaiorest 12 6acker6oauctos.
KOJIBKO MOXKeT OBbITh OPraHM3OBAHO TPEHEPOM PA3HBIX CTAPTOBBIX NATE-
pox?
12!
P . Chy=—— =182,
ewenue. Ciy =210
2. Via rpynnsl, HacunTHIBAIOmeH 25 YesoBex, BHOMPAIOT TPOMX LA NOe3/-
it Ha copeBHoBaHMe. CKONLKUME CIIOCOGAMH 3TO MOJKeT GLITh caenano?
25!
2213!
3. B napran ua N gerazneii umeercs n cranaaprasix. Haypauy oroGpa-

usi [ geraneit. HaiiTi BepoATHOCTB TOrO, 4TO CPeAH OTOGPAHHBIX AeTaned
PoBHO k CTAHAAPTHBIX.

IMpumepui. 1. B sricmeii anre wemnuonara crpans 1o gyréony 16
mauza. Bops6a uzer 3a sonorsie, cepeGpsnbie 1 6ponsosbie Megann. Ck
KHMH CII0co6aMy Mejaii MOTYT ObITh pacnpeeseHbl MeXKAy KOMaH 1aMu'

Pewenue. Ajs=16-15-14=3360 cnocobamu.
2. B kaacce 10 yueSHbIX IPeMETOB i 5 PA3HbIX YPOKOB B AeHb. CKO.
KHM# crnocob6aMu MOryT OBITH pacnpejeienbl YPOKH B OAWH AeHb?

2300.
Pewenue. Ay =10-9-8-7-6=30240 cnocobamu.

Pewenue. Ci; =

Ecun pasMenieHns u3 n 2JIeMEHTOB B3ATHI 110 7 (T. €. OTJInYal
CHi MOALKO NOPAOKOM PACNONONCCHUSA INEMEHMOB), TO TAKHE PAIMS
LIeHUA HASBIBAIOTCHA Ne€PeCcCManosKamu .

m
YHCII0 IepecTAHOBOK BBIYHCIIAETCH C IOMOIIbIO COOTHOLICHUSA: Pewenue. 1) P(A)=—. Haitnem m u n.

n

2) O6mee umcao saeMenTapHEIX Hexonos pasuo C . Ioxcunraem umc-
10 61arONPUATCTBYIOIMX X008, [TPOMCXOANT c10%KHOE COBBITHE: H3 1 ne-
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‘Taseit 1013KHO GBITL k CTAHAAPTHBIX (CTAHAAPTHBIE JETATH MOKHO 0TOGpATH

TONBKO M3 CTAHAAPTHRIX; YHCJO CHIOcOG0B 0TGOpa pasno CF) u [ - k necran-

JAApPTHBIX (HECTAHAAPTHBIE [ETANH MOKHO OTOOPATEL TOJLKO M3 HeCTAHAAP:

THBIX; 9MC0 cnocoGos oT6opa pasno C4*,). B mrore mmeem m = CCL* . We-

cregt,
cl

KOMAas BEPOATHOCTL paBua P(A)= “, Cucrema BepOSITHOCTE, 3818

N

Baemas 9Toit YOPMYJIOii, HAILIBACTCH ZUNEPZEOMEMPUNECKUM PACTD
denenuem.

3apaum ANs CamMoCTOATENBLHOTO peweHns

1. Tepmann n3 nosecrn A. C. Ilymkuna «Ilukopas gama» BbIH
MaeT 3 KapThl U3 Koaoas! B 52 aucra. Haiigure BeposTHOCTL TOTO,
uro a0 GyAyT: TPOilKa, cCeMepKa, Ty3.

2. B amuke gexar 15 kpacHeix, 9 cuaux u 6 3esienbix mapol
OAMHAKOBBIX Ha omynb. Hayaauy Beiaumalor 6 mapos. Kakosa Be
POATHOCTH TOT'O, YTO BHIHYTHI 1 3ejieHbiii, 2 CHHUX ¥ 3 KPACHBI
mapa?

3. Baagesen oxnoii kaproukn sorepen «Croprioros (6 na 49)
yepkuBaeT 6 Homepos. KakoBa BepOSITHOCTB TOTO, YTO MM Gy/IeT V!
JAaHO 5 HOMEPOB B OYEPeAHOM THpaxe?

4. B napruu u3 10 geraneii nmeiores 4 6pakopanunix. Kakosa ses
POSATHOCTB TOTO, YTO CPE/IN HAY/Aa4dy OTODPAHHBIX b JleTaleill OKaK;
cs 2 6pakoBaHHbIe?

5. B ypue 10 mapos, n3 koropbix 2 6eabix, 3 4epHbIX H D CHHUX,
Haynauy ussieuennl 3 mapa. KakoBa BeposiTHOCTBL TOTO, 4TO B
3 mapa pasHoro nsera?

6. KontekTnB, BKIIOYAIOIMIA YeTHIPeX MEeHIIHH 1 TPOUX MY K
uMH, passirpeiBaeT 4 6uiera B rearp. KakoBa BeposTHOCTB TOTO,
uTo cpesu obnanareseit GUAETOB OKAMKETCH 2 HMEHITUHEL U 2 MY
YHHBI?

7. B rpynue ua 25 cryaenTos, cpeau koropeix 10 gesymex,
3pIrpeiBaloTes 5 6uaeros. OnpejennTe BEPOATHOCTEL TOr0, YTO CPE
An obnanareneil GUICTOR OKAKYTCS JBE ACBYIIKHA.

8. B ypHe 6 6exbix, 4 uepHbIX ¥ 5 KpacHbIX mapos. U3 ypHbI Ha:
yraj BeiHUMaOT 5 mapos. Haliure BepoATHOCTL TOTO, YTO Cpe;
HUX OKa)kyTcs 1 uepHbIi u 2 Gesibix 1mapa.

9. I0noma 3abbin ABe nocaegHue NHPPL TeAePOHHOTO HOMEep
cBOeil 3HAKOMO# M, NOMHA JIUIIbL, YTO OHH PABJHYHBI, HAGpaJ
uayaauy. Kakosa BepositHoCTh TOrO, 4T0 HOMep GyAeT nHabpan npa
BHJIBHO?
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CYMMA W MPOW3BEAEHWE COBbITUN.
BEPOATHOCTb MOABMEHNA XOTH Bbl
01HOro COBbITNA

7.3.1. Cymma 1 npoussesenne cobbitui

Cymmott A + B apyx cobeirtuii A u B HasniBaetcs coGpiTHe, CO-

crosimee B nosBAEHUN MO0 cobLITHA A, 1160 cobrTHA B, 1n6o 060~
Hx aTux cobuiTuii BMecte (puc. 7.1).

Bepoamuocmb cymmot déyx necoemecmuvlx coboimutd A

u B pasna cymme sepoamnocmeir smux coobimuit: P(A + B) = P(A) +
+ P(B).

BepoamHocme cymmbL KOHELHOZO ULU BECKOHEULHOZ0 MHONE-

tmea necoemecmnvix coGbLMUIL PasHa Cymme 6eposmuocmeit
smux cobbumuit: P(A, + Ay +...+ A,) = P(A}) + P(A,) + ...+ P(A,).
IC1] Ecan cobpimus Ay, Ay, ..., A, 00pA3YIOT NONHYIO IPYNNY HECOB-
MeCTHBIX COOBITHIA, TO CyMMa MX BEPOATHOCTeH paBHA efMHAIe:
P(A)+ P(Ay) +...+ P(A,)=1.

CyMMa BeposiTHOCTEil MPOTHBOTIONOMKHEIX COOBITHI paBHA ean-

wuue: P(A)+P(A)=1 wau P(A)=1-P(A).

Hpumepwi. 1. B ypre 10 xpacusix, 15 cunmx u 5 Gexix mapos. Ha nee
hHMMaeTcs Hayraa oauH map. Kakosa BepoATHOCTB TOrO, 4TO 3TOT AP
e Getnrii?

Pewenue. Tlycts cobbiTie A — BrnyTHIl miap ne 6eawil. [oxaskem Tpu

. o P

ernocoba pemeHus 3aaun.

Puc. 7.1
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10415 7.3.2. YcnoBHas BepoOATHOCTb

10+15+5
Bmopoi cnoco6. P(A) = P(K + C) = P(K) + P(C), rae cobritie K — Bu-

Iepeviii cnoco6. P(A)=""=
n

|0] BeposiTHOCTS HACTYNIeHNA COBRITUA A, BEIMMCTCHHAS TIPH yCI0-

BUM HACTYIJIEHUS APYTOro coObITHs B, HASBIBACTCH YCAOBHOU GE-

yThi map kpacks; C — mumyThi map cusmit, P(A) = 10 15 25 posmuocmeio cobbiTHA A 110 OTHOmEHUIO K coGpITHIO B (0603naue-
N 30 30 30 6 nune Pp(A)).

Tpemuit cnoco6. P(A)=1-P(A), rae cobmite A — BuinyThiit map

5 25 5
ity P(A)= l~§—% s

2. CTyseHT caaeT 9K3aMeH 1o TeopHK BepoATHOCTell. BeposaTHoCTh
AyunTH HA SK3aMeHe «HeyA.» pasua 0,15 eyx.»— 0,6; «xop.»— 0,
«orn.»— 0,1. KakoBa BEPOATHOCTE TOTO, YTO CTYAGHT MOJYYNT HA IK3!
He NIOJNOKHUTENbHYIO OLeHKY?

Pewenue. ITycts cobbiTHEe A — CTYAEHT NONYYUT HA IKIAMEHE IO
TeNbHYIO onenky. Jlagum xBa criocoba pemenns sagaun.

Hepeviit cnoco6. P(A)= P(3)+ P(4)+ P(5), rae P(3) — BepoATHOCTS M
JIyYUTH HA 9K3AMEHE OUeHKY ¢yA.» u T. 4. P(A)=0,6+0,2+0,1=0,9.

Bmopoit cnoco6. P(A) = 1 - P(2), Tak kax cobriTie A u cobhiTe 2 —
JYUUTE HA DKIAMEHE OUEHKY «HeyA.s — ABJIAIOTCH MPOTHBOMONONHDL
P(A)=1-0,1=0,9.

3. Crpesiok nonasaer B AecATKy ¢ BepoaTHOCTHIO 0,05, B A€BATKY —
BeposaTHOCTBIO 0,2, B BochMepky — ¢ BeposiTHOCTBIO 0,5. C/le1an oauH Bl
crpes. Kakosa BeposiTHOCTE Caeayiomux cobbITmii:

a) BribuTO He Menee 8 oukos: P(28) = P(8) + P(9) + P(10) = 0,5 + 0,2
+0,05 = 0,75;

6) BrIGuTO Menee 8 oukon: P(<8) =1 - P(28) =1 - 0,75 = 0,25;

B) BEIGUTO Gontee 8 oukon: P(>8) = P(9)+ P(10)=0,2 + 0,05 = 0,25;

1) BRIGKTO He Gonee 8 oukos: P(<8) = 1 - P(>8) = 1- 0,25 = 0,75.

IEI Hpouseedenuem AB ppyx cobwiThit A u B naswiBaercs cobi
THE, COCTOsIIee B NOSABIEHNN 1 cobbiTuA A, 1 cobbrrus B (puc. 7.2

wk
- @

Puc. 7.2
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m Bepoamnocmb npouséedenus deyx cobbimuil paéra npouseede-
U0 6epoamuocmu 00H020 u3 Hux (Mozo, Komopoe npoucxodum nep-
BbIM) HA YCIOBHYIO 6€POAMHOCMb OpY2020:

P(AB) = P(A)EL(B) = P(B)Ey(A).

CobpiTne B HABBIBACTCSH He3AGUCU MbLM TIO OTHOLLIEHUIO K COObI-
10 A, €CJIM BepOSITHOCTD COOBITHS B HEe 3aBUCHUT OT TOT'0, IPOM30II-
0 cobpiTHE A M HeT. B 1poTHBONOJIOKHOM cilydae cobbiTHe B Ha-
BAETCH 3ABUCHMBIM OT COOBITHA A.

Hpumep. B ypue 7 6eanix u 3 yepubiX mapa. [logpaa U3BAeKaOT ABA
apa. KakoBa BepOATHOCTH TOTO, 4TO OHM 00a yepHbie?
Pewenue. ITepaniit cnocob. Ilyers cobuitne A — nepsblii mwap depHbiii,
niTHe B — BTopoii map uepHsiii, Toraa

3
P(AB)=P(A)E\(B)= 10

e P4(B) — BEPOATHOCTS TOTO, YTO BTOPOik BLIHYTHIE map uepHsiil, npu ye
A06uU, YTO NIEPBbIH BLIHYTHIA AP TAKKEe YePHBI.

. _C} 3 _1
Bmopoit cnoco6. P(A) = s T

7.3.3. BeposiTHOCTb Npon3sefeHns
HE3aBUCUMbIX COObITUI

MareMaTHUECKH YCIOBUE HE3ABUCHMOCTH coObiTHA B OT cobniTns
sanucsiBaercsa B suse: P, (B) = P(B). [lna nezasucumvix coboi-
muil GopmMysa BepOATHOCTH npouseedenusn deyx cobbimud npn-
HuMaer BUJ:

P(AB)=P(A)P(B).

Hpumepwi. 1. Monery nopbpocun asa pasa. Haiitu BepoatHocTs TOro,
MTo 06a pasa Beinajer repb.
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Pewenue. Pacemorpum cobiTus: A — nepsuiii pas sLmazer reps, P(A) = flonaayT B tean. BepoatoeT cobuTiii Ay, Ay, Ay y HAC yike HIBECTHEI:
1 1 P(A)=0,006; P(A,)=0,092; P(A;)=0,398. Byzem nmers:
= 5 1B — wropoit paa numazer reps, P(B)= .

P(A) = P(A))+ P(A,) + P(Ay) = 0,496.
Cobrirnsa A n B nesasucumsr. Toraa P(AB)= P(A)P(B) =

6) Pacemorpum aBa cobbitus: A — xora 6bl OAHH CTPEJIOK NONAaAeT B
nenb; A — Bee Tpoe MpOMAXHYTCH. DTH COOBITHA ABAKIOTCH NPOTHEOTIO-
NocHBIMK, cegoBaTensho, P(A)=1-P(A)=1-0,006=0,994.

4. Tosap 3aBO3UTCA B Marasus ¢ Tpex 6as. BepoaTnocTn Toro, 4To Hys-
Whlil TOBAP HAXOANTCA HA NEPBOIi, BTOPO# 1 TpeTheil 6asax, paBHEI COOTBET-
ersenno: 0,65 0,7; 0,8. HaiiTi BepOATHOCTH TOrO, HTO HYZKHBIIl TOBAD €CTh:
#) TonpKo Ha oaHol Gase; 6) He mMeHee yem Ha AByx Gasax; B) xors 6nl Ha
oanoit base.

Pewenue. 3a7aum TAKOTO THINA PEIIAIOTCA € NOMOIIBIO TEOPEM CAOMKE-
WA ¥ yMHOXKeHUA BepositHocTeil. O6oanauum vepes A, A,, A; — cobui-
¥R, COCTORIME B TOM, UTO HYIKHLI TOBAp €CTh COOTBETCTBEHHO HA M€~
if, BTOPOi U TpeTheil Gasax. Toraa cobwrTne By, ofoaHAuAIOLLECe HATH-
WHe TOBApa TONBKO HA 0AHON Gase, GyJeT PABHO CYMMe HECOBMECTHRIX CO-
it A, Ay Ay + A A, Ay + A, A, A, (TOBAD eCTH HA OAHON W OTCYTCTRYET
a ABYX Apyrux Gasax).

¥1 1
22 4

2. B neproii ypre 7 Gesibix u 3 4epHbIX mapa, Bo BTOpoii — 3 Geawnix
7 wepnrix mapos. W3 kaxaoii ypHe! Hayaady BeHAMAOT oans map. Ka;
BA BEPOATHOCTH TOrO, 4T0 06a BEIHYTHIX mapa Genbie?

Pewenue. O6oanaunm cobbiThA: A — BBIHYTHIA M3 IEPBOM YPHBI AP
ablit; B — BRIHYTHI H3 BTOPOit ypubl miap Geantit. Cobuitus A u B —
BUCHMBI, noaTOMy P(AB)= P(A)P(B) = %% =

3. Tpu cTpesiKa HE3ABMCUMO APYT OT APyra cTPeJasdioT no uenn. Be
SATHOCTB ONAJAHUA B [leJb NePBLIM cTpenkom pasna 0,7; Bropam — 0,1
Tpersim — 0,9. HaiiTi BepoATHOCTS Toro, uT0: 1) Bee TPH CTPeaKa 1O
AYT B Ueb; 2) Bce TPH CTPeJKa NPOMAXHYTCH; 3) TONLKO OAMH CTPe
nonager B nes; 4) TOALKO ABA CTPEAKA NONAAYT B 1eAb; 5) He Gonee 1)
CTPEJIKOB MONAAYT B 1eb; 6) XOTs GbI O/AMH CTPEJIOK NONALET B €1b.

Pewenue. 1) Tlycts cobniTHe A — Bee TPH CTPeNKA NOMAAYT B 1eTb.

0603HaYHM BEPOATHOCTH TOTO, YTO NMEPBHIl CTPEJIOK NONAAET B 1€,
P(1) = 0,7; Bropoii — P(2) = 0,8; Tperuit — P(3) = 0,9. Toraa

Hycrs coburne B, — naiuuue ToBApa TOABLKO Ha ABYX Gasax: B, =
" A A A, + A AA, + A A A, UYepea B, 0603naunm cobhiTHe — TOBAD eCTh
Beex Tpex basax, Toraa By= A, A, Ay Tlo yesomio sanaun A, Ay, Ay
mesanucumer i P(A,) = 0,6; P(A;) = 0,7 P(A,) = 0,8.

BeposTHOCTH IIPOTHBOTION0KHEIX CobBITHIE P(A,)=1-0,6 = 0,4; P(A,) =
“1-0,7=0,3; P(A;)=1-0,8=0.2.

a) BeposrHOCTh TOrO, 9TO TOBAD €CTEH TOJLKO HA OAHON Hase, paBHa:

P(A) = P()P(2)P(3)=0,7-0,8-0,9 = 0,504.

2) 0603HAYMM BEPOATHOCTH TOTO, HTO MEPBLI CTPENOK MPOMAXH
P(1)=0,3; Bropoii — P(2)=0,2; tperwii — P(3)=0,1. Torza
P(B)=P(A A, Ay + A Ay Ay + Ay Ay Ag) =
= P(A A, A5+ P(A A, Ay) + P(A A, Ay) =

P(A)= P(1) P(2)- P(3)=0,3-0,2:0,1=0,006.

3) ToNbKO OAMH CTPEJIOK NONAAET B 11eJih, ecIu npousoiiaer aubo cob:
e A, :1-2-3, 1u6o cobrrte A,:1-2-3, 6o cobmTie Ay:1-2-3. Iepex:
AR K BEPOATHOCTAM, HOXYUUM

=0,6-0,3-0,2+0,4-0,6-0,2+0,4-0,3-0,8 = 0,026 + 0,056 + 0,096 = 0,188.

6) Hanuuue ToBapa He MeHee yeM Ha JABYX 6azax oaHaAuAeT, YTO OH MO~
et 6uiTe 1nbO Ha ABYX Gasax, 1ubo Ha Beex Tpex.

P(A)=P(A))+ P(A,)+ P(A) = P(1) P(2) P(3)+ P(1)P2)P(3)+ P(1) P(2) P(3)= BepoaTHOCTE TAKOro CoOBITHA paBHA:

=0,7:0,2:0,1+0,3-0,8 0,1+0,3:0,2:0,9=0,014 +0,024 + 0,054 = 0,092. PB, + By) = P(B)+ P(By) = PUA Ay + PUA A Ag) + P(A A Ag) +

+P(A A, A)=0,6-0,7-0,2+0,6-0,3-0,8+0,4-0,7-0,8 +0,6-0,7-0,8 =
0,084 + 0,144 + 0,224 + 0,336 = 0,788.

4) U3 coobparkenuii, AHAJOIHYHBIX NPEALIAYIIEMY CAYYAI0, HOJYIHM

P(A)= P(YP(2)P(3) + P)P(2)P(3) + P()P(2)P(3) = 0,7-0,8-0,1 +

8) HaiijeM BepOATHOCTE TOrO, UTO TOBAp ecTh XoTs Gbi Ha 0aHOI Hase.
+0,7-0,2-0,9+0,3-0,8-0,9=0,056+ 0,126 + 0,216 = 0,398.

Hyers By — cobuiThe, cocrosinee B TOM, 4TO TOBAPA HET HH HA OAHOI U3
4

5) He Gosiee ABYX CTPEJIKOB NONAAYT B 1€k, €CJH IPOH30iigeT 1ubo
GuiTHE A, — BCEe TPH CTPEJKA NPOMAXHYTCH, 160 cobuiTHe A, — TONBI
OINH CTPEJOK NMONAJAeT B ueab, Au60 cobniTHe A; — TOJALKO ABA CTpe!
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6as, Torna B, =

L A,. MlcKkoman BeposTHOCTS paBia:

P(A)=1-P(B,)=1-P(A; A, A;)=1-0,024 = 0,976.
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BBINOAHMM NPOBEPKY NOJYYEHHBIX PeayabTaToB. JIerko Bujers, 4To co-
OniTus By, B,, By, B, o6pasyior nonuyio rpynny. CieaoBaTenbHo, CyMMa HX
BepOATHOCTE A0/KHA ObITh paBHa eannuue. JleficTBuTeNbHO:

P(B,) + P(B,) + P(By) + P(B,) = 0,188 + 0,788 + 0,024

Bapaua pemena MPaBUIBLHO.

(TEPOK HET HUM HA OAHOM KyOuKe. DTH COBBITHSA ABATIOTCA IPOTHBONONONK-
Wumu, caegoBatensno, P(C)=1-P(C), no P(C)=P(A)P(B)= %%; ;_2

25 11
Oxonuarenasno, P(C)=1-_—=—.
o wo, P(C)=1-20=—0

7.3.4. Teopema CNOXEHWUs BEpPOATHOCTEN SRA8M /T CRMICTORTSNGHOFD [peUseHin

ANA COBMECTHbIX COBbITMI 1. UaBecTHO, 4T0 96 % BHIMYCKAEMbIX 3aBOAOM M3JeNHil OTBeYa-

er crasAapry. YIpolenHas cXemMa KOHTPOJIs IPU3HAET IPUTOAHOM
CTAHAAPTHYIO IPOAYKIMIO ¢ BepoATHOCTHIO 0,98 1 HecTanAapTHYIO —
¢ sepoaTHoeTbio 0,05. Onpejesiure BEPOATHOCTD TOTO, YTO U3JieJIHe,
npoulejiiee KOHTPOIb, OTBEYALT CTAHAAPTY.

2. Bpak B npoAiyKuuu 3aBojia u3-sa aedexra A cocrasuser 5 %,
[puyeM cpeju 9Toro Koaudecrsa 6paka B 10 % cayuaes Berpeuaer-
s aedexr B. B npoaykuuu, ceoboanoit or gedexra A, aedexr B
wserpedaercs B 1 % cayuaes. Haiiiure BepoATHOCTD TOTO, 4TO AedexT
B ne BCcTpeTHTCS BO BCeil IPOAYKIUM. B
3. U3 6yks paspeanoii asbyKn cocTaBIeHo cJI0BO «anaHac». PeGe-
HOK, HE YMEIOIHIi YNTaTh, NepeMelnas OYKBbl M PA3JIONKUI X BHOBb
B 11POM3BOJILHOM nopsizike. Haiiinre BepoATHOCTE TOT'O, YTO CHOBA 110~
JIYYUTCH CIIOBO ¢«aHAHACY .

4. AGonenT 3a0b1 iBe nocsieHue Lndpb Homepa n Habpas ux Ha-
yAauy, IOMHS TOJIBKO, YTO 9TH YHMCJA HedeTHble U pa3uble. Haiin-
T€ BEPOSITHOCTb TOTO, YTO HOMep HabpaH NpPaBUJILHO.

5. B QT ceMHaTa’XkKHOrO I0M& BOILIO TPH 4YesnoBeka. Kaxcaplit na
HUX C OAMHAKOBON BEPOATHOCTHIO BBIXOAUT HA JIOOOM dTaske, HAUM-
mas co Broporo. Haiigure BEpOsSITHOCTE TOrO, YTO BCE MACCANKHUPDI
BBLIIYT HA YETBEPTOM dTaxe.

6. B smuk, copep:kauiuii Tpyu geranu, 6pouieHa cTangapTHasA je-
Tajb, a 3aTeM HayjJauy M3BJedYeHa ofHa jerasb. Haligure Beposit-
HOCTB TOT'O, YTO H3BJIeYeHA CTAH/lAPTHASA JIeTAlb. Hepnousqnnbnuﬁ
cocras ﬂe'l'ﬁ)leﬁ B ALIMKEe HEM3BECTEeH.

7. B oaun npekpacubiii Becennuii Beuep Jlionon u Jliopas urpa-
JiM B KOCTH Ha Teppace Kade. Ouu 1no ouepenu 6pocanu gBe KOCTH.
Ecan cymma okaabiBasach paBHOI CeMH, TO 04KO BhIUrpbiBas Jlio-
paH, eciu cyMMa PaBHSAJIACH BOCbMM, TO BeinrpeiBas Jlionon. Ha
KOro M3 HUX Bbl ObI nocraBujiu, eciau 6b1 BaM NPHILJIOCH AePiKaTh
napu?

8. AGonenT 3a6biJa nocsen0I0 nUdpy HoMepa TesedoHa U 0ITO-
My HaOupaeT ero Hayjauy. Haliinre BepoATHOCTH TOrO, 4TO €My NpPH-
JieTcst caenaTh He Gosee yeM JiBe HeyAadHble TONBITKH.

Beposamuocmb noaéaenus xomn 6t 00H020 U3 G6YX COBMECT
HbLX COBbLMUL PABHA CYMME BEPOAMHOCMEl Imux cobbimuii 6es
POAMHOCMU UX COBMECTHOZ0 NOABNCHUA:

[Pa+ B) = P(a)+ P(B)- P(AB).|

Hpumepot. 1. I1pon3BoANTCA JBA BHICTPEIA 110 OAHOM M TO e M
Hu. BeposiTHOCTS NONAaHMs B MULIEHE IPH IepBoM BeiCTpese pasna 0,6,
npu Bropom — 0,8. HaitTi BeposTHOCTE TOTO, 4TO B MUIIEHH GYIeT X¢
6b1 oaHa npobouna.

Pewenue. ITepeviic cnoco6. Pacemorpum cobuitns: A — nonajanue
Mumens npu nepsom sicrpeie P(A) = 0,6; B — nonaganme s Mumens
Bropom Beictpesie P(B) = 0,8. CoGuitis A n B ABAAIOTCA COBMECTHBIMM
HE3ABUCHMBIMH, CIEAOBATENBHO,

P(A + B) = P(A)+ P(B)- P(AB) = P(A) + P(B) - P(A) P(B) =
=0,6+0,8-0,6-0,8=0,92.

Bmopoii cnoco6. Pacemorpin asa coburmus: C — B MUIIeHH GYET XOT:
681 0tHA npoGonna; C — B MHUIEHH HET IPOGOMH. DTH CODLITHA ABJISA)
npoTHBONOAOKHEMH, cieoBaTensRo, P(C)=1-P(C), no P(C)=P(A)P(B)=
= (T.e. OPOMaX W MPH NEPBOM H NIPH BTOPOM Bhictpenax) = 0,4 - 0,2 = 0,08,
Oxonuarensno: P(C)=1-0,08=0,92.

2. Bpocaiot ABa HrpaibHEIX KyOuka. Kakosa BeposTHOCTS mosBJen:
X0Ts GBI 0AHOI MmecTepKu?

Pewenue. ITepeviit cnoco. PaccMoTpuM cobuITHs: A — NOABJIEHME Iy

CTepKH HA MEpBOM KYOUKeE; P(A):é; B — nosiBNenme mecTepKy Ha
pom kybuke; P(B)= % CobbiTisi A 1 B — COBMECTHBI M HE3ABHCHMBI, CJI

nosarensno, P(A+ B)=P(A)+ P(B)-P(A)P(B)=

Bmopoii cnoco6 pemenus 3ajauy aHAJOTMYEH NPeABIAYILEMY TPUMEDPY.

Pacemorpum cobpiTua: C — nossiaenne xors 6bl 0AHOM wectepku, C — mes
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Oxonyanue maba. 1.1
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Hpumepot.
Ly=|x|=

2. fx)=

x, npux 20;
~xnpux<0.

x cos® 2x
‘f e Vin?x +2 — snementapnas hynKuna.

— ueanemenTapHan GyHKIMA.

Baecs uncio onepnuuﬁ CJI0YKeHHS, BEIYHTAHUA, YMHOKEHNS, JeIeHns
1 obpasoBaHms C0HON GyHKMu (cos’2x, 32, In‘x, Vin?x +2) koueuno.
T'paduku, a TaK¥Ke HEKOTOPbIE CBOMCTBA OCHOBHBIX dJIeMEHTap-
HBIX yHKIMI npuBejgennb B Taba. 1.1,

3apaun ANA CaMOCTOATENLHOTD pewenns

1. Haiigure obnacts onpeaeneruns GyHKIAN:

J.'_ ~1. .
D =3 2)f(X)—x, g 8 f0 ==
) 10=25 5) 10 =¥ 25 6) ()=

7) f(x) = In(1 - 4x7); 8) f(x)=

ln(l +x),
-1

9) f(x)=1gBx-2)-V2-x; 10) f(x)=

1

log,(1-x)

-3V4-x%;

11) f(x)= nrccos[% - 1); 12) f(x) = arcsin(x? + 2x);

13) f(x)=1-2x +3arcsin i

2. VeTaHOBHTE YeTHOCTh MM HEYeTHOCTb DYHKILMIA:
15) f(x) = |x| + 15
17) f(x) =9 - x%; 18) f(x) = -2 + 8Bx - 13;
19) f(x) = x®+ x® - 3x; 20) f(x) = 1 — 3cosx;
21) fx)=2""; 22)f(x)=x’sinbx;

16) f(x) = Incosx;

2) (=% 20) =525
+x -4
25) [ =251

“1. 14) f(x)=Igsinx + JA— 22
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9. Tpu eTpeska NPOUIBOAAT 110 OAHOMY BEICTPEJY 110 IeJIH, Bepo-
ATHOCTH MONA/AHMA B KOTOPYIO PABHBI: JUIA nepBoro crpeska — 0,63
aas sroporo — 0,7; st rperbero — 0,8. Haitgure BeposiTHOCTD 0O~
HOTO NOTA/IAHISA B IEJTh.

10. M3 ko061 B 32 KapThl HAYPa/l OJIHA 3a APYroil BRIHUMAIOTCH
aBe kaprel. Haliinre BepoATHOCTE TOrO, YTO BLIHYTHI BAJIET U laMa.,

11. Pebenok urpaer ¢ yeTbipbMs GYKBaMM paspesHoit asbyku A,
A, M, M. Kakosa BepoATHOCTE TOT0, 4TO 1IPH CAYYAIHOM PACIION0=
JKeHHH OYKB B PAJ OH MOJIYYUT CIOBO «MaMa»?

12. Tlpoussesien 3an na ABYX opyanii 1o muimenn. BepostHocTs
nonajanms ua nepporo opyans pasua 0,85, ua sroporo — 0,91, Hait-
JIMTe BEPOATHOCTH OPAXKEHHSA eJIH.

13. BepoAaTHOCTD ONAJAHUA B MUIIEHD JJISA IEPBOTO CTPEJNKA —
0,8, a g5 Broporo — 0,6. CTpeskn HE3aBUCHMO JPYT OT APYTa CAe~
JIAJIN TIO OIHOMY BhicTpeny. KakoBa BepOATHOCTE TOTO, Y4TO B MUILIEHB.
NONAAeT TOABKO OJINH U3 CTPEIKOB?

14. Pabounii obenysknpaer 4 cranka. BeposiTHOCTB TOTO, YTO B Tede~
HUE Yaca NepBblii CTaHOK He norpebyer BHMManus pabouero, pasua 0,7;
JIJISi BTOPOTO CTAHKA 9Ta BepositHocTh pasHa 0,8; ais Tpervero — 0,95
ansa gerseproro — 0,85. Haiture BeposiTHOCTH TOro, 4TO B TEUEHHE
yaca 10 KpaitHeil Mepe oJInH CTaHOK norpebyer BHUMaHus paboyero.

15. Hecrannapraeix uaaenanii 8 naprun 5 % . Kakosa BepoaTHOCTH
TOTO, YTO {BA HAYTA/l B3ATHIX M3Jeaus GYAYT CTAHAAPTHBIMU?

16. B xomanze us 12 cnopremenos 5 mactepos cnopra. 1o skepes
GheBKe M3 KOMAH/Ib! BEIONPaoT 3 ciopremenos. Kakosa BeposiTHOCTS
TOTO, UTO BCe BLIGPAHHBIE CIOPTCMEHBI ABJIAIOTCS MacTepamy cropra?

17. Dx3amenanmonHblil Guser cogepkut 3 Bonpoca. BeposarHocs
TH TOTO, YTO CTY/ICHT OTBETHT Ha NEePBHIA M BTOPOii BONpoCcH! Gues
Ta, pasael 0,9; Ha Tperuii — 0,8. Haiiaute BeposTHOCTL TOTO, UTO
CTYIEHT CIACT DKIAMEH, €CIIH IS ATOTO HEOOXOAMMO OTBETHTh XOTSH.
Obl HA 1BA BOTIpOCA.

18. Ha necsatn kaproukax Hanucaun 6yksnl A, A, A, M, M, T,
T, E, U, K. [locse TiareasHoro nmepeMenIMBAHNA BHIHUMAIOT HAYTaj
OJIHY KAPTOUKY 38 APYTOil M PACKJIA/IBIBAIOT MX B TOM NOPAAKE, B KA~
KOM OHM BRIHYTEI. Haiiinre BeposATHOCTDL TOrO, YTO HA KAPTOUYKAX
Oyner nanucano caoso « MATEMATHUKA».

19. B norepee Boinymeno 20 6uneros, 10 13 KOTOPBIX BBIHIPBI=
Baior. Kynueno 5 6uneros. Kakopa BeposiTHOCTH TOTO, YTO 110 Kpaii-
Heil Mepe OJIMH N3 KYIJIEHHBIX OMJIeTOB BHIMTPBILITHBIN?

20. U3 napruu, B kotopoit 30 setaseit 6es gedexra n 5 ¢ gedex-
Tom, GepyT Hayaauy 3 nerasu. Haliinre BeposTHOCTH TOrO, 4TO MO
KpaitHeit Mepe oaHa jerans 6e3 gedexra.
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A ©DOPMYNA ﬂOpHOI;I BEPOATHOCTW.
®OPMVYJIA BEMECA

7.4.1. @opmyna NONHON BEPOSTHOCTH

Tlycrs uHTEpecyioliee Hac cOObITHE A MOXKET HACTYIIUTH MK He
HACTYIHTH C OAHUM M3 PAJA HECOBMECTHBIX COOBITHI Ay, Ay, ...y A,
COCTABJIAIONNX MOJHYIO Ppynmy cobbrrnii. CobbiTHa Takoro poja
00BIYHO HABBIBAIOTCS 2UNOMe3aMu. BepoaTHOCTH BCeX rUIIOTes na-
BECTHBI, T.e. Aaubl P(A,), P(A;),..., P(A,). U3BecTHBI TaKXkKe YCA0B-
Hbie BEPOATHOCTH HACTYIJIEHUS COOBITHS A NPH OCYIECTBICHUN
Kax<0if N3 yKasaHHBIX runores, T.e. Py (A), Py (A),..., P, (A). Tor-
/I8 BEPOATHOCTH MHTEPECYIOMEro HAc coGRITHA A onpejensieTcs u3
POpMYNBL NONHOU 6EPOAMHOCIU

|P(-4) = P(ADE, (A)+ P(A) P, (A) +.t P(A,) P, (A).

Hpumepwi. 1. B neppoii ypue naxoanres 6 Gennix u 4 yepusix mapa,
80 BTOPOil — 3 Geabix 1 7 uepHbixX mWapos. Ma nepsoii ypust Hayraa nape-
KAeTCs OJMH LIAD W NePeKJAJBIBATCS BO BTOPYIO YpHY. 3aTeM M3 BTOPON
YpHBI HAyraa Aoctaetcs ofnH wap. Kakosa BeposTHOCTE TOro, 4T0 OH Ge-
Ani?

Pewenue. OGoauauum cobbiTie A — BAHYTHIL WP U3 BTOPOil ypHBI —
Besnbiit. BO3MOXKHBI rHNIOTE3BI: A — BBIHYTHI WIAP M3 NePBOil ypHbI Gebiil;

6 . N . 4

P‘A":iﬁ‘ A, — BHIHYTHII map M3 neppoit ypusl Yepunlii; P(A,) = 0
Haiizem ycnoBHEIE BEPOATHOCTH HACTYIUIEHNS CODBITHA A DU OCYLIECTB-
JleHun Kaxao0i ua runores, T.e. P, (A) (BeposTHOCTB TOrO, 4TO WAP, BbI-

MyTBI M3 BTOPOI ypHBI, Geiblil, IPH YCJIOBUM, YTO B Hee W3 NepBoil ypHbI
100N Gebiit map) = % 1 P, (A) (BEPOATHOCTE TOTO, 4TO MIAD, BEIRY-
Thiit 13 BTOPOit ypHBI, Geblil, IPH YCOBUM, UTO B HEe 3 NePBOil YPHBI MO~

A0AuAM wepHIit map) = % OxomvuaTeBHO, 10 HOPMY.1e TONHOI BepOAT-
HocTH:
6 4 4 3 36 18

P(A)= P(A)) P, (A)+ P(AZ)PA‘lAFE TRET TR T T

2. Yacel 02HOI MAPKM M3roTOBJAAIOTCH HA TPEX 3aBOJAAX M MOCTYNAOT
» marasun. Tlepsbiii 3aBoa npouasoaut 20 % Beeil NPoaYKIMM, BTOPOH —
80 Y%, Tpernii — 50 %. B npoaykmuu nepsoro aasoaa cnemat 5% Beex
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uacos, Broporo — 3%, TpeThero — 2 % . Kakopa BepoATHOCTH TOTO, 4TO
KYIUIEHHbIE B MArA3HHe 4achl criemar?
Pewenue. O6oanaanm cobbiTne A — KynieHHsle yachl cnemar. Boamox-

IloacunTaem HCKOMYIO BEDOATHOCTS TOI'O, 4TO HAYAAUy B3ATOE H3jeane
Oy/eT BHICIIEro KadyecTsa no GopmyJie NMoJHONH BePOATHOCTH:

AT 1...2 7 p—
HEI PHIOTE3BI: A, — WACHI M3TOTOBJIEHB HA nepsoM 3asoge, P(A,)=0,2; "A"P(B‘jP‘!(A”P(B‘)P"J(A'*P(BJ)P'*-(A)'5’0'9+§'0'85‘§ 0,80=
A, — 4aCkl M3rOTOBJIEHBI HA BTOPOM 3aBoje, P(A,)=0,3; A; — vachl u3:
) : ! =1@7417422)=88.86_11_gqq3
roTopnens Ha Tpethem sasoge, P(Ag)=0,5. Haiigem yciosnbie Beposr- 9 9 90 15

HOCTH HACTYILTEHNSA COBLITHSA A NIPH OCYIECTRACHUM KAXAOH U3 THIIOTe,
T.e. Py (A), Py (A), Py (A); Py (A) (BePOATHOCTE TOTO, UTO KyIJIeHHBI s 742. mopmyna Beieca
9aCkl CHEIIAT, NPH YCAOBHH, YTO OHM M3TOTORJEHH! HA NEPBOM 3aBOAE)
=0,05. Anasormuno, P, (A)=0,03, P, (A)=0,02. Oxomuatennio, no doj
MyJle nonHO# BepoATHOCTH:

P(A) = P(A)P, (A) + P(A)P, (A) + P(A5)P, (A) =

Panee Mbl pACCMATPUBAIIM BEPOATHOCTH COOBITHIA JI0 MCIIBITAHMIA,
T.€. B KOMILJIEKCe YCJIOBHIl He (hUrypupoBa pesyibmam nposeden-
Hozo onbima. OBpaTuMes Teneps K caepyiomiei cxeme. Ilyers yeao-
BHS HCTIBITAHNS COAEPIKAT HEKOTOPBIl HENBBECTHBIII HJIEMEHT, OTHO-
CHTEIBHO KOTOPOTO MOKeT GbITh BBIIBHHYTO 7 PASIMYHBIX ¢IUIO-
reas Ay, Ay, ..., A, 06pa3YIOIIMX NOJHYIO IPYNNY cOOLITHI; 110 TeM
MM MHBIM IPHYMHAM HAM U3BECTHBI BepositHoeTH P(A)) aTnx rumno-
Tea /10 MCIIBITARMS; H3BECTHO TAKIKE, UTO THIOTe3a A, ¢co0bIIaeTs He-
KOTOPOMY COOBITHIO A BepoaTHOCTb Py (A)(1<i < n) (Py(A) — Bepo-
ATHOCTH COOBITHS A, BLIYHCICHHASN NIPH YCIOBMH, YTO CIPaBe/INBa
runoresa A)). Eciu B peayaprare onbita cobbiTHE A HACTYNHIIO, TO
9TO BHI3BIBAET NEPEOLEHKY BEPOATHOCTEH runoTes A, u 3ajaua co-
CTOMT B TOM, 4TOOBI HANTH HOBEIE BepoATHOCTH P 4(A)) 9THX runores.
Orser paercsa gopmyioi Beiieca.

=0,2:0,05+0,30,03+0,5-0,02=0,01+0,009+0,01 =0,029.

3. Ha 6asy noctynaior uaaenus ¢ Tpex 3aBojios. Ilepsuiii 3aB0j nocTas=
JIHeT NPOAYKIMH B NoJATOpPa pasa Goablue, 4eM BTOPOH, U HA OAHY T
MeHbLue, Yem TpeTnii. B npogykinun nepeoro saBoja naie us BLICIIEro Ka=
uecta cocrapnsior 90 % , B npoaykuun sToporo — 85 % ¥ B npoayKuui
Tpetbero — 80 % . HaiiTn BEPOATHOCTL TOTO, YTO HAYAAUY BAATHIE HA
u3zenns GYAYT BHICIIEro KAYecTsa.

Pewenue. CobeiTue A 03HAYAET, UTO BIATOE N3JIe/IHE BRICIIETO KAYECTBA.
Yepes B, B,u B; 0603HaunM COOBITHA, COCTOAINE B TOM, YTO N3/IeTH N3~
TOTOBJIEHBI HA [IEPBOM, BTOPOM M TPeTheM 3aBojax. Beruncaum BeposaTH
™ cobbiTuit By, By, By. llycTs nepseiii 3aBoj nocrasaser X uajenuii, Tors
m Teopema zunomes (meopema Beiieca). Bepoamnocmy zu-
NOMe3bl NOCAE UCTILBLMANRUR PABHA NPOUIECOCHIUIO BEPOAMHOCTU
eunomesvl G0 UCNLIMAHUA HA COOMEEMCMBYIOWYIO €l YCIO0BHY IO
BepOAMHOCMb COObLMUA, KOMOPOE NPOUSOULIO NPU UCTLLMAHUU, e

JAa BTOPON —

1 4
X, TpeTHii — X+ §x = ax. Bwmecrte onm nocrass

2 4 ACHHOMY HA NOJHYIO BEPOAMHOCMb IMO20 cobbimus:
— 3 =
TO 3aBOAA paBHA é = %, BTOPOTo — g— :g, TPeTLero — ‘;—x By (4= P(A‘)PA‘(A) _
arHocTi P(B,) paBHBI BEIMHCJICHHBIM A0JAM B IOCTABKAX, T. €. P(A)
" 5 4 _ P(A)P, (A)
PB) = 2. P(B) = 5, P(By) = o P(A) P, (A)+ P(Ay) Py, (A) +...+ P(A,) P, (A)

Tak kak cobwmTus B, (runoreas) 06pa3yioT NOJHYIO TPYNNy, TO He=
TPYAHO yOEAMTHLCA B TOM, YTO CyMMa X BeposTHocTell pasua 1. Haiinem
yeaoBHblie BepositHOCTH Py (A) Toro, uro naaenune Gyser BhiCHIero Kade-
CcTBA. DTH BEPOATHOCTH PABHBI JOJNAM W3JeHHil BhICIIEro KauecTsa Beell
NPOAYKIUMHK AAHHOTO 3ABOAA, T.€.

BoaBpaTumcs Tenepb K npuMepy ¢ yacamu (CM. npuMep 2 U3 noj-
pasa. 7.4.1) u copMynpyeM ero cjieayiomum obpasom.

IMpumepwe. 1. Yackl 01HO MADKH M3TOTOBJIAIOTCA HA TPeX 3aBOJAX W
nocrynaior B marasus. [lepseiii sasoa npoussoaur 20 % Beeii npoaykmmu,
wropoii — 30 %, Tpetuit — 50 % . B npoaykumu mepsoro sapoja cnemar
b % scex uacos, Broporo — 3 %, tpersero — 2 % . Kynaennote wacot cne
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Py (A)=0,9; Py (A) = 0,85; Py (A) = 0,8.
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wam. (Iro kmovesan ppasa, rOBOPAILAA O TOM, YTO HACTYIHJIO HEKOTOPOE
cobriTne A. Takue (hpasel ecTh B KaXA0il 3ajade, pemaemoii o popmyse
Beiteca.) Kakosa BepoATHOCTS TOFO, UTO OHU M3TOTOBJEHH HA NEPBOM 38~
Boze?

Pewenue. Tlyers cobhiTne A — KymienHbie yack: cnemar. B oosnaue-
HUAX, AHANOTHYHLIX IPE/BIYIEMY TTONPASENY, GyAeM HMETh:

P(A)P,, (A) N
P(A)P, (A)+ P(A)P, (A)+ P(A)P, (A)

Py(A) =

N 0,2:0,05 _ 0,01 _10
“0.01+0,009+0,01 0,029 20 %

Hrak, HeCMOTPA Ha TO, YTO NPOAYKIMA NepBoro sasoaa cocrapaser 20 %,
€ro 10251 B Gpake (T.e. B TOM, 4TO KyIIeHHbIe yachi cnemar) — 34,5 %.

2. Jlpa OXOTHMKA HE3aBMCHMO APYT OT APYra OAHOBPEMEHHO CTPeasOT
OAMHAKOBBLIME NyJIsAMH B 0cs. B peayabrare noce 6b11 youT otHO#M nyiei.
Kak OXOTHHKH A0JKHEI IOAENHTE TYIY YOUTOrO 10CH, ecaH H3BECTHO, 4TO
BEPOATHOCTH NONAAaHus y nepsoro oxorunka 0,3, a y sroporo — 0,62

Pewenue. Obosnaunm coburne A.— 10ck your oanoii myeit. Boamoxk-
Hbl PUTIOTE3BI: A, — MONAJ NepBbiii OXOTHAK, a BTOPOii npoMaxHyacs; A, —
HepBbIil OXOTHIK POMAXHYJICH, & BTOPOHi nona. Coburnst A, u A, Hecof
MEeCTHBI, OJHAKO HE COCTABJISAIOT NOJHOM rpynnk cobuituii. [loaromy BBE-
zem elle ABe rUroTessl: Ay nonanu oba oxornuka, A, — 006a OXOTHHKA
POMAXHYAMCE. BAMETHM, UTO COBLITHE A MOMKET IPON3OITH TOrAA U TOM-
KO TOrAa, Korja npousoma anbo runoresa A,, 1ubo runoresa A,, T.e.
Py (A)=P,,(A)=1 u P, (A)=P, (A)=0. Kpome toro, P(A))=P(1-2)
=0,3-0,4=0,12; P(A,
P(Ay)=P(1-2)= 0,7-0,4 = 0,28, rae cobuitna 1,2 — nepselii nona, a BTo~
poii npomaxmy.icst u 1. 1. lpumenss gopmyy Beiteca, noayunm

Py(A)= B4 B () =
P(A)P,, (A) + P(A;) Py (A) + P(Ay) Py, (A)+ P(A) Py, (A)
- 0,121 2
0121+0,42.1+0,18:0+0,280 9
B P(A,) P, (A)

T PANP, (A)+ P(A) Py (A)+ P(A) P, (A)+ P(A) Py (A)

~ 0,421 7
0121+0,421+0,18:040,28°0 9

Wrak, NpH COPaBeUTMBOM JleJieJke NePBhIil OXOTHNK J0JIKeH NONYYHTh
2/9 Tymm, T.e. Menbme 1/4, B T0 BpeMs KAK, HA DBl BATJA, KAJANOCH,
uTo emy npuunraercs 1/3 rymn.
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= P(12)=0,70,6=0,42; P(A,)=P(1-2)=0,3-0,6=0,18;

3apaun Ans caMoCTOATENbHOMO PeleHns

1. Cpeau nocrynawoumux Ha c60pKy Aerajeii ¢ 1epBOro cTaHKka
0,1 % GpakoBaumbix, co Broporo — 0,2 %, ¢ Tperbero — 0,25 %, ¢
werseproro — 0,5 % . [IpoM3BOANTENLHOCTH CTAHKOB OTHOCATCA KaK
4:3:2:1. Haiigure BeposTHOCTb NOCTYNJeHHs Ha cGOPKY rogHoro
napesns.

2. JIBa KOHCEPBHBIX 3aBO/la OCTABJSAIOT NPOJAYKIHMIO B MArasux
B nponopuuu 3:2. Jlona NPOAYKIMH BLICIIEro COPTA HA MEPBOM 3a-
Boje cocrasiasier 80 % , a na sropom — 60 % . Haiianre BeposiTHOCTH
npuobpereHus NPOAYKIMH He BBICILIEro copra.

3. JIBa KOHCEPBHBIX 3aBOJA NOCTABIMIOT B MArA3UH MACHBIE W
OBOIHBEIE KOHCEPBbI, IPHYEM MepBhIil OCTABIsAET B TPH pasa 6oub-
e BToporo. Jlo/is OBOLIHbIX KOHCEPBOB B POAYKIMH [EPBOTO 3aB0-
Aa cocrasasier 60 % , a sroporo — 50 %. Jlusi KOHTPOJA B MarasuHe
Hayzauy B3sTO OAHO mM3jenane. Kakosa BEPOATHOCTH TOrO, 4TO 9TO
MACHBIE KOHCEPBBI? .

4. Jlpa ToBapoBeja NPoOBEPAIOT NAPTUIO u3Aeanii. IIpoussoam-
TeJBLHOCTH MX TPyAa oTHOcATeA Kak 2:1,5. [lepsoiii ToBapoBea
Gpaxyer 10 % uagenuii, a Bropoit — 15 % . U3 npoBepeHHbIX 13-
‘lell"ﬁ HayjAa4dy B3sATO OJIHO U3Jlesine, KOTopoe 0Ka3aJoch roiHbIM.
HaiiagnTe BEPOATHOCTDL TOTO, YTO U3JleJINe IPOBEPEHO BTOPLIM TO-
BAPOBE/IOM.

5. Ha ckaaz ot Tpex nocrasmunkos noctynuio 200, 300 u 500 ns-
Jeanii coorercrBenno. IIpofyKkumns nepsoro nocrasimnia umeer 5 %
Opaxa, sroporo — 6 % , Tperbero — 4 % . Haiigure BepoATHOCTH 110~
JIYYEHHS CO CKJIaJa roAHOro uajenus.

6. Ha pacnpeenureabHoil 6a3e HAXOAATCA dJIEKTPHUECKHE JTaM-
HOYKH, H3rOTOBJIEHHbIe Ha ABYX s3aBojax. Cpean Hux 60 % usroros-
Jlens! Ha nepsoM 3aBoge u 40 % — ma Bropom. UssectHo, uTo M3
kaxcabix 100 J1aMnouex, H3rOTOBJEHHBIX HA NepBoM 3aBoje, 90 co-
OTBETCTBYIOT cTanaapty, a u3 100 jaMnouex, U3rOTOBJEHHbBIX HA
BTOPOM 3aBOJE, COOTBETCTBYIOT cTanapry 80 samnouex. Onpezgesnn-
Te BEPOATHOCTH TOrO, YTO B3ATAA Hayraa JlaMIovxKa 6y}leT CoOTBeT-
CTBOBATH CTAHAAPTY .

7. Ha Toprosoii 6ase HAXOAATCA KOCTIOMbI, H3rOTOBJIEHHBIE HA
Tpex (abpukax. s uux 30 % marorosieHo na nepsoit pabpuke,
50 % — ua Bropoii, 20 % — Ha Tperbeit. U3BecTHO, YTO M3 KAKJABIX
100 KOCTIOMOB, M3rOTOBJIECHHBIX Ha NepBoil abpuKe, BHICOKOrO Ka-
wectsa 60 % , ua Bropoit — 70 % u na tperseii — 80 % . Onpeaenn-
Te BEPOATHOCTD TOTO, YTO B3ATHIA Hayraj ¢ Gaspl KocTiom He Oyzer
BBICOKOI'O KavecTsa.
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8. B sannblii paiion M3/le/INs NOCTABISAIOTCS TPeMs (GUpMaMu B cO~
ornowennn 5:8: 7. Cpeau npoaykunu neppoii GupMbl cTasgapTHBIE
usgenus cocrapnnior 90 % , Bropoit — 85 % , rperveii — 75 % . Haii-
JAMTe BEPOATHOCTD TOTO, 4TO: a) NPHOGPETeHHOE U3/esINe OKAXKEeTCH
HecTaHJAAPTHEIM; 6) npHoGpeTeHHOe N3JIeIHe OKABANIOCH CTAHAAPT-
HeM. KakoBa BepoATHOCTE TOTO, YTO OHO M3TOTOBJIEHO TpeTheil (hup-
MOit?

9. B KOHANTEPCKOM IeXe BHITYCKAIOT TOPTHI ¥ THPOMKHbIE, PU-
ueM NUPOKHBIX B 5 pas Gosbiue; 20 % Topros n 40 % NHPOMKHBIX U3~
roroiensl ¢ opexamu. Hayraa Boibpanuoe uajesine okasanocs ¢ ope-
xamu. Kakosa BeposiTHOCTE TOr0, 4TO 9T0: TOPT? NMPOKHOE?

10. AreHTCTBO 110 CTPAXOBAHMIO ABTOMOOMIIEH pasesfaeT BOAuTe
Jieii mo Tpem Kaaccam: kaace H, (mano puckyer), kiace H, (pucky-
er cpeane), Hy (pUCKyeT CHIBHO). APeHTCTBO NPEANoNaraeT, 4To ua
BCEX BOAMTENel, 3acTPaXoBaBIIHX aBToMOOKIH, 30 Y NpUHALIEKAT
k kaacey H,, 50 % — x knacey Hy, 20 % — x knaccey Hy. Bepoar-
HOCTB TOr'0, 4TO B TeYE€HHE rojla BOAUTEN b Kjiacca H| nonajaeTr xors
6b1 B optHy aBapuio, pasna 0,01; knacca H, — 0,02; knacca Hy —
0,08. Boaurenn A crpaxyer cBoii aBTOMOOGMJIL U B TeUeHHe rojla o=
najaer B aBapMio. Kakosa BEPOATHOCTH TOrO, YTO OH OTHOCUTCH K
kaacey H,?

11. B npoaykumu kouauTepekoil habpukn mokonagnsie Konpe-
Thi cocraasnior 40 % accoprumenta. B cpeanem 10 uz 1000 moko-
JafHBIX KOHMET 0KasbIBAIOTCA ¢ GPAKOM, JUIsi OCTATBLHON MPOAYKIIMA
ATOT nokasaresnb pasen 5 ua 200. Buibpannoe nayraa usgenmne oxka-
sasock Ges Gpaka. KakoBa BepOATHOCTB TOTO, YTO BTO GBLJIA IMIOKO-
JnaaHas Kondera?

12. Ha XMMHYECKOM 3aBOJle YCTAHOBJIEHA CHCTEMa aBapuitHON
curnanmsanun. Korna Bosaukaer aBapuitnas cuTyanus, 3ByKoBO#
curaan cpabarbiBaeT ¢ BepoATHOCTHIO 0,95. BBYKOBO# CHIHAN MOXKeT
cpaGoraTh caydaitHo u Ge3 aBapuitHON CHTYAILNH ¢ BEPOATHOCTHIO
0,02. PeanbHasi BepOATHOCTDL aBapuitHOil cuTyanuu pasua 0,004,
Tpeanonoknm, 4To 3BYKOBOI curuan cpaGorasn. Yemy pasua Bepo-
SATHOCTH TOTO, YTO 9T0 ObLIA aBapuiiHas cuTyannn?

13. Ha gabpuke paGoraior 3 cranka. [Ipn aToM npoussoauTe b
HOCTH BTOPOTO CTAHKA BJIBOE BbIIIE IPOM3BOAHUTENBHOCTH nepsoro 1
B MOJTOpPa pa3a Bbillle NPOU3BOAMTENILHOCTH TpeThero. Ha nepsom
cranke n3 kaxkaAbix 10 uagennit 6 uajennii Boicmero copra, Ha BTO-
pom — 8 u Ha TpeTheM — 7. HaliinTe BePOATHOCTH TOTO, UTO B3ATOE
HAYTaJl Co CKJIA/la U3/leTHe UMeeT BBICIIIAN COpT.

14. Ha ckJaji nocTynaioT OMHAKOBBIE dJI€KTPUYECKHe YTIOTH.
Tepserit saBox nocrasasier 80 %, Bropoit — 20 % Bceii NpogyKunH.
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MasecTHO, uTO NepBbil 3aBoj Beinyckaer 90 % NPOAYKIAH NepBoro
copra, Bropoii — 95 % . KakoBa BeposiTHOCTb TOTO, UTO NPOJAHHBIH
OKyTATeJIo YTIOT U3 HayJauy BLIGPAHHON NapTHH nepsoro copra?

15. DreKTpUUecKHe JaMIIbl H3rOTOBJISIOTCA HA TPEX 3aBOAAX.
Ilepsriit 3aBoj NPOH3BOANT 45 Y% 06IIEro KOJINUECTBA JIEKTPOIAMII,
nropoit — 40 %, Tperuit — 15 % . IlpoayKuus nepsoro 3aBozia co-
nepxkur 70 % crangapTHbIX gamn, Broporo — 80 %, Tperbero —
81 % . B Marasuus! nocTynaeT npoAyKIins Beex Tpex sasosos. Kako-
BA BEPOATHOCTH TOTO, YTO KYIUIEHHASA B Marasuxe JlaMIa oKaxercs
crangapTHON?

16. Ha c6opky nonanaior aeraiu ¢ rpex aBromartos. UasecrHo,
uro nepeeiit apromar aaer 0,3 % Gpaka, Bropoit — 0,2 % wn Tpernit —
0,4 % . Haiignre BepoATHOCTH nonajanus Ha cGopry GpakosaHHOH
JAetanm, ecau ¢ nepsoro agromara nocrynuio 1000, co sroporo —
2000 u ¢ Tpersero — 2500 geraneii.

17. TIpu6ops! 0HOTO HAMMEHOBAHNS U3TOTOBJIAIOTCS HA TPEX 3a-
ponax. Ilepseit 3aBoz nocrasasier 45 % Bcex magesauit, NOCTYNHB-
MUX HA TPOU3BOACTBO, BTOPoil — 30 % u Tpernit — 25 % . Hanex-
HOCTh PpUGOpa, M3TOTOBJIEHHOrO HA NepBOM 3aBoje, pasHa 0,8, na
sropom — 0,85 u Ha Tperbem — 0,9. Onpenenure NOAHYIO HALERK -
HocTh mpubopa, NOCTYNMUBIIEro Ha NPOM3BOJACTBO.

18. Jlpa aBTOMATA IPOM3BO/AT JETAIH, KOTOPbIE IOCTYHAIOT Ha 06-
muit Kouseiiep. BeposiTHOCTH NOJIyYeHNs HECTAHAAPTHOI leTann Ha
nepsom asromare pasua 0,075, na sropom — 0,09. ITpoussoauresns-
HOCTH BTOPOTO aBTOMaTa BABoe Gonbie, yem nepsoro. Haitaure se-
POATHOCTE TOTO, YTO HAYTAJ B3ATAS ¢ KOHBeiiepa JeTa/lb HeCTaHAapT-
Had.

19. Ha 3aBosie, H3roToBJsiioneM 60JIThI, NepBas MaIINHA IPOU3-
poaut 25 % , Bropas — 35 %, Tperbi — 40 % Bcex uaaennii. B nx
npoayKiuu 6pak cocraBiasier coorBercTBen o 5, 4 n 2 % . Kakosa se-
POATHOCTB TOTO, YTO CAYYANHO BLIGPAHHBI 60T AedeK THBIH?

20. PaGounii o6csryKnBaeT TP CTAHKA, HA KOTOPbIX o6pabaTbiBa-
J0TCA OAHOTHIIHBIE AeTasu. BepoaTHOCTh GpaKa s NepBoro CTaHKa
pasua 0,02, aus Broporo — 0,03, ans rpersero — 0,04. O6paboran-
Hble JIeTaNn CKJIAALIBAIOTCH B OJMH AMK. "DDHGBDHHTEJILHOCTE
TNepBOro CTAHKA B TPH pasa GoJbine, YeM BTOPOro, a TPeTbero — B
JiBa pa3a MeHbIIle, YeM BTOPOro. Onpenenu're BEpPOSATHOCTH TOrO, UTO
BasiTas Hayaady feranb Oyaer GpaKoBaHHOM.

21. Ha Tpex aBTOMATHYECKHX CTAHKAX U3rOTOBJIAIOTCH OJANHAKO™
poie fetaan. Uasectno, uyro 30 % npoAyKINM TPOU3BOJUTCS NEPBHIM
crankoM, 25 % — BropbiM u 45 % — TperbuM. BeposTHOCT M3rO-
TOBJIEHUSA JeTalu, o'rneqnmmeﬁ CTAHAAPTY, HA IEPBOM CTAHKE paB-
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ua 0,99, na sropom — 0,988, na rpervem — 0,98. Usrorosiennsie
B TeYeHHe JIHs Ha TPeX CTAHKAX HepacCOPpTHpPOBaHHbIe JeTaln HaXo~
aaTes Ha ckaaje. OnpeenuTe BEPOATHOCTH TOTO, YTO B3ATAS HAYTA
AeTalb He COOTBEeTCTBYeT CTAHAAPTY.

22. 3aBoj BBIIYCKAET JJIsi MATHUTOMOHOB TPU TUNA NPEAOXpa-
uureneit. Jlons kaxaoro ua Hux B obiem obbeme cocrasiusier 30,
50, 20 % coorBercrenno. Ilpu neperpyske ceTs npejoxpaHuTelrsb
nepsoro Tuna cpabareisaer ¢ BeposiriocThio 0,8, Broporo — 0,9 u
Tperbero — 0,85. Buibpanublii Hayayy npejoxpanuresib He cpabo-
TaJ Ipu neperpyske cetu. KakoBa BepOATHOCTH TOrO, 4TO OH IPHHAL~
Jiexall K nepsomy tuny?

23. Typuer Mosker noobeaTh B TPeX CTOJOBLIX ropoaa. Beposir-
HOCTB TOTO, YTO OH OTIPABHTCA B IEPBYIO CTOJIOBYIO — 1/5, BO BTO-
pyio — 3/b u B TpeTbio — 1/5. BeposiTHOCTH TOTO, YTO 9T CTOJOBbIE
BAKPBITHI, cieayiomue: neppas — 1/6, sropas — 1/5 u Tperbs —
1/8. Typuer npuies B OfAHY U3 cTOJNOBBIX U n0006esas. Kakosa Be-
POATHOCTH TOTO, YTO OH HANIPABMJICA BO BTOPYIO CTOJIOBYIO?

24. Ha dabpuie, M3roTOBIAIONIEl HEKOTOPYIO NPOAYKIMIO, IepBas
mammmHa npoussoaut 30 % , Bropas — 45 %, Tpetbs — 25 % Beex ua-
JAeauit. Bpak nx npojayKIUH cOCTaBIsAET COOTBETCTBEHHO 2, H 1 3%.
Haiizinre BepoATHOCTH TOTO, YTO ciy4ailHO BEIOpaHHOE U3/ie/ e 1Po-
M3BEJICHO NEePBOil MAIIIMHOM, eCJIM OHO OKA3aJI0Ch JePEeKTHBIM.

25. OiMH U3 TPEX CTPEJKOB BbI3BIBAETCH HA JHMHUIO OTHS U PO~
u3BOAMT BhicTpes. e nopaskena. BepoaTHOCT NONAjaHus B MU~
HIeHb IPU OJHOM BhICTpeJie JUIsi epBoro crpejka passa 0,3, pus
Broporo — 0,5, aus rpersero — 0,8. Haiizgure BeposiTHOCTH TOTO, 4TO
BBICTPEJI IPON3BE/ICH BTOPLIM CTPEJIKOM.

26. B uacoByi0 MaCTepPCKyio noetTynaior B cpejanem 40 % 4acos ¢
nedexrom A, 25 % — ¢ gedextom B u 35 % — ¢ gedexrom C. Bepo-
ATHOCTH peMoHTa uacos ¢ nedexrom A pasna 0,6, ¢ gepexrom B —
0,7, ¢ nedexrom C — 0,8. Yacsl, 1ocTyNUBIINE B PEMOHT, OTPEMOH~
THpoBaubl. Hailjiure BePOATHOCTH TOTO, 4TO Y 4acoB Obla gedexT A.

27. Ha ckaiaj nocrynaer npoAykiug Tpex (pabpuk, npuyem npo-
AyKIMA nepBoii pabpuky cocrasuser 20 % , Bropoii — 46 %, Tpe-
Theit — 34 % . UaBecTHO, 4TO CPeIHHIT IPOIEHT HeCTAHAAPTHBIX U3~
nenuit st nepBoii pabpukn pasen 3 %, aas BTopoit — 2 %, pusa
Tperbeit — 1% . Haiigure BepOATHOCTD TOrO, Y4TO HAayjAa4y B3sATOE
u3jleJine NPOM3BeIeHO Ha NIepBoil (habpuKe, eciin OHO OKA3AI0Ch He-
CTAHJAPTHBIM.

28. B cuenuainaupoBannyio 601bHAILY NPHBO3AT B cpeanem 50 %
Boabubix ¢ 3abonesannem K, 30 % — c sabonesanuem H, 20 % —
¢ 3aboseBaruem M. BepoaTHOCTE NOJTHOTO H3NedeHns or 6ouaesnn K
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pasna 0,7, ans 6onesneit H u M 5Ta BepOSATHOCTH COOTBETCTBEHHO
pasna 0,8 n 0,9. BonbHo#, nocTynuBLINi B GOMBHALLY, OBLI BBITTHCAH
az10poBbiM. Haiijinre BEPOSTHOCTH TOTO, UTO 3TOT GOMBHOM CTPajas 3a-
Gonesaumnem K.

29. [TyTemecTBeHHUK MOXKeT KYIAThL Gujier B 0AHOM U3 Tpex Kace
JKEJIe3HOOPOIKHOrO BOK3aAa. BepoaTHOCTE TOrO, 4TO OH HATIPABUT-
cs1 K nepBoii kacce, — 1/2, ko Bropoit — 1/3, K TpeTbeii — 1/6. Be-
POATHOCTH TOTO, Y4TO GUJIETOB Y€ HET B KACCAX, TAKOBLI: B IEPBOM
kacce — 1/5, Bo Bropoii — 1/6, B rperneii — 1/8. [lyremecrsennuk
obpaTHics B OAHY M3 KACC M NOJAyuna 6uier. Onpesennre BepoaT-
HOCTB TOTO, YTO OH HAIIPABMJICH K NEpPBOii Kacce.

30. Typuer, 3a61yAMBIINCE B JIeCy, BbILIeJ Ha NOJIAHY, OT KOTO-
poii B pasHble CTOPOHBI MAYT NATH Aopor. Eeau rypuct noitaer no
1epBoil 10pore, To BEPOATHOCTH BLIXO/A TYPHCTA U3 Jleca B TeUeHie
waca cocrasaser 0,6; no sropoii — 0,3; no rperseit — 0,25 no uer-
peproit — 0,1; no naroii — 0,1. Kaxosa BepoaTHOCTb TOTO, UTO Ty~
PHCT [OIIEJ 110 TIePBOii I0pOre, ECIIM OH HYepes uac Bhilles 3 jeca?

MOBTOPHBIE HE3ABUCUMBIE UCTILITAHUS

7.5.1. MoBTOpPHbIE HE3EBUCUMbIE UCMbITAHUA.
®opmyna Beprynnu

ITyeTs NPOM3BOAMTCA CePUs OJINHAKOBBLIX HE3ABUCHMbBIX MCTIBITA~
HUii, B peayJbTaTe KaMA0ro 13 KOTOPbIX HEKOTOpOe HHTepecyioliee
Hac coBBITHE A MOIKET TOSIBUTHCH ¢ ONpe/esieHHOI BePOATHOCTHIO
(oaHOit M TOI e BO BCEX MCHIBITAHMAX).

Tlocrasum 3adawy. OnpejesnTh BePOSTHOCTE TOTO, U4TO B PE3YJIb-
TaTe NPOBEICHNS /1 OMHAKOBLIX HE3aBUCHMBIX MCTIBITAHMI HEKOTO
poe coBLITHE A HACTYIHT POBHO M Pa3, €CJN B KAX/IOM U3 DTHX HC-
NBITAHNMI JAHHOE COGBITHE HACTYTIACT C NOCTOSHHON BEPOATHOCTHIO
P(A) = p. Uckomyio seposTHOCTS Gyem obosnauars P,(m). Orser
naerca popmynou Bepryanu:

B,(m)=C7'p"q"

BEPOATHOCTH HEHACTYILJICHUS JaHHOTO CODBITHA A

rae q=1-p
B KAXA0M MCTIBITAHNH (OHA TaKiKe nocrosnHa). PaceMoTpum npu-
MephbI.
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ITpumepui. 1. Urpansusii ky6uk Gpocaercs tpu pasa. Haiitu sepost-
HOCTB TOTO, YTO WIECTepKa Bhmazer: a) 2 pasa; 6) uu paay; B) 3 pasa; r) me-
Hee IBYX pa3; A) He Gosee ABYX pa3; €) XOTs Obl O4UH pa3.

1
Pewenue. B namem cayuae n =3; p= 8 (BEPOATHOCTD NOABACHNSA WIEC
TEPKY NPy KaxaoM noabpackBanum); ¢ =1-p= %
2

4ot (1Y 5_5
n)ﬂ(zchl':al~J 2.2,
3(2)=Cip*q rika

o

s
6) P,(O):c;'p"q“:y[lJ ("Z) _125,
6) (6) 216

4.2 1Y (Y _ 1
8) B(3)=Cipg" =1 [_J [_] =
33) = Cip'q 5 \e) =216

r) WecTepKa BHIMALET MeHee ABYX PAg, eCAN OHA 260 He TOABHTCH Wit

Pasy, Aubo NOABUTCSA OAMH pad. TH COGKITHA He3ABMCHMBEIE, CIEA0BA-
TeabHo,

P(<2)= P(0)+ B(1) = Coplq" + Clp'g? =11 (%J ;3%@] -
125 75 20025

216 216 216 27

2) wecrepka seinager He Gojee ABYX pas, €CAM OHA AUGO HE TOABUTCS
HH Pa3y, Au60 NOABMTCA OMH PA3, AUGO TOABHTCS BA Pasa. ITH coOMITHS
He3ABHCHMBI, ClIeI0BATeBHO,

Py(=2)= P(0)+ P(1) + P,(2) =

=C8p°¢* +Cip'q? + Cipigt =11 [ﬁ]zw.l.(ﬁ]zf
X 6 66
2
,3{1] 5136, 75 16 215
6) 6 216 216 216 216

€) paccmMoTpuM ABa COOLITHA: A — WecTepKa MOABATCA XOTs Obl OAMH

pas; A — wecTepka He NOABHTCSA HH PA3Y. DTH COBMITHA NPOTHBOMOIONK-
HBI, CJIE0BATEIBHO,

P(A)=1-P(A)=1-P(0)=1-Cp¢* =

afy)-

25 91

216’

302

2. CayuaitHo BCTPeHYeHHOE JHMIO ¢ BEPOATHOCTEIO Py = 0,2 MOX<eT oxa-
sarees GPIOHETOM, € BEPOSTHOCTLIO p, = 0,3 — GJ0HANHOM, C BEPOSTHOC-
110 py =0,4 — mareHoMm u c seposiTHocTbIO Py = 0,1 — prikum. Kakosa
BEPOATHOCTH TOTO, YTO CPEAM TPEX CAYHANHO BCTPEUCHHBIX NPOXOKHX OKA~
JKeTes: a) He MeHee BYX GPIOHETOB; 6) OAMH GJIOHAMH M /IBA WIATEHA; B) X0~
T GBI OAMH PBIKHIA.

Pewenue. 1) He menee Byx GPIOHETOB cpej TPex CAy4yailHO BCTpPeUeH-
MEIX TPOXOMHX OKAXKETCHA B TOM cayqae, ecau nx Gyaer anbo aBa U3 Tpex,
AUBO TPH M3 TPeX. DTH COBLITHS HECOBMECTHBI, CIIE10BATENLHO,

Py(22) = Py(2) + Py(3) = Cpiq} + Ciplay =
=3.(0,2)° (0,8)+1-(0,2) -1=0,096+ 0,008 = 0,104.

2) OtBeTom Ha Bonpoc GyaeT npoussedenue ABYX coOBITHIE: oMM 60K~
AVH M3 TPEX ¥ JIBA WATEHA M3 TPEX:

P(A)= B()P(2)=C} piai Ci il =
=3:(0,3)'-(0,7)* :3-(0,4)* (0,6)" =3.0,3-0,49-3-0,16-0,6 = 0,127008.

3) PaccMOTpUM ABa COBBITHA: A — XOTS OBl OAMH PLIKHIL M3 TPEX;
A — HM OJHOTO PBIXKEro U3 Tpex. ITH cOOLITHA NPOTHBONOIOKHBL, CJ1e-
JOBATENBHO,

P(A)=1-P(A)=1-P(0)=1-C§ p{ g} =1-1-1-(0,9)" =1-0,729 = 0,271.

7.5.2. MHoroyronbHuk pacnpeaenexus
BeposiTHocTel. HaneeposTHewee Yucno
HacTynneHui cobbiTus

@ Hausepoamueiuwum wuciom my nosBjieHus cobbiTua A B n
He3ABUCHMBIX UCITBITAHUAX HABBIBACTCS YMCIIO, LIS KOTOPOTO BEPO-
ATHOCTD P,(m,) npeBbIIaeT win, 1o KpaiHeil Mepe, He MeHbIIe Be-
POATHOCTH KaXAOr0 M3 OCTAJIbHBIX BO3ZMOXKHBIX MCXO/I0B HCIIBITA~
Hus. DTO UMCII0 ONpeJiesIsieTes N3 HEPABEHCTBA: NP — < My < NP+ p.
Ecawn uncsa np — ¢ u np + p — ApoGHBIE, TO YUCIO My — €AUHCTBEH-
Hoe. Ecan e umcaa np — q u np + p — uenvie, To Gyzer apa snaue-
HAs HAMBEPOATHEHIIero Yucaa mg.

Hpumepewt. 1. Tpu paza nopbpocuau morery. Haiitn HanseposTHeiiee
WHCJI0 HOABNEHMUIT «rep6as ¥ IOCTPONTL MHOFOYTONBHUK PACIIPEAEICHMS Be-
posATHOCTEN NOABJIEHHA «repdas.

Pewenue. p-=

1 1 1 1

=2in=8 np-q=8---=Lnp+q=3 -+.=
q 2 n np-q 2 32 p+q 2'2

Orkyaa 1<m, <2. CaepoBatensHo, BeposiTHee BCero, «repbs MOABUTCH
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2160 oxun pas, 1160 aBa pasa. IlocTPOUM MHOrOYTOIBHIK pacnpejenesus

BepoaTHOCTel. [l 9TOro HaileM BePOATHOCTH CCAYIONMX COOBITH:

a) «rep» ne nosBuTCs MM Pasy npw Tpex Gpocammsx: P(0) = Cplqt =

2,

B) «repbs nospures aBa pasa: Py(2) = C.

Pq' =

r) «repGs nossuTes TpU pasa: Py(3) = Ciple® =

——

0o~
]
=

&
MHOTOYIOILRMK PACTPEAe/en IS BePOSTHOCTe NOABIEHMA «repbas I
Tpex 6pocanusx m, waobparen na puc. 7.3.

2. Urpanbusiit kybuk 6pocaerca Tpn pasa. Haittn nausepositueiiu

HMCIIO NOABAEHMI ¢ IIECTEPKH» M NIOCTPOMTS MHOIOYTOJBHHK pacipejese~

HUA BEPOATHOCTEH NOABACHMIl « ecTepKi».

1.5 1
1q=-3n=3; np-q=3-——
5976 =8 np=g=3-¢

2

Pewenue. p=

=g ‘e
KyAR “g = Mo < 5. CaesopaTenbio, BeposTHee Beero, LieCTepKa He NoABs-

ercst uu pasy. IlocTponm MHOroyronsauk pacnpesenenns seposiTHocTed,
JLast 91010 HaliAEM BEPOATHOCTH CIeAYIOMUX COOBITHI:
1) «mectepkas e MOABTCS HU PAIY NPU TPeX GPOCARMAX:
3
5} 125

P0)=COplqt =1 1»[7 =125
i S 6) 216°

2) emectepkas noasurca ogun paa: Py(1)=Clply

®lew o

o 1 2 3 m
Puc. 7.3
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3) e«mecTepkas noaABATCA ABa pasa: Py(2) =

3
y 1
4) «mecrepkas nosisuTes Tpi pasa: Py(3) = Cipq° = 1-(5) 5

MHOroyroJibHMK pacrpeesieHns BepOsTHOCTeH NOABICHNS « IIeCTePKH »
npu Tpex GpocaHnsAX m, NrpasbHOro Kybuka usobpaxken na puc. 7.4.

Bapaun AN CamoCTOATENLHOTO pewexuns

1. B cpessem natas YaCTh MOCTYNAIIIMX B IIPOAAKY ABTOMOGH-
Jieit HekoMmmaeKTHbI. HaiiinTe BepoATHOCTH TOrO, YTO CPEIH eCATH
aBTOMOOMJIEIT MMEIOT HEKOMIUJIEKTHOCTh: a) TPH aBToMOoGNIIsA; 6) Me-
Hee Tpex aBroMobuJieil.

2, ()TAEJI TEXHHUYECKOTI0 KOHTPOJIS NpoBepAeT uijejine Ha CoOoTBeT-
cTBRe cTaHAapTy. BepoaTHOCTE TOTO, YTO H3ZleINe CTAHAPTHO, PaB-
na 0,8. Haiigure BepoATHOCTD TOTO, YTO U3 IBYX NPOBEPEHHBIX M3~
Jlenii TOJBKO OJIHO CTAHAPTHO.

3. B kBapTHpe NMeeTCs YeThipe dieKTpuueckne samnodxn. s
KaXJI0i IAMIIOUKH BEPOSATHOCTH HE NeperopeTh B TeYeHne roja pas-
na %/;. Kakosa BeposATHOCTE TOTO, YTO B TeUeHHe TOAa NPUAETCH 3a-
MEHHTD He MeHee Tpex Jammnodex?

4. Ha aprobase umeercs 12 apromobuieii. BepoaTHocTh BRIXOAA
HA JMHWIO Kaxao0ro u3 uux pasaa 0,8. Haiiaure BepoATHOCTH HOP-
MaJIbHOM paboThl aBTO6A3LI, eCIH IS 9TOr0 HeoOX0AMMO HMeTh Ha
JIMHMM He MeHee BOCHMH ABTOMOOHIIeH .

5. BeposATHOCTE TOTO, 4TO TeJEBU30p NOTPeGyeT peMOHTA BO Bpe-
Msi rapanTHitHOro cpoka, pasna 0,2. Haiigute BepoATHOCTS, YTO U3
6 renesusopos: a) ne 6osee oHOro NOTPEGYIOT peMoHTa; 6) XOTH GBI
oauH noTpedyeT peMoHTA.

6. BeposiTHOCTE TOTO, 4TO 6aJIKa BBIAEPKUT KPHTHYECKYIO HATPY3-
Ky, pasua 0,8. UcneiteiBator 5 6asox. Haliiure BepoATHOCTH TOTO,
4TO: 4) BCe BRIZEPIKAT HATPY3KY; 6) TPH BBIJEPIKAT HATPY3KY; B) He
MeHee JIBYX BhIZIePIKAT HAIPY3KY.

7. BepositHocTs npubsbiTus noesja 6es onosnanns pasaa 0,9. Cun-
Tasg ONo3JaHusA N0e3/10B He3aBUCUMbIMH COGHTPIHMH, Hﬂﬁﬂ""'e BEepo-
ATHOCTBL TOT'O, YTO U3 NATH N0E3/10B ONO31aeT He Gosee OAHOrO.

8. Basa sakasasia Ha HEKOTOPBIil JIeHb YeThIpe ABTOMOOHIISA, UMes
mecTs norpebuTeNei, Kax bl 13 KOTOPBIX AeJaeT 110 OJHOMY 3aKa-
8y B IeHb, HE3ABMCHMO JIPYT OT IpyTa, ¢ BepoaTHocThio 0,4. Onpene-
JINTe BEPOATHOCTH TOTO, YTO ABTOMOOHJICH He XBATUT JUIs yIOBJIET-
BOPEHMsI BCEX 3aKA30B.
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9. [leBer NOMYYNT rIABHBIA NPU3, €M OH N10GeANT N0 KpaiiHel
Mepe B TpeX KoHkypcax. Haiiinre BepoaTHOCTS 10JIyYeHUSA UM IIPH-
3a, ecsiu GbLJIO IPOBEJIEHO NATH KOHKYPCOB M BEPOATHOCTH MOGEIBI
neBla B KaXA0M KOHKypce pasaa 0,7.

10. B KOMIIBIOTEPHOM OT/IeJIe MMEeTCH NATH KOMIbIoTepos. Be
ATHOCTB TOTO, YTO KaX{/IbIil U3 HUX B TeYeHHe roja norpedyer
BeJleHus pemMonTa, pasHa 0,2. Haiiiure BeposTHOCTE TOTO, UTO B
HeHHe rojla He NpUAeTCH PEMOHTHPOBATHL XOTH Ob1 ABa KOMNBIOTE)

11. BepoATHOCTD NOYYeHUs YAAUHOrO Pe3yJbTaTa PN X HMUY
CKOM onbiTe pasHa /3. Haiiure nausepostaeiimee uncno VAuH:
ONBITOB, ecu X obiee Yueno pasHo 7.

12. B uexe paGoraior yeTsIpe CTAHKA, IPAYEM BEPOATHOCTH OCTA:
HOBKH B TEUEHHe 4aca Ui KaX/0ro U3 HUX O/IHA M TA YK€ U paB
0,8. KakoBa BepOSITHOCTH TOTO, YTO B TeUEHNE YACA OCTAHOBHTCS Hi
MeHee TPex cTankos?

13. B maraaun sonumn nath nokynareseii. Haiigure seposthoc:
TOro, 4TO He MeHee TPeX U3 HUX COBEepIUIAT MOKYNKH, ecan Bepo.
HOCTBH COBEPUIMTL MOKYIIKY AN KAXKAOI0 BOIIEAIIEro oJHa U Ta
u pasua 0,3.

14. B macrepckoit paboTaioT mecTs ABUraTenei, s Kaxaoro
KOTOPBIX BEPOSITHOCTH Neperpesa K 06e/IeHHOMY NepephiBY PaBH:
0,8. Haitaure BepOATHOCTD TOTO, 4TO K 00€1eHHOMY NepephIBY I1e)
TPeIOTCH YeThipe JBUTaTes s .

15. PaGounii oGciyknBaer naTh OAMHAKOBBIX CTAHKOB. Bepos
HOCTB TOrO, YTO B T€YEHHE Yaca CTAHOK MOTPedyeT peryauMpoBKH,
paBHa '/;. KakoBa BeposTHOCTE TOTO, 4TO B TeueHMe yaca npueTc
PeryJiupoBaTh YeThipe cTaHka?

16. B cembe narepo aereii. Haiiagure seposTHOCTS TOTO, 4TO €|
an peteii: 1) ABa manbumka; 2) He Gosee ABYX MaNbUMKOB; 3) 6O
ABYX MAJIbUMKOB; 4) He MeHee ABYX M He osiee Tpex MaJlbuuKoB. Be-
POATHOCTDb POKAEHHA MaJbYMuKa IPUHUMaeTcs paBHoit 0,5.

17. BexoskecTh CeMsH JaHHOTO COPTA PACTEeHUIT OIleHUBAETCS ¢ Be=
POATHOCTHIO, paBHO# 0,8. KakoBa BEPOATHOCTE TOTO, 4TO U3 IATH I
CesIHHBIX CeMAH B30OUAYT He MeHee Tpex?

18. BeposTHOCTH TOrO, 4TO NOKYyNAaTeN o norpedyercs o6ysb 41-
pasmepa, pasna 0,2. Haiigure BeposTHOCTE TOTO, YTO M3 IATH Tep-.
BBIX IIOKynareseii 06yBb 9TOro pasamepa noHago6uTcs no KpaiiHe
Mepe OfiHOMY .

19. BepoaTHOCTH NONAJAHUSA B 11eJib DU OLHOM BHICTpPeJe PABHA
0,8. CKOJILKO HY?HO IPOM3BECTH BbICTPEJIOB, YTOObI HAMBEPOATHEH~
mee YMCJIo nonaganuii 66110 pasto 207
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NPOCTEALLIWIA NOTOK CNYHANHbIX
COBbITUN N PACNPEAENEHWNE NYACCOHA

7.6.1. MNoTok cobbiTnin

@ ITomoxom cobbimuil Ha3BLIBAIOT I10CJIE/I0BATEILHOCTD COOBITHIA,
NPOUCXOAANMX B CAyUailHbIe MOMEHTHI BpEMeHH .

IIpuMepaMy MOTYT CJIYIKATE NOCTYIUIeHHE BLI3OBOB Ha TeJedoH-

HYIO CTAHIIMIO, IPUXO/] B MATA3HMH MOKYNATeNs!, OMUOKM HA CTPAHH-
e TekcTa, 6pak uageausa B napruy u T. 4. IIpocreitinnm (nyacconos-
CKMM) HA3BIBAETCSH MOTOK COOLITHI, YIOBIETBOPAIOIIMI ClIeAYIOIHUM
TPeM yCJIOBHAM:

a) BepOATHOCTD NOsABAeHNs k coObITHIT 3a 110601 TPOMEIKYTOK Bpe-

MEHH 3aBUCHT TOJILKO OT YHCJIA k 1 OT UTNTENLHOCTH IIPOMEKYTKA Bpe-
MeHH { ¥ He 3aBUCHT OT HAYAJIA OTCUeTa BpeMeHH (CBOHCTBO cranuoHap-

HOCTH);

6) nosiBnenue Gosiee ueM 0HOrO COOLITHS 38 MAJIBIN IPOMEIHKYTOK
BpeMeHH ecTh CODbITHE IPAKTHYECKH HEBO3MOKHOE (CBOICTBO OpAn-
HAPHOCTH);

B) BEPOSITHOCTD NOSBJICHUSA JAHHOTO YKc/1a COOBITHIT Ha PUKCHPO-
BAHHOM IIPOMEIKYTKE BDEMEHMN He 3ABUCHT OT YMCa cOOBITHI, N0sAB-
JSIOMMXCH B APYTHe IPOMEXKYTKN BpeMenH (CBOHCTBO OTCYTCTBUSA
nocjaeaeicTBn).

@ Humencusnocmpio nomoxa k. Ha3pIBAIOT CPeJIHee YNCII0 CO-
OLiTHil, HOABASIOMUXCA B eAnanIy Bpemenu. ITpu sagannoi naren-
CMBHOCTH A BEPOATHOCTH NOsIBIEHNUs k cobbITHII npocTeiimero moTo-
Kka 3a Bpems f onpeaenserca popmyJoii [Tyaccona:

—(M)fe
P:(k)——kl .

I pumep. Cpeanee 1HCI0 3aKAIOR «TAKCH B OLHY MHHYTY PABHO TPEM.
HaiiTh BEPOATHOCTH TOTO, UTO 3 ABE MUHYTHI NOCTYNHT: 1) ueThipe 3aKa-
50; 2) Meree eThpeX 3aKa30n; 3) He MEHee HeTHIPEX 3AKAI0B.

Pewenue. o yenosmio, A =3;t =2;k=4; 1) BePOATHOCTE TOTO, UTO 3a
JABe MIHYTHI IOCTYIINT YETHIPE 3AKA3A, PABHA

6'-e® 1206-0,0025
4 24

P()= ~0,135

2) cofbITHE «IOCTYNHIIO MeHee YeThIPeX 3aKa30Bs O3HAYAET, UTO MOIJIO
NOCTYNHUTE TPH, ABA, OAMH HJIM HY OJHOTO 3aKa3a. DTH COGBITHS HECOBMECT-

307




image155.jpeg
HBI M [I03TOMY MOJKHO IPUMEHUTE TEOPEMY CIOKEHNA BEPOATHOCTEH HECOB:

MECTHBIX COObITHIL:

Pk <4)= B(3)+ P(2) + P(1)+ P(0) =

P
:ﬁ; +62;’ G—l—e’—oe“:e“(36+18+6+n=0,0025-61:0,1525;

3) COBRITUS ¢NOCTYINNO MEHEE YETHIPEX JAKAZOBS M ¢ IOCTYIIING He M
Hee UEeTHIPEX 3aKA30B» NPOTHBONOJIOMKHEL, OITOMY

By(k=4)=1-Py(k<4)=1-0,1525=0,8475.

7.8.2. AcumntoTuyeckas chopmyna Myaccona

B psaze safau BepoaTHOCTE HACTYIICHUSA COBBITUS B OT/IeJTbHO]
MCHBITAHUYM Masa. Beau npu 91om uncsio ucnniranuii n sexuko,
dopmyna Bepuyann npespamaercs Bacumnmomuveckyio o,
myay Myaccona:

A
P, (k)= ’Te'“, rae A=np.

CTporo roBops, NpeAnoCHIKA 0 NOCTOSHETEE A, JIeKAIAs B OC
HOBe BRIBOJa 3akona Ilyaccona (oTkyaa caeayer nepemennasn se

A
ATHOCTH p = — ), IPOTHBOPEYHUT HCXOAHBIM YCIOBHIM (opmyusl Bej
n

Hyaau (p = const). OgHako acuMnTOTHYECKAN (dopmy.a Ilyacco
/€T 0CTATOUHO TOYHBIE PEe3YILTATHI [IPU HEIIOCTOSHHOM A, T. e. I
CTOSSHHOM p. BajKHO JIMIIbL COXPAHUTD YCJIOBHE MANOCTH P ¥ joc
TOUHO GOJBIIOrO 7 TAK, YTOOLI NPOU3BELEHUE np GbIIO HEBEJUKY
(np < 10). lanee, nocie paccMoTpeHus TOKANBHOI 1 MHTEerpasbHO
Teopem Jlanaca, 1aMM HEKOTOPBIE PEKOMEHAAILMH 110 TNPUMEHeH!
NpUGIMIKEHHBIX (hopMy.T.

IMpumepuwe. 1. 3aox ornpasun norpedurenio 500 naneauii. Bepos
HOCTh MOBpesAeHMA Manens B nyTn pasua 0,002, Haiitn mepostioc
TOro, UTO B nyTH GyAeT nospesxaeno: 1) Tpu usgenus; 2) menee TPeX M3
awmii; 3) Gonee Tpex nazenmiis 4) xors Gb1 0AHO HIKEAME.

Pewenue. Uucno n = 500 seauxo, sepostrocts p = 0,002 Maxa, a m
ussesenue A = np = 1. Crenosatensro, npumennma dopmya Hyaccoma:

1) HaiizeM BEPOATHOCTH OBPEKACHMS POBHO TPEX WALl

e 0,36788

Pyo(3) = =2 0,0613;
%00(3) 3 i
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2) HaiifeM BEPOATHOCTL NOBPEXACHHA MeHee TPex uaseauit, k <3 oana-

“ner, UTo MoXeT ObIThL noBpesxaeHo aubo 0 usgenmii, 1u6o 1 usgenue,
anbo 2 napenns. Toraa

1
Pooo(k <3) = Poao(0)+ Puoo(1) + Proo(2) =€ 4e7! + o0l =

2,5-0,36788 = 0,9197;

:e'(nh

3) AN HAXOMKAEHMS BEPOSTHOCTH NOBpeXAeHus Gosee Tpex uagenmii

PACCMOTPUM ABA COBHITHSA: «MIOBPEIKAEHO He 60ee TPeX MazeaMits 1 ¢10-

ppexceno 6oaee Tpex nageaniis. Jlerko saaMeTuTh, 4TO 9TH COOLITHA NPO-

‘rusononoxusie. Toraa

Pioolk > 3) =1 Pygg(k < 3) = 1= [ Ppo(0) + Pioo (1) + Pyoa(2) + Pioo(3)] =
=1-[0,9197 +0,0613] = 0,019;

4) COBLITHE «OBPEKCHO XOT5 6bi OIHO HZIETEs (ET0 BEPOITHOCTS 060-
gHAUMM Q) M «He NOBPEXACHO HU OAHOTO N3 M3ZEAMils — IPOTHBONONONK-
nnie. Toraa

Q=1-Py(0)=1-¢"'=1-0,36788 = 0,632.

2. Basoa ornpasun na 6asy 10 000 cramaapramx usgennii. Cpeanee
MMCJI0 M3AeAHIl, TOBPEXAAeMbIX NPH TPAHCIOPTHPOBKE, COCTABAAET
0,02 % . Haiitu BepositHoCTh TOTO, uT0 M3 10 000 Magennii: 1) 6yaer no-
wpexxaeno: a) 3; 6) no kpaiineii mepe 3; 2) ne Gyaer nospexaeno: a) 9997;
6) xors 661 997.

Pewenue. 1. a) BeposaTHOCTE TOr0, 4T0 M3jenne 6yeT NOBPEKACHO TPH
Tpancnopruposke, pasua p = 0,0002. Tak kak p — mana, n = 10000 —
wennko u A = np = 10000 - 0,0002 = 2 <10, creayer npuMeHnTL GOpMyay

2%e

Tlyaccona: Pyg(3) = 0,1804; 6) BeposiTHOCTE Pgg00(m > 3) MOKET

OriTh BEIYMCIEHA KAK CyMMa GOJIBIIOro KOJMYeCTBA CAAraeMbiX:
Proooo(m 23) = Poooo(3)+ Poooo(4) + Pioooo(5) + ..

Ho, pasymeercs, npoime ee HaiiTi, nepeiiis K 1poTHBONOIOKHOMY CO-
Bririio:

Pioooo(m 23) =1- Pgooo(m <3) =1-(Pigo00(0) + Piooo(1)+ Pioooo(2)) =
=1-(0,1353+0,2707 +0,2707) = 0,3233.

Ciieayer OTMETATH, YTO AJIS BHIYMCACHHS BEPOATHOCTH Pigopo(m 2 3) =
= Pioooo(3 < m <10000) Henb3s NpUMeHUTH MHTErpaibHyio Teopemy Jlan-
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naca (cM. moapa3aa. 7.8), Tak KaK He BHIIOJIHEHO YCIOBHE €e PHMEeHHMOC:

™, u6o np = 2 < 20.

2. a) B pannom cayuae p = 1 - 0,0002 = 0,9998 u nano naiiru Pyq
(9997), 115 HENOCPEACTBEHHOTO BLIYMCICHNSA KOTOPOI Helb3s IPUMEH
uu Gopmyay [lyaccouna (p Besuka), Hu Jokanbryio Teopemy Jlannaca (np
= 2 < 20). Oanaxo cobuiTne «ue Gyger nospexaeno 3 ua 10 000» nporn
NIONOKHO cOBMTHIO «ByAeT noBpexAeHo 3 13 10 000, BEPOATHOCTD K
poro, pasnas 0,1804, nonyuena B n.la;

6) coBhITHE «He ByzeT noBpeskIeHO x0T 651 9997 13 10 000s pasHOC
HO cobbITHIO «Gyaer nospexaeno 3 us 10 000, ana koroporo p = 0,0002

Boooo(m 2 3) = Poon (0) + Poooo (1) + Pioooo(2) + Pioooa (3) =
=0,1353+0,2707 +0,2707 + 0,1805 = 0,8572.

3agaun AnA CamMOCTOATENLHOMQ peweHus

1. Cpesee uncsi0 BLI30BOB, noctynawomux ia ATC B Mmunyty,
Ho yersipeM. Haiignre BepoATHOCTH TOrO, 4TO 3a 2 MHHYTHI 1OC
nut: a) 6 BeI30BOB; 6) Menee 6 BEIZOBOB; B) He MeHee 6 BHIZOBOB.

2. B MarasuH B cpeJiHeM 3aXOJAT JBa YejoBeka B MuuyTy. Hal
JIMTe BEPOSITHOCTD TOTO, 9TO 3a 1,5 MHHYTHI B MATA3HH BOMAYT: a) Hi
MeHee ABYX nokynarteseii; 6) posro 4; B) He Gosiee 0HOTO.

3. B Teyenue 0AHON MMHYTHI KACCON B MATA3MHE MOJb3VIOTCH
CpeJlHeM JiBa YeJIOBeKa. Hﬂﬁﬂ“'ﬂ? BEPOATHOCTH TOrO, 4TO 3a JiBE M!
HYTBI Kaccoil Bocnoabayiores: a) 4 yenosexa; 6) He MeHee JABYX Ui
JI0BeK; B) He GoJiee TPeX YeJOBeK.

4. Maraaun noayuua 2000 GyTei0k MUHepanbHON Boabl. IIpex;
CcMOTpeHHBI nponenT 605 npyu nepesoske cocrapaser 0,003. Haif:
JUTEe BEPOSITHOCTD TOT'O, YTO MArA3WH NOJIYYHT: &) POBHO 3 pasGUThI:
Oyrhuiku; 6) 60Jee Tpex pasdUTHIX OYTHIJIIOK; B) XOTs OBl OJIHY pas:
6uTyIo GyTBHLIKY .

5. BeposTHOCTD BBIMIPBINIA 10 OAHOMY JIOTepeiiHoMy bujiery pal
Ha 0,001. CKkonbKO HAJ0 KYIUThL OGMIeTOB, 4TOOLI BBIMTIPATH XOTA 6!
110 OAHOMY, € BEPOATHOCTBIO, He MeHbeil uey 0,997

6. Cpenu ThicAuM YeOBEK NPUOGIUINTEIBHO BoceMb JieBieit. Ka-
KOBA BEPOSITHOCTH TOTO, YTO CPE/IH COTHM HAYTa/| BHIOPAHHBIX YeJI
BeK He OKaYXeTcd HU OJIHOTO JIeBIIH.

7. Cpeanee 4ucJI0 CaMOJIETOB, IPUOBIBIINX B a3ponopT 3a 1 MUHY
Ty, paBHO Tpem. Haiiure BepoATHOCTH TOrO, YTO 3a 2 MUHYTHI PH:
GyayT: ) He MeHee Tpex camosieTos; 6) He Gosee ABYX; B) 4 camoeT:

8. BeposiTHOCTB BhIyCKa OpakoBaHHO# gerasn pasua 0,008. Hai:
JAMTE BEPOATHOCTH TOTO, uTo cpexu 1000 aeraneit 6yaer: a) 8 Gpak
BaHHBIX; 6) He Goslee IBYX GpaKOBAHHBIX.
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9. Ha cTosiHKY «Takcu» B TeyeHne 15 MUHYT noanesxkaer 2 ma-
wnael, Haiianre BepositHOCTh TOrO, uTo 3a 30 MUHYT Ha CTOAHKY
noaseser: a) 3 Mamunubl; 6) He Gosiee Tpex; B) HM OHON MAIIMHBI.

10. Ha 1000 ceman npuxoaurca B cpeanem 4 sapaxenusix. Haii-
JAnTe BepoATHOCTHL Toro, 4to n3 5000 cemsin sapaxkeHo ue bosee 6.

11. BeposATHOCTH MOpaxKeHns GBICTPOABMIKYILENHCHA Leau pH
Kaxom Beictpesie pasaa 0,001, Haiiaure BepositHOCTB nonaganus
B 1eJb ABYX 1 6osiee pas npu 5000 BoicTpenax.

12. Cpennee uncso kopabueil, saxoasmux B nopr 3a 1 gac, pas-
no rpem. Haiiagure BepoaTHOCTD TOTO, UTO 38 4 Yaca B OPT 3aMAYT:
a) 6 kopabueii; 6) menee 6 kopabueii; B) ne meHee 6 kopaGueii.

13. Cpeee uncIo 3asBOK, OCTYNAIONIMX B aTesbe 3a 1 yac, pas-
1o yerpipem. Haiiure BEPOATHOCTH TOrO, YTO 3a TPH YACA MOCTY-
nur: a) 6 3asaB0kK; 6) MeHee TPeX 3afABOK; B) HE MeHee YeThIpeX 3asBOK.

14. Ilpoaaser; 3a ABe MUHYTHI OOCJIYIKHBAET B CPEAHEM TPeX 10~
kynareneit. Haliiure BeposTHOCTH TOro, 4To 38 6 MUHYT OH 06CHY-
suT: a) 5 nokynareneii; 6) ne menee 6 noxynareieii; B) no kpaiinei
Mepe 0(HOro.

15. Ilpn paGore DBM Boszuukaior c6ou (Hapymenus B paGore).
Cpennee uucio c6oes B cyTku pasHo AByM. Haiigure BeposiTHOCTH
TOTO, YTO: A) 3a JBOE CYTOK He npousoiiser cbos; 6) B Teuenne cyTox
npousoiiser xors 6b1 oaunu cboit; B) 3a TPoe CYTOK NPOU3OHIET He Me-
Hee Tpex cboes.

NOKANLHAS TEOPEMA NAMMIACA

Herpyano 3amMeTuTh, 4T0 MCHOAbL30BaHHe (hopMysl Bepryin
1IPH I0CTATOUHO GOJIBIIOM KOJHYECTBe MOBTOPHBIX MCIIBITAHUIH IIPH-
BOJMT K HEOOXOAMMOCTH OIIePHPOBATEL OUeHb GONBIINMH YHCIAMHE.
Tak, HAIpUMep, NPA TONBITKE MCTIOJAb30BaTL Gopmyay Bepuysm
AUl PeIIeHNsA CleAyIolleii 3a1aun: ONpe/eJuTh BePOATHOCTH TOTO,
wro npu nposepke 400 usgennit u3 naprun, cogepaxameit 20 % Gpa-
KoBaHHBIX uajennii, 80 usnennii okaykyrcs GPAKOBAHHBIMM, HAM
npuiiocs Gbi poBecTH BuIMHCaeHHA: Pyoo(80) = CHY, - (0,2)% - (0,8)°2,
Iono6HBIX cA0MKHOCTEH MOKHO M30EKATH, UCIIOAB3YH JOKAIBHYIO
reopemy Jlannaca.

Iycmo 6 kKancdom u3 n 0OUHAKOEHLX HEIABUCUMBLY UCTLbIMAHULL
6POAMHOCTMb NOABACHUR HEKOMOPO20 cobbimua A pasna p (p # 0,
p # 1), mozda 6epoammnocms mozo, wmo cobbimue A Hacmynum pos-
Ho k paz 6 n ucnoemanusx (PB,(k)), moxem Gbimb npubruieHHo
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3. Haiiznre B3anMHO-06paTHbIe DYHKIMH 1A JAHHBIX DYHKIA#:

26) y=a¥x-1; 27 y=Y1-2% 28 y:sing;

29)y=2c+3; 30 y_2"+21, 1) =228,

x-5
4. locrpoiiTe rpaduKn caeAYIOMUX HYHKIMIAT
32)y=x*+2x-3;33)y=2(x+2)°+1;

34) y=2+Vx-3; 35) y=_l§;
=

gAY, x+1
36) y=1 (2J 37),,__2
38)y=lg(x+2); 39)y=2cos(x-n/4);

4-x npux<-1;
41) y={5 upu -1<x<0;
x?+5upu x> 0.

10) y-= —x*npux<0;
4 3x npux>0;

DYHKUUN 0HON MNEPEMEHHON
B 3KOHOMWKE

1.2.1. ®yHKuumn cnpoca

TIpu M3yYeHHH SKOHOMHUYECKHUX IIPOIECCOB MOCTOSTHHO MCIIOIb3Y-
10TCA GYHKI MM CIPOCa, NPeIOKeHNUs!, H3ePXKeK, 110JIe3HOCTH;
GyHKIUH, CBABAHHbIE C GAHKOBCKUMH ONEPAIIMAMI; TPOMIBO/CTBEH-
Hble QYHKIHY U Jp.

PaccMOTpHM HEKOTOpPbIe U3 HUX.

[0] Ecam xasaomy snauenmio uens p sa eAMHMILY ToBaPa NOCTABIE-
HO B COOTBETCTBHE UMCJIO ¢ — KOJHMYECTBO TOBAPA, KOTOPOE MOTpe-
OUTeNH rOTOBBI KYNHUTH IO JAHHON [ieHe 3a ONpeieeH b NpoMesKy-
TOK BPEMEHH, TO FOBOPAT, YTO 3AJIAHA hYHKYUR CRPOCA, N THITYT
q=1(p).

Ora QyHKIMSA Onpeiesiena A TeX 3HaYeHuit p > 0, 1A KOTOPBIX
f(p) 2 0 1 mHOMXKeECTBO ee 3HaueHMH ¢ > 0.

Tpaduk QyHKIMHE COpoca HABLIBAIOT KPUBOiL cnpoca (puc. 1.10).

B sxoHOMHKE cHOPMYJINPOBAH 3AKOH CRPOCA, KOTOPBIH raacuT:
ueM BhIlle [leHA eINHUIbI TOBAPA, TEM MEeHbIIe BeJHYMHA Crpoca,

22

Puc. 1.10 0 921 (p2) a=f) g

1 HA0DOPOT, YeM HMJKe 1leHa eJIMHNILBI TOBApA, TeM OoJible Bean-
YHHAa cnpoca.

Takum 06pasom, Ui ABYX NPOMBBOJILHBIX 3HAYEHUI p; U Py, IPH-
Hajuexannx obaacTu onpejenenns Gpynkuuu cupoca ¢ = f(p), u Ta-
KHX, 4TO Py < Py, CIAEAYET, UTO ¢y > s, T.€. GYyHKIHA cnipoca apaser-
cq yosiBaoweit QyHKuuei neust p.

O6parum BHHMaHHEe HA HEOOBIYHOE PACIIOJIOKEeHHe Ocell KOOpAH-
HAT: APIryMEeHT p PACTIONIOKEeH Ha Bep’l‘HKﬂJleO“ OCH — OCH OPJAMHAT,
a sHavenue GyHKIMM ¢ = f (p) — HA rOPH3OHTAIBLHOH — ocH abenuce.
D70 NPUHATAA B 9KOHOMHKeE cHcTeMa 0603HAYeHMIi.

Hpumepoe. 1. DysKnns cnpoca Ha HEKOTOPLIH TOBAP WMeeT BUA:

q=60-400+ p,

IJZle ¢ — KOJMYeCcTBO TOBAPA (THIC. WIT.); p — LEHA eAUHUILL ToBaPa (PY6.).
Tpebyercsa naiiTu:

1) obaacTh onpefesieHHA ¥ MHOMKECTBO 3HAYEHNI aTOH QYyHKUMM;

2) dpynxuuio uens B Buge p = f ' (q);

‘3) o6bem cnpoca npu nenax ma Tosap: p; = 500; p, = 1200;

4) neny aa eannHuIly ToBapa, ecan ¢, = 20; g, = 30, u BHIPYUKY npoAaB-
OB B K&YX/10M H3 9THX CJIyuaeB, & TAKJKEe IOCTPOUTS rPaduK GyHKIMH CIpo-
ca q=60- ,deO +p.

Pewenue. 1) ViMeem CHCTeMY HEPABEHCTB:
P20 pz0 p>0
400+ p>0 = {p2-400  ={p=-400

60-/400+ p=>0 [400+ p<60 400+ p <3600

Hrax, D(f) = [0; 3200].
Buipasum sHaueHue p yepes g:

J400+ p =60-¢ = 400+ p =(60-g)* = 400+ p = 36001209 + ¢* =
= p=g*-120q+3200.

= 0<p<3200.
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2. BepoATHOCTD NOABJIEHNSA CTAHAAPTHON MPOAYKIIMH B KAX IO
N3 He3aBHCHMBIX BBIGOPOK, IPOBOJAMMEIX ToBapoBesoM, pasna 0,8.
Haiigure BEPOATHOCTH TOrO, 4TO CTAHAAPTHAA HPOAYKIHSA TOABAT-
ea 120 pas B 144 Bribopkax.

3. BeposATHOCTH BHIXO/Ia M3 CTPOS 3a CYTKH OJIHOTO KOH/IEHCATOPA
papua 0,2. Haiignre BepoATHOCTD TOro, 4To 3a cyTku n3 100 Hesa-
BHCHMO paboTAIOIIMX KOHJIEHCATOPOB BIAAYT U3 cTpos 20?

4. BeposTHOCTB TOTO, 4TO NOKynaTesio Tpebyercs kocriom 50-ro
pasmepa, papua 0,2. Haifiure BEPOATHOCTH TOTO, YTO CPE/IH CTA 110~
Kkynareneit kocriom 50-ro pasmepa norpedyior 25 yenoBex.

5. ABromMaTuyecKas MITAMIOBKA KJIEMM JUIS TpeoXpanuTesneit
paer 10 % orkaonennit oT npuHATOro crasjapra. CKOJbKO cTan-
JAPTHBIX KJIEMM CJEAyeT 0KMAaTh ¢ BepoaTHocTbio 0,0587 cpean
400 kaemm?

6. Cro crankos paboTalOT HE3ABUCHUMO JIPYT OT APYTa, IPHYEM Be-
poaTHocTh GecnepeboitHoil paboThl KajXcI0ro U3 HAX B TeYeHHe cMe-
nei paua 0,8, Haiigure BeposTHOCTE TOrO, 4TO-B TeUYEHHE CMEHBI Gec-
nepe6oiino paboraior 85 cTAHKOB.

7. Bexoskeerh ceMsAH onennBaercs BeposTHoctsio 0,9. Haiignre
BEPOATHOCTH TOTO, 4To 13 400 nocesHHBIX ceMAH B3oiAeT 350.

8. BepoATHOCTb POKACHNS MaJbuuKa npumem pasroit 0,5. Haii-
ANTE BEPOATHOCTH TOro, 4ro cpeau 400 HoBOpOXAEHHBIX Oyaer
200 ManbuUNKOB.

9. BeposiTHOCTH BCTPETHUTH Ha yJnIe 3Hakomoro pasua 0,2.
Cronbko cpepn nepeoeix 100 cny4aitHBIX MTPOXOKUX MOHKHO HANCATH"
€5l BCTPETHTDH 3HAKOMBIX ¢ BepositHOCTHIO 0,0057

10. Urpasnbuyio kocts 6pocaior 720 pas. Kakosa BepoaTHOCTH

TOTO, YTO TIPH HTOM TPH OuKa Beinano 120 paas?

(mem mounee, uem Ooavuie n) 6bvIMUCIEHA NO GOpMYLE
1

Nnpq

P(k)= @(x), 20e pyHKyus G(x) umeem 6ud

Buavenus QyHKUMH ((X) He BHIUMCIAIOTCA HENOCPEACTBeHH!
1o (opmyJie, a ONpefesISIOTCH 10 COOTBeTCTBYIONIeN Tabaunie (cM.
npua. 1). [Tpu aTom ciepyer noManTh cBOiicTBa GyHKIAH O(X).
dyuknus uerna, v.e. ¢(-x) = @(x), 1 snauenus QYHKIAN A5 X =

CTOJIB MaJibl, YTO MX NPHHATO CUYMTATH PaBHBIMHU HyJ0. TToka
KeMm, Kak paGoTaer JokanbHas Teopema Jlannaca npu pemeHu:
npeapiayeit sagaun: n=400; p=0,2; ¢ =0,8; k=80; npq =64; x
_ 80-400-0,2 0

=—=0. Ilo rabaune naxoaum: ¢(0)=0,3989. Uc:
400.0,2-0,8 8

KOMas BePOSAITHOCTH paBHa: Py, (80) = 1 -0,3989 % 0,3989

= % -0,3989 = 0,04986.

I pumep. Haiiti epoaTHOCTS TOTO, 4T0 B pesyavtate 405 Gpocanmit
panbHOil Koetu posro 30 pas Bunager 6 0UKOB,
Pewenue. BeposTHOCTD BHNALEHHA 6 0YKOB B OIHOM GPOCAHMM Ki

p= %~ BePOATHOCTH HeBbINazenns 6 oukos q = 6:‘)np = 405-%-6 =

_30-405-1/6 _
45/6
CKOJIBKY 3HAUEHHME APryMeHTa X = 5 > 4, TO MOJKHO cunTath, O5) =0, a c

~5. Cornacuo cpoiicream dyukimn @(x), o(-5) = ¢(5) u

WHTErPATIbHASI TEOPEMA NTAMNIACA
1 EE NPUMEHEHVE

AOBATOILHO; HCKOMAX BEDOATHOCTS DanHA: Pipg(80)~—im-0w0;

5/6 7.8.1. WnterpanbHas Teopema Jlannaca

Topaasio daie HA IPAKTHKE BOSHUKAET HEOOXOAMMOCTE B YCJIOBHH
panee chOpPMyTMPOBAHHOTO DKCIIPHMEHTA M3 N HE3ABUCHMBIX OJ(H-
HAKOBBIX HCIILITAHUIT OTIPE/IeTUTE BEDOATHOCTD TOTO, UTO HHTEPecy-
loiee Hac coOpITHE OABUTCH He MeHee ky u He Gojiee k, paa (Takas
BepossTHOCTH 00BIuHO obo3nauaerca P, (k;k,)). Orser Ha aroT BON-
POC MO3BOJSET MONYYATH MHTErpaibHan Teopema Jlannaca.

Bapaum Ans CamoCTOATENLHOTO pewenus

1. IlpeanonoxuM, 4TO BEPOATHOCTH BHI3AOPOBJIEHU GONBHO!
B peayJibTaTe NPUMEHEHHA HOBOrO MeTOja JedeHus pasua 0,
Ckouapko BeuteynBIMXCH 13 100 GONBHBIX MOXKHO 0XKHAATD C Be|
aruoctsio 0,0075?7
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ITycmb npo60dumces n He3a6UCUMbLX 0OUHAKOBHLX UCTLbLMAHWIL,
8 KaxcdoMm U3 KOMOpbLX 6ePOAMHOCTML NOABLCHUR COObLMUA PAS
p(p#0up#1). Tozda eeposmuocms P ,(ky; k;) mozo, wmo coGoim
A noseumcs 6 n ucnbimanuax we menee ky u ne 6onee k, pas, npu:
OAUNCHHO PABHA

B, (kyiky) = D(x,) — D(xy), Te d(x) =

] *E
E‘!e 2dt

— pynryua Jlanraca, 3Havenus Komopoit mabyAupo6anst u 3a
ceHbL 6 mabiuyy.

Yrobsl nonb3oBaTheH TabNMILeH, HEOGXOAUMMO 3HATH HEKOTOPI
cBoiicrsa Gynkimmn O(x). Ira pysKms HeueTHa, T.e. D(-x) = -D(x),
M IS 3BHAYEHUI X > 5 MOXHO NpUOIMIKEeHHO CuuTaTh, 4To O(x >5) =
=0,5. 3uauenus x; u X, B GopmyJie ONpeAeNAaOTCH OTHOIIEHAMH!

_keonp. . keony
xn = =Xy = .
' npg " Jnpg

Hpumepwi. 1. Maprus usgennii coneprcnt 20 % Gpakosannbix. TpeGy-
ertcs HAfiTH BEPOATHOCTE TOrO, 4To cpean 400 IPOBEPEHHBIX MIALIHIT TIO
nagercsa ve menee 50 u ne G6osee 90 GpaKoBaHHBIX.

Pewenue. Ncnonbays uaterpanbiyio Teopemy Jlanaaca ans n = 400
p=0,2;q=0,8; k= 50; ky, = 90, noayunm: /npg =/400-0,2-0,8 = 8;
_ 50-400-0,: 2 900 -400-0,2

8 8

= ®(-3,75) = ~0(3,75) = -0,4970; d(x,) = B(1,25) = 0,3944. Hckomasn sepo-
aTHOCTE paBHa: Py, (50:90) = 0,3944 +0,4970 = 0,8924.

2. Haiii BeposTHOCTS TOTO, w0 Ha 405 Gpocanuii urpanbuoil Koct
«mecrepkas Beinager xors 6u1 100 pas.
Pewenue. Ucnonbays unrerpaibuyio teopemy Jlanuaca pas n = 40!

= -3,75; x,= =1,25. Ilo rabanue P(x,)=

JAPErHCTPHPOBARKEIX B PETHOHE IPEANPHATHIl HMEIOT HAPYIIEHUA BUHAH-
covoii guenumnInAL: a) 480 npeAnpUATHIi; 6) HauBepoATHelmee THCAO
npeanpusTHii; B) He Menee 480; r) ot 480 10 520.

Pewenue. a) Tlo yeaosmio, p = 0,5. Tak kax n = 1000 xocTaTouHo BeH-
Ko (yesosie npg = 10000-0,5(1 — 0,5) = 250 > 20 BumONHENO), NPAMERA-
oM nokarBRYI0 Teopemy Jlannaca.

Brauate onpexennm

sarem
o(-1,265)

~J1000.0,5.0,5

6) HausepoaTHeiimee wHCA0: np — ¢ <my <np +p; 1000-0,5 - 0,5 < my,

_ (1265)
V250

0,1792
P =202 _0,0113
o V250

<

£1000-0,5 + 0,5, T.e. 499,5 < m, < 500,5 wan m,= 500. Teneps

500-1000-0,5 o0) _0,3989
=T 0 g Bigyy(500) = 2L =0,0252;
J1000-05.05 Tooo (800) J250 250

B) HEOBXOAUMO HAHTH P, go0(m = 480) = P, 0(480 < m <1000). Tpumens-

M HHTerpasbHyio Teopemy Jlaniaca, npeasapuTenbHO HAAS

480-1000-0,5
= 16500505 -
Tlocne atoro
P,00o(480 < m < 1000) = [®(31,6) - D(-1,265)] =
=[®(31,6) + ®(1,265)] = 0,5+ 0,3971 = 0,8971;

2= 1,265 3 x, =

T) BEPOATHOCTE P 00 (480 < m < 520) MosHO HAHTH 110 TOi ke MHTErPaTL-

noii reopeme Jlanzaca. Ho npomie 910 caeaTs, 3aMeTHB, 9TO IPAHAILL HHTEP-
pasa 480 1 520 cHMMeTPHYHBI OTHOCHTE/BHO 3Hauenus np = 1000 - 0,5= 500.
Toraa

p=tig=2:k =100;k, =405, nonywum: mpg=[105.1.5-75 = 20

. LA Piooo (480 < m < 520) = Py goq(| m ~500 < 20) = 2@( Jagg |7 200:269=0.7942.
1004051 405405
— 6 _4,33; x,= - 6 _ 45. To rabanne nmeem: ®(x,)=

= 0(4,33) = 0,4995; B(x;) = D(45)=0,5. Wckomas BepOATHOCTE paBHAL

Py (100;405) = 0,5 - 0,4995 = 0,0005.

3. Ilo peaynbTaTaM NPOBEPOK HAJOTOBBIMH HHCTIEKIHAMH YCTAHOBJIEHO,
UTO B CPe/HEM Kajk0e BTOPOE MAJOE NPeANPHIATHE PETHOHA UMEeT HApY:
menuns GuHanCcoBOil AncuumnHel. HaiiTn BepostHoCTs TOrO, uTO M3 1

314

7.8.2. MpumeHenne npubnuxetHsix opmyn
Myaccoxa u Nannaca

* Ecuau uncno ucnbiragmii n = 10... 20, To npubanxenasie popmy-

Jibl MCHONB3YIOTCA 1A TPYOBIX NPHKHAOYHBIX pacderos. Ilpu
arom opmy.a [lyaccona npuMeHsieTcs B TOM caydae, Korja A = np
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usmenserca B npegenax or 0... 2 (npu n=10) 10 0.... 3 (npu n = 20);
B IPOTHBHOM CJIy4ae HeoOX0AMMO M0Ib30BaThes (hopmyaamu Jlam-
saca.

* Ecau n = 20...100, To npubinikenHbie (GOPMYJibl yIKe MOMKHO HC~
NOJB30BATE AJs IPUKJIAAHBIX pacueTos. Popmyay [lyaccona
KOMEH/yeTcs IPUMEeHATH, KOT/la apaMeTp A 3aKJI04YeH B Ipeje~.
aax or 0...3 (n = 20) 50 0...5 (n = 100).

e Ecaun=100...1000, To npakTHYeCKH MpH JIOOLIX PUKJIA/HBL
pacuerax MOXKHO 000iTHCH TpubIMIKeHHBIME (hopmyaamu. Do
mysia [lyaccona npuMensiercs, KOrja A M3MeHseTCs B npejet
o1 0...5 (n = 100) 10 0...10 (n = 1000).

e IIpu n > 1000 gaxce cnenmanbHbie TaGJIMIBI PACCUUTHIBAIOTCH
noMoIbIo pubaHKeHHBIX (hopmysi. B aToM ciyuae juis npum
Henus opmyant [lyaccona neobxoanmo, uTobbl napamerp A Ju
sxan B npegesnax 0...10 u Gosee.

MIrOTOBICHHBIX HA BTOM 3aBojie, oKa)keTcs He MeHee 80 u He Gosee
100 rakux, KoTopble obecneyaT HOPMAJILHYIO paboTy B TeUEHHe ra-
PAHTHITHOTO CPOKA CJIyKOBI?

8. BepoATHOCTh M3rOTOBJEHNUS NMAJLTO BHICIIETO KAYECTBA HA
mseitnoit pabpuke pasua 0,6. Uarorosneno 600 nansro. Yemy pas-
no Hnunepoa'rﬂeﬁmee UMCJIO N3JIeJIHIT BBICIIETO KaYecTBa u BepoAT-
HOCTB aTOrO cobBITHA?

9. U3 100 % abaok, nocrynaomux B Mmarasun, 10 % — necran-
paprasie. Haiiaure BeposiTHOCTDb TOro, uto B napruu ua 10 000 a6-
n0x Oyer menee 200 HeCTAHAAPTHBIX.

10. B napruu ropapos umeercs 400 uazennii. Beposituoers Toro,
uro usgenue 6yner seiciiero copra, pasaa 0,8. KakoBa BeposiTHOCTD
10T0, 4TO KOJUYECTBO U3JleJIHii Bhiciero copra 6yzer pasro ot 310
o 3307
11. IlycTh BEPOATHOCTH TOTO, YTO MOKYNATENb OBOIIHOI'O Marasu-
na ne npuobperer xaprodean, pasna 0,2. Haiianre BeposTHOCTH
roro, uto ua 625 nokynareseit Gonee 120 npuobperyr kaprodesas B
HTOM MarasmHe.

12. B pepesue nposxcusaer 100 yenosex. BeposTHocTs TOro, uto
N1060ii M3 HUX B TeueHHe JHs 3aiiger B Maraaun, pasua 0,3. Haiian-
Te BePOATHOCTHL TOIO, YTO B TeYeHHE JHA B MArasus 3Bi'my1‘ He me-
nee 10 yenosex.

13. B pesynbrarte NPOBePKA KAYECTBA PUTOTOBJIEHHOTO IS 1O~
cesa 3epHa ycTaHOBJIEHO, 4To 90 % 3epen Bexoxu. Haiianre sepost-
HOCTH TOTO, 4UTO cpesu 0TOOPaHHBIX M BhicaxkeHHBIX 900 3epen npo-
pacret or 600 1o 640 mTyk.

14. Teaedounas cranuusa obeayxnsaer 400 abonenron. [lns
KaXxa0ro aboHeHTa BEPOATHOCTH TOIO, YTO B T€YEHHE JHHA OH [103BO-
wur Ha renedoHHyio cranumio, passa 0,1, Halizure BeposTHOCTD
TOro, 4TO B TeYEHHUE JIHA He MeHee Tpex abOHEeHTOB NO3BOHAT HA Te-
NeDOHHYIO CTAHIUIO.

15. C BepositHOCTBIO 0,8 Opy/He IPU BBICTPEJIE IOPAYKAET LeJh.
Ilpousseneno 1600 pricrpesios. KakoBa BeposiTHOCTB TOTO, 4TO IIPH
proM npomusonio He Menee 1200 nonaganuin?

16. B cpenunem sesmn cocrapisiior 1 % or obuieit uncaensocTn
erynenrtos. Kakosa BepoaTHOCTE TOro, uto cpeau 1100 crygentos ne
Mesee 20 nesmeii?

17. B napke Gb110 nocaskeno 400 gepesnes. Haiianre BepoaTHocTs
T0ro, 4TO KOJHYECTBO IPHIKMBIINXCA JlepeBbes Gonbure 250, ecu Be-
POSATHOCTE TOTO, YTO OTAEJNbHOE epeBo NpuKuBercs, paBHa 0,8.

3apaun AnA CamMOCTOATENLHOIO peweHus

1. AyanTopryio paboTy 110 TeEOpHH BEPOATHOCTEl C IePBOTO pa:
yenemno Buimnonaasor 50 % cryaentos. Haiiure BepoaTHoCTh TOTO,
qro u3 400 cryaentos pabory yenemHo Buinonnsior: a) 180 cryen
ToB; 6) He menee 180 cryaenToB.

2. [Ipu JaHHOM TeXHOJOrHYecKoM npouecce 85 % Beeil npousse:
AeHHOi npoAyKuuu Bhicuiero copra. Haiiaure HanpepoaTHe i
UMCJIO N3/IeHil BBICIIETo copTa B naptuu 13 150 naxennii.

3. lpu gasHOM TexHOJOrH4YecKoM npouecce 80 % Bceit npouase:
JIeHHO# NPOAYKIMH BhicIIero copra. Halianre HauBeposTHen o
YMCJIO H3ZeJINIi BRICIIIETO COPTa B HapTHu n3 225 uajeunii u Bepos
HOCTb TOTO COOBITHS.

4. BepoATHOCTH TOTO, UTO caXeHell eJKu npuxuiacs, pasaa 0,8,
Tlocaskeno 400 enounbix caenna. Kakosa BepOATHOCTD TOTO, W'
BeipacreT He Menee 250 nepesnen?

5. BexoskecTh ceMsiH anHoro pacrenns pasna 0,9. Haiinure pe:
posiTHOCTE TOTO, 4T0 M3 900 NOCAXKEHHBIX CeMsAH YHCJIO TPOPOCIIIH:
Byaer sakaodarbea mexay 790 u 830.

6. Beixoa ubinasaT B unkybarope cocrapiaser B cpepnem 75 % .
OuenuTe BEPOATHOCTH TOro, 4To 13 8 000 3a/105KeHHBIX B MHKYOATO]
AuL BeUTynuTes ot 5950 10 6050 (BKIIOUMTEIHHO) IBLITIAT.

7. BeposiTHOCTH TOTO, YTO B3ATAS HAYTA/ IAMIIOYKA, H3TOTOBJIEH:
HAsd HA JAHHOM 3aBOJle, IPOCJIYKHUT B TeYeHHE rapaAHTHIHOTO CPOKA,
pasaa 0,9. Kakosa BepositHoCTh TOro, 4To cpeau 100 samnouex.
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7.9.2. 3akoH pacnpeaeneHus GUCKPETHON

IEZMl nVICKPETHAS 11 HEMPEPBIBHAS B
Cny4anHon Benn4vHbl

CNYYAHbIE BENNYUHBI. .
CNnocos 3AAAHMA AUCKPETHOW
CNYYANHOW BENVNYUHBI

PaccMOTPHM INCKPETHYIO caydaifHyio Beanyuny X, Bce BO3ZMOXNK-
Nhie 3HAYEHHA KOTOPOH X, Xy, .., X, M3BECTHBI. BHAHHE OJHUX
T0JIbKO BOBMOKHBIX 3HAYEHUH cnyqaﬁuoﬁ BeJIMYUHBI ellle He 103BO-
JSIET TIOJTHOCTBIO ee ONMCATH, TAK KAK HeJlbasd CKA3ATh, KAK YacTo
eyeT 0XKHAaTh HOABJIEHUA TEX UM HHbIX BOZMOMXHBIX BHAYEHHIT
yuaitHo BemunHbl. J11a 8T0ro HeobX0AHMO 3HATH 3aKOH pacipe-
JIEHUS BEPOATHOCTEH cayuaiinoi seanunnb. (Kpome Toro pasubie
y‘l&ﬁﬂhle BEJIMYUHBI MOT'YT UMETh O/LHU U Te YKe YHUCJOBble 3Have-
usi.) O6G03HAYMM BEPOATHOCTH COOBITHIA, COOTBETCTBYIOIMX 3HAYE-

7.8.1. MNoHATWE AUCKPETHON U HENpPepbIBHON
CRy4aiHbIX BENUYNH

TIpeacTaBuMm, 4TO NPON3BOANTCS UCIIBITAHUE, B DE3YJIbTATE KO’
POTrO NPOMCXOAMT OJHO U3 HECOBMECTHBIX CIYHaiHBIX COOBITHIT Ay,

IlyeTs KaXA0My NCXOAY A, HCHBITAHUSA IOCTABIEHO B COOTBETCTBH MM cnyuafiHOd BeMUMHEL, 4epes py, T.e. py=p(X =x); Py =

P(X =x,); ... Tak KaK BCe HTH COOBITHA ABJAAIOTCH HECOBMECTHBI~
M 1 06pPAa3yIOT MOJHYIO PYIIY, TO CyMMa BEPOATHOCTE i BCeX BO3-
O3KHBIX 3HAYEHUH cay4aiiHoil Beanunnbl X paBHa eMHMIE, T.e€.

HEKOTOopoe AEﬁCTBHT‘EﬂbHDe HHUCH0 X;. Barom cjrydae ropopsT, 4To 3as
Aaua caydaiinas seanunna X(X = x,).

Mpumeput. 1. Bpocaercs urpansuasn kocts. Cayuaiinas seamuuna X
BhInaBLee YHea0 ouKkos, X: 15 2; 3; 4; 5; 6.

2. Tokynaercs n norepeiinbix 6uneros. Cyuaiinas BeMUMHA — UHC: 1
710 Beiurpeimeit, X: 0; 13 2; .5 n.

3. aTpoHsl BBIAAIOTCA CTPEIKY A0 TEX NO0P, NOKA OH He MPOMAXHETCH,
Cayuaiinaa eanauna X — 4HCI0 BHAAHHBIX CTPeaky natponos, X: 1; 2
R HESEY i

4. DIeKTpHYECKAS JAMIIOYKA MCIbITBIBAETCH HA JTHTEJbHOCTD I'0)
#Hus. Cayuaiigas Bexuuuna X — NOJHOE BPEMsi FOPEHUS 31€KTPOIAMIOY:
KH — MOJeT IPHHUMATD Ji060e 1efCTBATeIbHOe HEOTPHIATEIHHOE JHA
uenne.

P(X =x,)=2p, =1. JIlnckpernas cayuaitnas Beiauumnna byzer
T

OJIHOCTBIO ONUCaHa ¢ EepOﬁTHOCTHOﬁ TOYKH 3pEeHUusdA, ecjan ﬁyAe'r
A38HO, KAKYIO BEPOATHOCTh HMeeT Kaxjoe u3 COGHTHﬁ, cooTBer-
'BYIOIINX 3HAYEHNSAM CAYYANHON BEJNYNHBI, ITUM Mbl YCTAHOBAM
KOH pacrnpe/iesieHus Cay4ai ol BeTMUHHbL.

3axonom pacnpederenus CAYHaunol 6eAULUH bt HA3IBA~
5 BCAKO® COOTHOIIEHWE, YCTAHABIMBAIOIIEE CBA3L MEMX/Y BO3-
OMHBIMA 3HAYEHUAMH c}lyqaifmoﬁ BeJIMUUHBI U COOTBETCTBYIOLIN-
CuayuaitHasa BeJINYHHA ABJAETCHA CBOETO POJia AGCTPAKTHBIM BBI M UM BEPOSTHOCTAMM.
pakeHneM cay4anHoro cobbiTusa. C KamabiM coObITHEM A MOXH
CBA3ATH HEKOTOPOE 3HA4YeHHe CJayuaiiHoi Besuunnbl. Onepuposa
HHEe C NOHATHEM Cle'-lBﬁHOﬁ BeJIMYHUHBI B pAJle caydyaes GpiBaeT
Jiee yAOOHBIM, YeM ONepUPOBAHME CO CAYHAHHBIMH COOBITHIMU,
Cpesn cayuaifHbIX BEJMYMH, ¢ KOTOPBIMHM NPHXOANTCH BCTPEYATH:
CH HA NPAKTHKE, MOXHO BbIJICJIUTH /IBA OCHOBHLIX THIIA IUCK)
Hble  HeNPepbIBHbIE BETHYNHBI. !

BameTnM, uTo cnocobbl WK GOPMBI NPECTABICHHA 3AKOHA pac-
pesiesIeHusA CITYYaRHOM BeJIMYMHBL MOTYT ObITh pasiauuabiMu. ITpo-
itieii (hopmoit 3a1aHUs 3aKOHA paclpe/ieleHus IMCKPeTHOM coy-
HO# BestmunHbl X siBiAeTcsA Tabinia, B KOTOPOil nepeyncieHbl Bo3-
07K HBIE 3HAYCHUA CITYYAITHOI BeIMYMHBI M COOTBETCTBYIOIIHE UM Be-

ATHOCTH:

S - =
X , EA % |
P P P p, - | Zm=1 1

Takas Tab1MIa HOCUT HA3BAHNE PADA pacnpedenenus cay“ai-

@ Genusunnt, LN HATAAAHOCTH PSAJ pacnpeeeHus peACTaBIsa-
rpaMuecKn B BUjle MHOTOYTOJIbHMKA pacnpeaesenns (puc. 7.5).

@ JAuckpemnoil cAywatinol 6eAUuHUHOU HA3LIBACTCS TAKAST B
JIMYMHA, YACJI0 BO3MOXKHBIX 3HAUeHUIT KOTOPOit 1nbo KoHeuHoe, JHl
GeckoHeUHOE CYRTHOE MHOKECTBO, T. €. MHOMKECTBO, JJIeMEHThI KOT!
POro MOTYT GBITH IPOHYMEPOBAHBL.

JluckpeTHble cayyaiiHble BeJIMYNHBI IPUBEleHbl B npuMepax 1
2,3.
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O OLHO 0UKO (p(,m; %]; P, = P(A)) P(A,;) = ;_6. BeposiTHOCTE TOT0, YTO

UpH ABYKPATHOM GPOCAHNHN HIPAJBLHON KOCTH B CYMMe MOABHTCA TPH OUKA,
paBHA CyMMe BEPOATHOCTEl ABYX cOGBITHII: B) — Ha NepBoif KOCTH NOABUT-

©#1 OJIHO OYKO ¥ HA BTOPOIl KOCTH IBA OUKA (P(B.) = % % = 316] , mbo B, —
of = x x % X Puc.75 Ma nepBoil KOCTH MOABATCH ABA OYKA W HA BTOPOil KOCTH OAHO OUKO
11 1 1 1 _2
Ipumepst. 1. Monery Gpocaior 5 paa. Cayuaiinas seauwmia X — w (Ple): 6 ~§); P =P(B)+ P(B) = oot o= o M3 amanormummix
710 Beinagennii «repbas. COCTABUTEH €€ 3aKOH pacTpeiesenns.
Pewsenue. 1) TIpn IATHKPATHOM GPOCAHMI MOHETHI «repd» MOJKET He I 6 & B = EN _ 4 5. _ 6. _ 5. _4,
ABHTHCS HE Pasy, AM60 O/MH Pa3, KGO ABa pasa, MG TPH pasa, AMGO U gpodpamennit By = oo P, 36’ 3 % Py i P, 36 B= 36

Thipe pasa, GO mAT pas. CleoBATENLHO, CayHAiinaA BexiHa X npi
numaer anavennsi: 0, 1, 2, 3, 4, 5; 2) Haiizem BepoaTHOCTH KaxA0r0 B-2 i,
aTHX 3HAYeHHii. BepOATHOCTL TOTO, 4TO «repbs He NOABUTCA HU Pasy Ij 36 36

NATHKPATHOM GPOCAHMN MOHETHI, BHIYUCIALTCSH 10 dopmyae Bepuyain: T m—

1 _1 - ¥ =M == 1
‘1‘0):0?1’""":“‘(5] =32 2| 3| 4|56 7| 8|91 1|12
Amascrao: 1/36| 2/36 3/36| 4/36| 5/36| 6/36| 5/36 4/36| 3/36| 2/36| 1/36
_apg=s L (1) 25, n@-12 p@-12 o
BM=Cipl' =55 [z) =g D=5 Al=gg 3. B 0Tepee PATHIrPHBACTCS: MOTOIMK CTOMMOCTHIO 5000 Ao, 4 Te-
JleBu30pa cTOMMOCTHIO 250 01, KaXAblil, 5 BHI€OMArHNTODOHOB CTOMMO-
)= BG)=—. erb10 200 g0 Kancamit. Beero npoaeres 1000 6ueron no 7 gonn. Co-
32 32 CTABHTH 3AKOH PACHIPE/IeIEHHs YHCTOrO BHIMIPLIIIA, I0J1y4eHHOTO YIACTHN
M JIOTepeH, KyNMUBIIUM OAHH Ouner.
3) Bakou pacipesieieHnA UMeeT BHL Pewenue. BoaMoxHbIe 3HAUEHNA CAYHaiiHOi BeanuuHbl X — YHCTOTO
WHHTpBIIIA HA 0AMH GuieT — papmEr 0 — 7 A0/ (ec/i GHIET He BRIUTPa),
X ° 1 2 3 4 5 00 - 7 =193, 250 - 7= 243, 5000 — 7 = 4993 1021, (ecau Ha GuieT BRIIAT

BHTPBILT COOTBETCTBEHHO BUACOMATHUTOMOHA, TJIEBH3OPA HIIH MOTOILHK-
aa). Yaurwisas, uro u3 1000 GuiaeToB YMCA0 HEBHIMIPABIIMX COCTABISET
, YKABAHHBIX BEIATPHIIIEi COOTBETCTBERHO 5, 4 1 1, I HCMIOABIYA KAAC-
uecKoe OTpe/iesleHHe BePOATHOCTH, MOTYUHM:

1/32 5/32 | 10/32 | 10/32 | 5/32 1/32 | ¥ p =1

2. Jipaxcapl GpocaeTcss MrpajibHas KOCTh. Cayuaiinas seanuuna X
cyMMa 0YKOB npu 060uX GpocaHnAX. CocTaBuThb e€ 3aKOH pacrpeeseHus,

Pewenue. 1) Tipn ABYKpaTHOM GPOCAHMH UIPAILHON KOCTH B CYMMS
MoeT mosBuTbesA 60 2 ouka, aubo 3, 4, 5, 6, 7, 8,9, 10, 11, 12 ouxol
CrnenoBarensHo, cayuaiinas seuanna X NpUHIMAeT 3HAYCHUA: 2, 3,4, 5,
6,7,8,9,10,11, 12.

2) Haiiziem BEPOATHOCTH KAMKJO0TO U3 ITHX anavennii. BepoaTHOCTH TO!
WTO MM ABYKPATHOM GPOCAHWM MFPATBHOM KOCTH B CYMMe HOABHTCA X
04Ka, PABHA POM3BEIEHHIO BEPOATHOCTEH ABYX cobeiTnii: A; — Ha Nepsol

P(X = -7)=990/1000 = 0,990; P(X = 193) = 5/1000 = 0,005;
P(X =243) = 4/1000 = 0,004; P(X = 4993) = 1/1000 = 0,001,

e. psa pacupenenenus X:

% -7 | 193 | 243 | 4993

- — =

p, 0,990 0,005/ 0,004| 0,001

1 "
KOCTH NORBUTCS OAHO OUKO [P(A|)= 6) 1 A, — Ha BTOPOii KOCTH TIOABH
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3apaun ANA CAMOCTOSTENLHOTO PeweHus MAHHSA pabouero, pasua: Jus nepsoro crauka 0,7; pis Broporo —
0,75; ans rpervero — 0,8; paa uerseproro — 0,9. Haitgure sakon
pacnpesiesieHHsA Cay4aiiHON BeauuHHbl X — 4MC/Ia CTAHKOB, KOTOPbIe
ne norpebyioT BHuManus pabouero.

9. YeTpoiieTBO COCTOUT U3 TPEX HJIEMEHTOB, paboTaIOIMX He3aBu-

1. Ilycrs X — BBIpyuKa (PUPMBI B 10J18paX. Haitaure pacnpeje:
Jienue BpIpyuKH B py6asix Z = XY B nepecuere no kypey nonnapa Y,
ecau BhIpyuka X He 3aBHCHT OT Kypca Y, a pacupeaenesnsi X u b

MMEIOT BUJL: CMMO ZpYT OT Apyra. BeposiTHOCTE OTKA3a KAXJ0ro 2JIEMEeHTA B 04~
X Y nom onsite pasua 0,1. CocraBbTe 3aKOH pacnpejejeHHs YuCaa OT-
ST R — KA3ABIINX DJIEMEHTOB B OJIHOM OIIbITe.
1000 | 2000 y, 25 27 10. BeposiTHOCTB TOTO, 4TO CTPEJIOK II0NA/IAeT B MUIIEHb IIPH O/~
- - — — Hom BeicTpesie, pasaa 0,8. CTpesky nocjeoBaTeNbHO BBIAAIOTCA
0,7 0,3 P, 0,4 0.6 HATPOHBI 10 T€X NOp, NOKA OH He IPOMAaXHeTcs, HO He Gosee yeThl-

pex. TpeGyercsa: a) COCTABMTL 3aKOH paclpeieseHus JUCKPeTHONR
cayuaitHoil BesimunEbl X — 4McJa NATPOHOB, BHIJAHHBIX CTPENKY;
6) MOCTPONTH MHOTOYTIOJIbHUK TIOJIYy4E€HHOTO PACIIPeeeHns .

11. B napruu U3 mecTy JeTajeil UMEIOTCA YeThIpe CTaHapTHbIE.
Haynauy oro6pansl Tpn gerann. CocTaBbTe 3aKOH pacrnpeeseHus
JAMCKPeTHOI caydailHoi BeJuunHbl X — YMC/a CTAHJAAPTHBIX JeTa-
Jieit cpein 0TOOpPaAHHBIX .

12. C BepoATHOCTBIO NIONIAAAHMSA IPU 0AHOM BhicTpene 0,7 oxor-
HUK CTPeJsieT 1o JAUYH 10 [IePBOro NonajaHus, HO ycueBaeT c/leJlaTh
He Gosee yeTnipex BeicTpesioB. JlucKpeTHas cayuaiiHas BeJMUnHA
X — umcyio npomaxos. Tpebyercs: a) HAWTH 3aKOH pacTipeiele s
X; 6) 1OCTPOUTE MHOTOYTOJIBHUK PACIPE/eJeHNAs; B) HAWTH Bepo-
araoctn P(X < 2), P(X > 3), P(1 <X <3).

13. JiBe urpanbuble KOCTH 0AHOBpeMeHHO Gpocaior ABa pasa. Ha-
NUIIMTE 3aKOH pacnpejesieHus AMCKPeTHOH cayuaiiHoil Besuuu-

Hbl X — uMc/a BbINAaJeHUl YeTHOTO YHCJIA OYKOB HA IBYX MIPaib-
HBIX KOCTAX.

2. UmeioTcs NATH KJlo4eil, U3 KOTOPIX TOJBKO OAMH MOAXOMUT.
Haiiaure 3aKOH pacnpeaesiesus cayuaitnoil BeanunHbl X, PABHO
yuesry mpod npu OTKPBIBAHUHM 3aMKa, ecIn ucnpoboBaHHBIH KO
nocJeAyommux NONBITKAX HE y4acTByeT.

3. Ha nyTH ABM>KeHHMs ABTOMOOHIIA WIECTh cBeTO(OPOB, KA
M3 KOTOPBIX pasperaeT jiu 3anperiaer JajgbHeillee JIBUKeHHE C Bes
positHocteio 0,5. Haiiaure sakon pacnpejesieHns cayuailHOM BeJIH
yunbl X, paBHOil unciy cBeTopopos, NPOiiIeHHBIX ABTOMOOKIEM /i
nepBoil OCTAHOBKH.

4. B naptuu U3 eciaTH eraneil MMeeTCsi BOCEMb CTAHAAPTHBIX.
M3 aToil napTy Haylauy B3SATO Be AeTalu. Haiiaure 3aK0H pacn]
Jesenns CayYanHoN BeJIHUMHBI X — uucJa CTAHAAPTHBIX JleTaJiel
B BoIOOpKE.

5. Hanumunre 3aKOH pacnpesiesienns JMCKPeTHOH caryuaitnoi
JmuuEs X — 9MCJIA TOABIEHMH «repbas npy Tpex BpocaHuAX MO~
HeThI.

6. [inckperHas ciyyaiinas BeJuunHa X — 4HMCJI0 MAJIBYHKOB B
MBAX € IATHIO AeThbMH. [[peAnosaras paBHOBEPOATHEIME PO ACHM
MaJIbUMKA M IeBOUKM: a) HAIMTE 3aKOH pacipe/eeHus cIyuaitHo!
pennuuHbl X; 6) 10OCTPOiiTe MHOTOYTOJIBHUK pacnpeaeieHus X
B) HaliAUTE BEPOATHOCTH cobpiTHil A (B ceMbe He MeHee ABYX, HO HE
Bosiee TPeX MaJbUNKOB), B (8 cembe He Gosee Tpex MaJbYUKOB) B
(B cembe He GoJIee OHOTO MaJIbUMKA).

7. B napruu 10 % HecTaHAAPTHBIX neraneit. Hayaauy oroGpasbl
yersipe geramu. CocTaBbTe 3AKOH pacrpeerenus JMCKPeTHO# CIIy=
uaitHoil BenMunHbl X — uHC]Ia HECTAHAAPTHBIX nerasneii cpesu e~
ThIpEX OTOOPAHHBIX 1 MOCTPOiiTe MHOrOYTOJIbHUK MOJIYUeHHOro pac:
npejieleHns.

8. Pabounii 06cryKUBAET YeThipe He3aBUCHMO paboraloux cTaH~
ka. BeposiTHOCTD TOTO, UTO B TeYEHUE Haca CTAHOK HE norpebyeT BHU~
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74 YNCNOBbLIE XAPAKTEPUCTUKN
ANCKPETHOW CNYYANHOW BENMNYUHbI

BaKoH pacnpejieleHus MOJHOCTHIO XaPaKTePU3YeT cIIyuailHyIo Be-
JIMYMHY ¢ BEPOATHOCTHON TOUKHM 3peHusA. 3Has 3aKOH pacnpeaeeHus
chy‘lBﬁHOﬁ BEJIMYHMHBI, MOXKHO YKa3aTh, Irile pacinoJiaralorcsi Bo3-
MOKHBbIE 3HAUEHUSA Cy4YaiiHO BeJTMUNHBI M KAKOBA BEPOSTHOCTH ee
NOABJIEHUA B TOM MJIM HHOM HHTepBaJe. OHAKO IPH PEIEHUN MHO-
PUX NIPAKTHYECKHUX 3a/1a4 HeT HeobXoMMoCTH XapakTepHu3oBaTh CJay-
MARHYIO BeJIHYMHY IOJHOCTBIO, & JOCTATOYHO MMETh O CAYYalHOM
BeIMUMHE TOJBKO HEKOTOpoe obIee npeicTaBienne. 3auacTyio 10-
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cTaTOuHO OGbIBAET VKA3aTh He BeCh 3aKOH pacnpejejeHus (B HEeKOTO~
PBIX 38/[@4aX HTOTO MPOCTO HEJb3S CAEJATH), & TOJBKO HEKOTODBIE
XapaKTepHbie YepThl 3aKOHA pacnpejenenus. B reopun BepoaTHoC~
Teil s 001ell XapaKTepHCTHKN CAYYailHON BeJIMYHHBI NCTIOJIb3Y~
10TCS TIOKABATENH, KOTOPhIE HOCAT HA3BAHME YHCIOBBIX XapaKkTepu-
CTHK Clly'-lﬂﬁ"oﬁ BeanunHbl. OCHOBHOE MX HABHAYEHHE — B CIKATOMN
dopme BHIpasuTh HaubosIEe CYIECTBEHHbIC 0CODEHHOCTH TOTO HIH
MHOTO pacnpenenenns. O kaxdoi cayvaitnoil 6eauune Heobxodu-
MO npexcde 6cezo anamb ee cpeduee snavenue M(x), 0K010 KOmMopo-
20 2PYNNUPYIOMCA BOIMONCHBLC IHAUCHUR CAYHATUNHOU GEAULUHDL,
a maxce wucao D(X), xapaxmepusyouiee cmenens pasobpocannoc-
MU IMUX FHAYCHUL OMHOCUMENbHO CPeOHe20.

Kpome yKkasaHHBIX YHCIOBBIX XaPAKTEPHCTHK, JUIs GoJiee TI0JTHOTO
ONMCAHUSA CAVIAWHON BEJTMUHMHBI HCTIOJIB3YIOT PAJL IPYTHX YHCIOBBIX
XapaKkTepHCTHK (MO,!\R, Me[HaHa, ACUMMeTPHA, DKCIece u T.}l.). Bcee
OHM TIOMOTAIOT B TO MJIM MHOI Mepe VACHUTH XapaAKTepHbIe YepThl
pacnpejeneHus cayuaitHol BeJTNYNHbI.

7.10.1. Matematu4eckoe oxuaaHue

Ilyers X — auckperHas caydaiinas Besnunaa. Byjem cuurars,
4TO OHA CBA3AHA C HEKOTOPBIM OnbITOM. IIpeAnonosxkum, 4To OnbIT
ocymecrsaen N pas u npu atom Beanunsa X N, pa3 IpMHUMAET 3HA=
yenue x,; N, pas — 3HaueHHE X,;..; N, pas — 3uaueHue X,, rae
N, + N, +..+ N, = N. Haiizem cpeanee apupMeTHIeCKOe BCeX 3HA~
4eHnil, NPUHATHIX BeAHUNHON X B JaHHOI cepuyu onbIToB:

Nyx; + Nyx; +...+ N, x, =ﬂx,+&xz+...
N N N N

s

N,
06b —- eCcTh 4ACTOTA, ¢ KOTOPOIl MOABJANOCH 3HAUCHHE Xy,
N 1

N,
APOGE % — uAcTOTA, ¢ KOTOPOH OABJSIOCH JHAUCHHE Xy, 1 T. K.
P N 2

C yBesmyenneM guca onbiToB N Kaxcas ua aTux apobeii Gyaer npu-
Gmmkareesi K p; = p(X = x;). B urore nosyuaem, 4To ¢ yBeJHYEHHA~
em uncaa N cpeanee apudmernyeckoe OyAeT NpuGIHKATECA K YHCT

AY pXy+ PaXp + et PaX,.

[0] Mamemamuneckum oncudanuem gucxpernoii cryuaitnoit se=
JananHEbl X ¢ 3aKOHOM pacnpeaesienus:
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Cmbica M(x) B ToM, 4T0 0KOJIO Hero KoseGnercs cpeanee apud-
MeTHYeCKoe 3HaYeHHI, IPHHUMAEMbIX cayvaiiHoN Beanunnoi X,
B Gonbuioit cepuu onbitos. Ecau ke TNPOM3BOJMTCHA HECKOJBLKO Ce-
Ppuii onbitos, To M(X) ecth Takoe HOCTOSAHHOE YNCJII0, OKOJIO KOTO-
poro 6yayr konebarbes cpeanme apudmMeTHUeCK1e 3HAYCHUA cay-
MAITHOI BEJIMYMHBI, BRIYHCIEHHbIE AJIS KAsK/10i cepum onbiTos. Ma-
Temaruyeckoe oxuaanne M(X) HasbiBalOT TaKKe cpednum 3na-
Menuem cayvaiinoii Bernuunn X, TOAYEePKUBAS TEM CAMBIM CTa-
THCTHYECKHIT CMBICJI DTOTO NOHATHA (CTBTHCTH‘IGCKHM a”ajaorom
MATEMATHYECKOrO 0XKMAAHUS CIIYIKHT CPeiHee apupmMeTHYecKoe ua
OMIHPUYECKUX 3HAYCHUIT coryuaiinoii BeJauunHbl). Matematnueckoe
Oxunanne M(X) naswiBaior eme u yenmpom pacnpedenenusn
Caywainon eenuvunve X. 1o Haspanme BBOJAT 110 aHAJOrUM
€ NoHATHeM UEHTPA THAMKECTH LIS CHCTEM bl MaTepruaJibHbIX TOYeK,
PACTIONIOKEHHBIX HA OAHOI NPAMOIL; ecau Ha ocu Ox B n Toukax
© KOOPAMHATAMMU X), Xy, ..., X, COCDENOTOUEHBI MACCHI Py, Py, .., Pos
T0 KoopauHAaTa X, IEHTPA TAKECTH CHCTeMbI HAXOAUTCS 110 hopmy-

PPy tetp,

ne: X, - Ho anst pacnpenenenus seposrnoc-

Teit I0JKHO BBIIONHATHCS PaBEHCTBO Py + Py +...+ p, =1 u Hanucan-
Hoe cooTHOwenNe st X, cBoAnTCA K hopmy.te:

X = Py + ppXy + .t P,

TTpumep. Haiiti marematnueckoe oxunanue cywaitnoii pesnsmnmn
X — uncna yragannsix HOMEpoB B «Cnoprioros 6 ua 49.

Pewenue. 1) Cocrapum sravane saxon pacnpeaenenus cayuaiinoii pe-
danag: X . Tlockonsky npu urpe s «CropTi0Tos MOKHO He yraxaTh Hut on-
Moro Homepa, 1160 yraaaTh oauH, 1Ba, TPH, YeTHIPe, NATh, WeCTh HOMEPOB.
10 cayuaiinas Bexuunna X MOMNET UPMHUMATE 3Havenus X: 0; :
3 6. Haiiztem BeposTHOCTH Kaa0r0 U3 91X aHAYeHMI:

oce i
po=CC% 04360, p, - CiCay

1 %

~0,4130; p,
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aca (s sc1
SCC o.018; p, - %% 0,0007; p, = SC8 - 0,000018;
o o Cho
.o
po=SC8 710,
%
OKORUATEBHO 3AKOH PACTIPEACIICHMS HMEET BHA:
2 | 3 | 4 5 | s

0,000018  7-10°*

2) B coOTBETCTBHY € 3AKOHOM pacHpejeeHus:
M(x)=0-py+1-py +2-p, + 3 py +4-py+5-p; +6-py = 00,4360 +1-0,4130 +
+2-0,1324 +3-0,018 +4-0,0097 +5-0,000018+ 6-7-10 * = 0,735.

Takum 06pazom, cpeAHee YHCI0 YraJaHHbIX HoMepoB pasno 0,735,

7.10.2. CeoicTBa MaTEMaTUHECKOro 0XnaaHus

CaoiictBo 1. MaremaTnueckoe o:kujanue NOCTOSAHHOI cyJaiHoi
BEJMYMHBI PABHO CAMOM NOCTOAHHOM, T.G.W(C) =C,

WX:C):M(X)LC.I

CgoiictBo 2. I1oCTOAHNBIIT MHOKHTEh MOYKHO BRIHOCHTD 38 3HAK
MaTeMaTH4ecKoro oxuaanus, r.e. M(aX) = aM(X).

M(@aX +C)= aM(XEE‘

CaoiicTBo 3. MaremaTnueckoe oxuganne ajrebpanyeckoi cym-
MBI ABYX (MJIM HECKOJBKMX) CIyYaiiHbIX BEJMUUH paBHO anrebpa-
MUeCKOii CyMMe NX MATeMATHYECKHX OXKHAaHMi, -r.e.[ > &4 bY)ﬂ
=aM(X)+bM(Y). -

CaoitetBo 4. Jlna HezapucuMBIX caydaiinbix Besnuun X u Y3

(XY) = M(X)M(Y).|

==

Hpumep. Tyers X u Y — ase negasucumbie cayuaiiibie Be unHb,
npuuem M(X)=2n M(Y)=3. Haiith maTemaTnueckoe oxuganue cuyqaii-

Hoii Benmunne Z = 3X - 2Y.
Pewenue.

M(Z)=M(3X -2Y)=M(3X)- M(2Y)=3M(X)-2M(Y)=3-2-2-3=0.
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7.10.3. lucnepcus n cpeaHee KBaapaTUyeckoe
OTKNOHEHWE CNy4aiiHoi BENNUNHBI

Ilycrh gane! ABe caydaiinbie Beinuunbl X U Y co CBOMMY 3aK0-
HAMM pacnpefeNeHns:

X -1 1 Y ~100 100

P 1/2 1/2 P 1/2 1/2

SHcno, uro M(X)=M(Y)=0. U3 npumepa cjeayer, 4TO Pa3HbIM
CAYUAHHBIM BEJTMYNHAM COOTBETCTBYET OJHO M TO JKe MaTeMaTnHde-
cKOe OXCH/IaHMe, 0ITOMY 3HAHME JMIIL OHOTO €T HEeJOCTATOYHO
A1 ONIMCAHUA cayuaiiHOl BeMunHbl. BBesem eme ofHy 4HCIOBYIO
XapaKTePUCTHKY, NOKASBIBAIOILYIO CTENeHb PACCeAHNS 3HAUeHHI
CJy4aitHOM BeJIMYMHBI OTHOCHTEJIBHO IIeHTPa (T. e. MATeMATHYeCKO-
ro oskupanus). Hasosem ee ducnepcueii cayvaitnoit seaudunvt X:

. ” s |
D(X)= M[(x - M(X))‘] = py (3, ~ MY + (s - M(X))" 4|
+ ot Py (x, - M(X))?.

Caegyer OTMETHTD, YTO M[X -M(X)|=0.

[0] JAucnepcuet ciayuaitHoil BeIMUMHbI HAHIBAETCS MATEMaTHIeC
Koe O3KnAaHNe KBAJPATA OTKJIOHEHHUSA CIAy4YaiHONl BEJMUMHEI OT ee
MATEeMATHYECKOTO OJKNAAHNSA.

B namem nocjiefnem npumepe:
+

1 1 2
==(-1-02 +=(1-0) = =1
D(X) 2( 1-0y +2(l 0) 1;

o=
8=

D(Y)= %(710()70)2 + %(100~0)2 =5000+5000=10000.

Ha neperiit Barusiz 60Jiee ecTecTBeHHO ObLIO GBI CYUTATD BEIUUN-
Hy cpeanero orkaonenns M(X)=p, |x, - M(X)|+p,|x, - M(X)|+
+ e +p, | x, = M(X)|, HO 9TO OUeHD HeY106HO NPAKTHYECKH, TAK KAK
BBIUMCIEHNA ¥ OIEHKH ¢ A6COMIOTHRIMH 3HAUYEHHUAMMU YacTO GhiBaIOT
CJIOXKHBI, & MHOT/A W COBCEM HeJoCTYyNHBbI. Jlucnepcus aaeT opuen-
THPOBOUYHOE NPE/ICTABIEHUE O TOM, YeMy IIPUMEPHO paBeH KBaJpar
orkaonenust X — M(X), noaromy, ussjiexkas KOpeHb KBaJpaTHBI,

NOJIYYUM BeJIHYHHY
o(X) = D(X),
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€110coBHYI0 OPHEHTHPOBOMHO OXAPAKTEPUIOBATH IPUMEPHBIil pasMep
camoro oTkaonenus. Bennunna 6(X) Hasbisaercs cpednum x6ad-
pamuueckum omKaioHenuem caydaitnoil sesnunnnl. Pasymeerca
aTa HOBasfg Mepa BeJIMYMHBI OTKJIOHeHHA HOCHT XapaxkTep HECKOJIBKO
BHoslee MCKYCCTBEHHBII, YeM CpejiHee OTKJI0HeH1e, BBeJIeHHoe paHee:
31eChb Mbl BjeM 06XOHBIM nyrem, HaxXo/isi BHavuaJe OPHEHTHPOBOY~
HOe 3HAUYEHHE IS KBAAPATA OTKJIOHEHHS, U JINIIb I0TOM C TIOMOILBIO
M3BJIEYEHHUA KBAJPATHOIO KOPHS, BO3Bpaasch K caMoMy OTKJIOHe~
nuio. Ho Bripaskenue o(X) He copepxut abComOTHBIX BHAYEHUIT, U
NO3TOMY NPOM3BOAUTEL C HUM BBIYMCJACHUA Iropasjio npoine, 4emMm co
cpeAHMM OTKJIOHeHNeM. MMEeHHO 9TO ¥ 3aCTaBJISET CTATUCTHKOB HA
NPAKTHKE IPeHMYIeCTBeHHO NONb30BATECH CPEHNMA KBaJpaTHIe:
CKMMU OTKJIOHeHuAMH. Briipouem, B 60JIbIIMHCTBE NPAKTHYECKUX 38~
aau M(X) u 6(X) 0kaspiBaloTcs 00bIYHO GIM3KUME APYT K APYTY; Bee
ke oHM Mesay co6oil ne cosnanaor n o(X) 2 M(X).

1) Haiimi uncioskie xapakrepneriin sexnmunusi X : M(X), D(X), o(X).

2) Haiiti unesiosbie xapakrepuetuiu sesmmist Y M(Y), D(Y ), o(Y).
3) Haiitn M(2X + Y ), D(2X + Y), D(X - Y) no coiicteam matemari-

MECKOro 0OKHAAHHS U INCIePCHH.

4) Haitrn M(2X +Y'), cocTaBUB 3aKOH pacnpe/iesleHus caydaiinoil se-
anunanl Z=2X+Y.

Pewenue. 1) M(X)= px; + pox,

0,31040,7-20=17;
DOX)=M(XH)~[MXOf = pyxf + pucd ~(17)=0,3100+0,7-400-289=21;
6(X) = JD(X) =21 = 4,5.
2) M(Y) = pys + Patis + Psa = 0,530+ 0,240+ 0,3 60 = 41;
DYY= M(Y2) = [MY)] = pui + pay + paul —(41)* = 0,5-900 +

+0,2:1600+0,3-3600-1681=169; o(Y)={D(Y) =169 =13.

3) Io croiicTBAM MATEMATHYECKOTO OHUAAHNS W AMCTIEPCHI:

7.10.4. CeoiicTBa AnCNepcun
Ceoiictro 1. Jlucne)
Ha HyJ0, T.e. D(C

CgoiicTBo 2. ITocToAHHBI MHOYKHUTENb BBIHOCHTCS H3-TI0JL nciep-

cnu B kBagpare, T.e. |[D(CX) :CZD(XiJ
D(aX +b) = a*D(X).

W31 TOCTOAHHOI CJyuailHON BeJTMUHHBI PaB-

M@ERX+Y)=2M(X)+M(Y)=2-1T+41=T5;
DX +Y)=4D(X)+D(Y)=4-21+169 = 253;
D(X -Y)=D(X)+D(Y)=21+169 =190.

4) CocraBuM 3aKOH pacnpejeseHus caydannoii peanaunn 2X + Y @

2X +Y|2:10+ 30210 + 40,
CroiicTBo 3. Jly1s1 HesaBUCHMBIX caayuaitubiX Bennuus X uY auc-

2:10 +60[2-20 + 30|2-20 + 40/2-20 + 60
Hepens uX AnTeGpANUecKoil CyMMbl paBHA CyMMe AHCIIepCHil, T. e.

P 0,3.0,5| 0,302/ 0,303/ 0,7.0,5/0,7-0,2 | 0,7-0,3

[ D(aX +bY) = a?D(X) +b*D(Y).

CpoiicTBo 4. VI3 onpejiesieHus AMCIIEPCHH MOMKHO MOJYYUTE ¢ pa-
Bouyio» (6osee yo6HYI0) GOPMYITY LIS BEIYHCICHUA AUCTIEPCHH:

2X+Y| 50 60 80 70 80 100

D(X) = M(X?)~[M(X)[, rae M(X?) = pyxf + poxf + ot Puxi

P 0,15 | 0,06 | 0,09 | 0,35 | 0,14 | 0,21

I pumepui. 1. TlycTs MaBeCTHE 3aKORb PACTDEAETIHNS ABYX BIAIMHO

flocie npUBeeHNs NOAOOHBIX YWIEHOB M 3aNUCH B NOPAAKE BOZPACTAHMA 3HA-
He3ABMCHMBIX CAYHakHbIX Beawuun X u Y1

Menuit X OKOHUATENLHO NOJIyduM:

T
l x 10 20 y 30 10 60 2X+Y | 50 60 70 80 100
\ P T 0,3 0,7 P 0,5 0,2 0.3 ’ P 0,15 0,06 0,35 0,23 0,21
I 328
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Konrpons: 0,15 + 0,06 + 0,35 + 0,23 + 0,21 = 1.
M(2X +Y)=0,15-50+0,06-60+0,35-70+ 0,23 80 +0,21-100 = 75, uTo
COBMNAJAT C PE3YJILTATOM PaHee BHIYHCIeHHOTO B 11. 3 1o cpoficrBam M(2X +Y).
2. [0 MHOPHM CTATHCTHYECKNM AQHHEIM H3BECTHO, YTO BePOATHOCTH POJK-
Renns Masbunka pasua 0,515, CoCTABUTH 3aKOH pacTpenieenus cryuaiinol
BesnunHbl X — UHCIA MATBYHKOB B CeMbe, HMeloleil yeTseprix aereit. Haii-
TH MATEMATHYECKOE OJKHAAHME 1 AMCTIEPCHIO 9TOf CIyuaAHOM BeJMuHbI.
Pewenue. Yneso MATLYMKOB B CeMbe U3 11 = 4 NPEACTABASAET CAYHaANHYIO
sesmunny X ¢ Mmuoxkecrsom snauenuit 0, 1, 2, 3, 4, BEPOATHOCTH KOTOPHIX
onpeaeaswoTea no Gpopmyse Bepuyann:
P(X =m)=C]'p"q" ™, rae q=1-p.
B namewm cayuae n = 4, p = 0,515, =1 - p = 0,485.
Buruncanm
P(X =0)=C{(0,515)"(0,485)" = 0,055,
P(X =1)=C}(0,515)' -(0,485)° = 0,235,
P(X =2)=C}(0,515)* (0,485)° = 0,375,
P(X =3) = C}0,515) -(0,485)" = 0,265,

P(X =4)=C}(0,515)" -(0,485)" = 0,070

(3neck yureno, uro C{ =1,C} =4, C{ = % =6, C{=C{=4,C}{=1).
3aKoH pacnpejesieHus UMeeT BHA:
x, *[ 0 1 2 3 4
P, i 0,055 | 0,235 0,375 0,265 0,070

5
Véesmnaemes, uto Y p, = 0,055+ 0,235 +...+ 0,070 = 1.
=1

Maremaruueckoe oxuzanne M(X) n aucnepento D(X) Moxno HaiiTu,
Kak 06bIuHO, 1m0 hopmysam. Ho B JaHHOM ciyuae, y4nThIBAA, 9TO 3aKOH
pacnpesiesienna cayuainoi Benunnn X 6UHOMUARbH b (€€ BEPOATHOC
TH BRIYHCAAIOTCA 110 hopmyae Bepryiin), MOXKHO BOCHIONL30BATLCH (POP~
MyJaM# GUHOMMANLHOTO PACTIPE/eNeH s

M(X)=np=4-0,515=2,06; D(X)=npg=4-0,515-0,485 = 0,9991.

3apayn Ans camMoCTOATENbHOMO peweHus

1. B pekJaMHBIX HeJIAX TOproBas GUpMa BKJIAJABIBAET B KAXKAYIO.
JIeCATYIO eIMHUILY TOBApa Kymiopy HoMunasiom 1 Teic. py6. CocraBbre
3aKOH pacnpe/ieJieHns cy4ailHol BeJJMUNHBl — pasMepa BhIMTPhIIIA.
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NPy NATH cleAHHBIX NoKkynKax. Haiianre matemarnueckoe oxmza-
Hue ¥ JUCHepeuio aTol cayyailHoi BeJTUUHHbI.

2. KnuenTsl 6anKka, He CBA3AHHBIC APYT ¢ IpYroM, He BO3Bpaia-
10T KPEAUTBI B CPOK ¢ BeposiTHOCTHIO 0,1. CocraBbre 3aKkoH pacnpe-
JeJIeHUs Yncaa BO3BpallleHHbIX B CPOK KPEJIHTOB U3 NATH BhIJAHHBIX .
Haitzure maTemaTnueckoe oxcuganue, JAAMCIIEPCHIO ¥ CPelHee KBaj-
PpaTHYeCKOe OTKJIOHeHHUe ITOM cayuailHON BeJTMIMHbI.

3. HailinTe 3aK0H pacnipesie/IeHis YMCeIa NAKeTOR TPex aKiuii, no
KOTOPBIM BJIajieIbIeM Gy/eT NoJydeH I0X0/, €CIM BePOATHOCTD 110~
JIYUEHNS J0XO/IA 110 KAXKAOMY M3 HUX paBHAa cooTBeTcTBenHO 0,5; 0,65
0,7. Haiianre MaTemMaTHyeckoe 03uaaHne 1 AMCHEePCHIo AaHHOM CIIy-
MaiiHoi BeNYMHBI.

4. ToproBerif areHT UMeeT NATH TedeHOHHBIX HOMEpOB NOTEeHIH-
MJIBbHBIX nol(yna-re)leﬁ M 3BOHUT MM JIO TeX 1Op, NoKa He NOJAy4YnT
BaKas Ha MOKYNKY ToBapa. BepoATHOCTE TOro, 4TO MOTEHIMANBHELT
Nokynarenb caenaer sakas, pasna 0,4. CocraBbre 3aKOH pacipejie-
JIeHUs YHCIIA TeTeOHHBIX PAITOBOPOB, KOTOPBIE PEACTOMT IPOBe-
eru arenty. Haiigure MaTemaTuueckoe oxunganme u JMCTIePCHIO 9TOM
CAYUATHON BEJIMYHHBI.

5. Caestano aiBa BEICOKOPHCKOBBIX BKJaga: 10 Thic. py6. B KoMma-
10 A 1 15 Teic. py6. B komnaauio B. Komnanua A obemaer 50 %
POZIOBBIX, HO MOJKET Pa3opuThes ¢ BepoaTHOCThIO 0,2. Komnannsa B
o6emaer 40 % rojoBbIX, HO MOYeT PABOPATBLESH ¢ BEPOSAITHOCTHIO
0,15. Cocrasbre 3akon pacnpejesleHus caydaifHOi BeJUYUHbI —
0bmeit cymmbr 1pu6buIH (Y6BITKA), TOJIYYEHHOM OT IBYX KOMIAHMI
iepes rojt, HaliiUTe ee MaTEMATHYECKOE OXKUAAHME.

6. Jlanbl 3aKOHBI pacpe/iesIeHHsA ABYX HE3ABUCHMBIX caydaiHBIX

0,2 | 0,1

0,3 0,5 | 0,25 0,25

Lp

CocrasbTe 3aK0H pacnpe/ieeHNUs UX PABHOCTH U TpOBepPbLTe BLINOJI-
Hue popmysn M(X, - X,) = M(X,) - M(X,) n D(X, - X,) = D(X,) +
+ D(X ).

7—9. 3ajan 3aKOH pacupejeNeH N AUCKPETHO cay4aiiHol Be-
uuHbl X (B IePBOii CTPOKe yKa3aHbl BOSMOMKHbIE 3HAYCH U X, BO
POii — BEPOATHOCTH BO3MOMKHBIX 3HAYEHH I p))- Haiigure: 1) ma-
MaTuueckoe oxunanne M(X ); 2) nucnepenio D(X ); 3) cpeanee
Kpaaparuueckoe oTkJIoHeHe 6(X ); 4) CocTaBbTe 3aKOH pacnpeje-
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+ Puc. 1.11

<

80

Tak kak p 2 0, 10 ¢° — 120g + 3200 > 0.

[2238007320():400; 20; ¢, =60 -20=40; g, = 60+20 =80

q €(—==; 40] U[80; +), puc. 1.11.

C yuerom Toro, 4ro q 2 0, nonyunm: ¢ € [0; 40]U[80; +e).

H3 3akoHa crpoca CJAeAyeT, 4T0 ¢ yBeJIHYeHHeM [eHbl p OT HyJId A0
3200 py6. cipoc A0JKeH NafaTh.

B namewm cayuae hynkuns ¢ youisaer B npomexxytke g € [0; 40], creno-
BATEJILHO, MHOMKECTBO anavennit pynxunu E(f) = [0; 40].

2) @yukuus nens uMeer BUA: p = ¢° — 120g + 3200.

3) py =500 = ¢, = 60 — V400 +500 = 60 — 30 = 30 (ric. wr.);

Ppa=1200 = g, = 60 - Y400+ 1200 = 60 — 40 = 20 (Tsic. mT.).

4) g, = 20 = p; = 400 - 120 20 + 3200 = 1 200 (py6.);

gz =30 = p, =900 - 120- 30 + 3200 = 500 (py6.).

Buripyuka OT NpoAaxku COCTABJIAET U = Pg, CAEJOBATENBLHO,

Uy =pygy=1200-20 = 24000 (py6.);
Uy = paqz = 500 - 30 = 15000 (py6.).

Tpadux dynkumn g=60-400+p
MMeer BUJL, IPeCTABIEHHbIN Ha puc. 1.12.

JlononunTensuas rouka: ¢ = 40 = p=
=1600 — 120-40 + 3200 = 0.

2. B KauecTse meopemu1eckozo npu-
mepa pacemorpum pyukuun TopHKBH-
cTa (Ha3BAHHBIE N0 HMEHH IIBEACKOTro
akonomucra JI. TopukBICTa), MOAENHDPY-
oIHe CBA3L MEXAY BEIMUHHON nenex-
HOTO I0X0Aa X (YCAQBHBIX eMHNUIL) U Be-
amumHOl cripoca notpebuTesnei y (yeaos-
HBIX €INHHIL) HA PA3JAHYHEIE TOBAPbI:

P
(py6.)

1200 ===

1) y=a—>— — ana Tosapos nepsoii
x+b

Heo6X0ANMOCTH;

x-c
2) y=a
by x+b

Heo6X0ANMOCTH (OTHOCHTENBHONH POCKO-
mn), (x> c);

— AJIA TOBAPOB BTOPO¥
0

Puc. 1.12

24

y=ax -a(b+c)

o x
Puc. 1.13
x(x+b)
3) y=a=—5—— — ANA MANOUEHHBIX TOBADOB;
) y=a"0= — uun npeameron pocioumn (x> c)

[a — ypoBens (Touka Hacsimenus) nepsoii, BTOPoil U TpeThell rpynn Tosa-
POB; ¢ — YpOBeHb I0XO/Ia, IPH KOTOPOM HAYMHAETCA NoTpe6ienne TOBAPOB
BTOpO#i HEOOXOAMMOCTH U NIPEAMETOB POCKOIIH; b — IOCTOAHHAS SKOHOMH-
uecKkas BeJMYNHA, 3HAYEHHE KOTOPOi OTpe/iesIAeTCs 110 X0y PelleHHs KOH-
KperHoit 3axaun].

TI'paduku faHEbBIX QYHKIMI npescTaBuM NOKa 6e3 NoAPoGHbBIX 0bbsCHe-
Hull, KOTOPbIe MOYKHO IaBATH NO3/IHee, oce naydenus Temsl «[Toanoe ne-
crenoanme i noctpoenue rpaduxos yuknuiis (puc. 1.13).

1.2.2. MYHKUMA NPeAnoXeHus

EcJiu Ka1I0My 3HAYEHHIO [IeHBI P 38 eMHUILY TOBAPA IOCTABIIe-
HO B COOTBETCTBHE UMCJIO ¢, BBIPAXAIOIIee KOJIMIeCTBO TOBapa, KO-
TOPOE MPOM3BOANTESN FOTOBBI IPO/IATH 38 ONPe/eIeHHbII TPOMeRKy-
TOK BPEMEHH 110 IleHe P, TO FOBOPST, YTO 3ajlaHa PYHKYUR nped-
NONCERUR, ¥ TAIYT ¢ = Q(p). OTa GYHKIUA ONpeAeseHa IJIsA TeX
aHaveHuit p > 0, 1as KoTophIX O(p) = 0. MHOXKECTBOM ee 3HAYEHMH
aBasercs q > 0 (puc. 1.14).

25




image167.jpeg
senus Beauunuel Y = 100 - 2X; 5) Beiuucaure mareMaTHueckoe
OJKM/laHMe W JIUCIIePCHIO COCTABJICHHO CJAyuailHOH BeJIMdYuHBl Y
JIBYMSA CIOCOGAMH: TOJIB3YACH CBOHCTBAMYM MATEMATHYECKOTO 0K~
J@HHUA U IMCIePCHH, HEeTIOCPeJCTReHHO 110 3aKOHY PacTpejeseHus
cayuaiinoil seanunnb Y =100 - 2X :

x 10 20 30 10
Bagaua 7
o 0,1 0,2 0,1 0,2
1
T
b 20 30 40 50 |
TR S S (NP LS i
0,1 0,2
50 60
3appa 9 b— — H——
| B 0,1 0,2 0,1 0,2

HEMPEPBIBHASA CNYHANHAS BEIUYNHA

7.11.1. WuterpanbHas dhyHKUMA pacnpeneneHns

B Teopuu BePOATHOCTEN ¥ €€ MPHI0KEHUAX YACTO MPHXOJN
HMMeTh /IeJIO C TAKMMH CAy4YailHbIMH BeJIHYMHAME, BO3MOKHbIE 3HA"
HeHHs KOTOPBIX CIUIONIb 3aTI0JIHAIOT HEKOTOPbIH# KOHeuHblit nin Gecs
KOHeuHbI uHTepBa (o, f).

Ipumepot. 1. dekTpuueckas JaAMIOYKA HCIIBITHIBACTCS HA JUTH~

TeJBHOCTH Topenns. Cayuaiinas BesuunHa X — NOJHOE BpeMs Io:
PEeHUSA JJAMIIOYKH.

2. YesioBex npuXoANT Ha nJaaTdOpMy CTAHIMK METPO, 4TOO!
cectb B noesj. Cayqaitnas sexununna X — BpeMs OKuAaHuA Gam
sKafirero noesaa.

B nepsom npumepe cayuaiHaa peuunHa X MOKeT IPHHAMA’
Ji06oe HeoTpHIlaTeIbHOE 3HaUYeHue. Bo BTOpOM npumepe MHOX
3Havenuit cayvaitnoil Beanunnel X ectsb orpesok [0; t] uncsoBoii oc)
(nmoes/ia METPOINIOJINTEHA CEAYIOT ¢ MHTepBaioM ¢ MUHYT). CocTas!
rabauny (Ho TMNY ANCKPeTHOW ciaydailHO BeJMUMHBI), B KOTOPO]
Ob1sn Gbl IepeYncyieHbl BCe BO3MOYKHbIEC 3HAUCHUA TAKUX CIIydail
BeJIMYUH ¥ VKa3aHbl UX BEPOATHOCTH, HEBO3MOMKHO. oru npumMep!

YKa3blBAIOT Ha 11e1ec006pasHoCcThb AaTh 061Hil cnocob 3ajanus Tio-
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Ouix THnOB cayuaitnbix Beanunn. C 5TOM LUeNBIO BBOAAT TAK HA3bI-
WnemMyio gynkyuro pacnpedenenun: F(x)=P(X <x). Oua eue
NASLIBACTCH unmezpanvnol gpynkyued pacnpedenenus F(x).

1lpu 1060om x = x, snauenue F(x,) 3agaercs paBencTBoM F(x,) =
» P(X < x,).

HMpumep. F(-1)= P(X <-1); F(3) = P(X <3), T.e. 4151 KONUIECTBEHHO
XOPAKTEPHCTHKYN Pacnpe/lesleHisi BePOATHOCTel yA06HO N0JIb30BATECH HE
BEPOSATHOCTBIO TOTO, YTO CAyvaiinas Beanunna X NpuMeT HEKOTOPOE AaH-
Hoe 3HAYeHHE Xo, A BEPOATHOCTBIO TOTO, YTO CAYYAHAS BEJINUHHA NIPUMET
Unavenne, MeHbiee X, T.e. P(X < xg).

7.11.2. CeoiCTBa MHTErpanbHOn (hyHKLUM
pacnpegenenns F(x)

Caoiictso 1. 0 < F(x) <1 (no onpegenenuio (hyHKIHA pacnpege-
JICHUS ABIACTCH BEPOATHOCTHIO).

Coiicto 2. Ecan x,; < x,, 10 F(x,) < F(x,) (cobpithe {X < x,}
Biaouaer cobuitie {X < x}).

CroiictBo 3. F(—=)=0; F(+<) =1 (cobuiTne {X < -} siBAsIETCS

MeBOMOKHBIM M P(X < ) =0, a cobbiTne {X < +oo} ABISETCH AOC-
TOoBepHBIM 1 P(X < +e0)=1).

CroiicrBo 4. P(x; < X < x,) = F(x,)~ F(x,) (cobrrue {X < x,) npex-

erapasier coboil obbeIMHeHNe ABYX HelepeceKalomuxes coBbITHIl:

{X <2} ={X <x;} +{x; <X <x,). llpumenas noceiHeMy COOTHO-

MIEHMIO «TIPABHJIO CHIOKEHHA BepoATHOCTel», nosyaum: P(X <x,)=

= P(X<x))+ P(x; SX<x,) = P(x; S X <x;) = P(X <x,)-P(X < x,)

nn P(x, < X < x,)= F(x,)- F(x,).

Taxum 06pasom, 3uas A1 HEKOTOPOil ciyuaitHol BeanunHb X ee
MuTerpanbHyio Gynkunio F(x), MOXHO HAWTH BEPOATHOCTD NOIAKA-
HuA cy4aitHoi BeMUMHBI B I060I HHTepecyIOmMuil Hac MHTEPBA,

T.€. BePOATHOCTH J11060ro cobbiTns Buaa x; < X < x,.

Jinsa guckpeTHoil cayuaitnoil Besmunubl X, KOTOpas MoKer npn-

MMMATH 3HAYCHHUSA Xy, Xy, .., X,, MHTETPAIbHAS (DYHKIMA pacnpese-

senus Gyper umets BuA: F(x)= Y P(X =x,).

sex

Mpumep. Ha oxaamene ctyaent noayunn n = 4 sagaun. Beposthocts

POLIMTE NPABHABHO KaskAYIo 3afauy p = 0,8. CocTaBUTS 3aKOH pacmpese-
JHHS ¥ NOCTPOMTE MHTErPaibHYI0 GYHKIMIO pacnpeseseHns cayuaitnoi
Beruunibl X — YMCIa NPaBHJIBLHO PelleHHbIX 3a/ad.

Pewenue. B xannom ciyuae umeeM 4e/10 ¢ GHHOMUHAILHLIM PACTIDE/e-

Aenuem (n=4; p=0,8; ¢=0,2). Bunumem Brauate sHauenus, KOTopse
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image168.jpeg
MoseT npumMMaTh coryuaiinas peswumna X: 05 15 2; 3; 4 (. e. cryaent mo-
JKeT He PelINTh HU OAHOM 3ajauu, Anbo OAHY, ABE, TPH, YeThIpe 3aja4H).
BeposTHOCTH KAXAOro M3 HTHX 3HAYEHMIT BhIYMCAAIOTCA 10 (opmyne Bep-
uynmn. Tax, nanpumep, P(0) = P,(0) = C3pg* =1-1-(0,2)* =0,0016. Anano-
ruuno P(1) =0,0256; P(2) =0,1536; P(3)=0,4096; P(4) = 0,4096. Oxonua-
TENBLHO 3AKOH PACTIPEAEEHNA UMEET BIA:

X ] 1 2 3 4

0,0256 | 0,1536 | 0,4096 | 0,4096

0,0016

Haiigem reneps unrerpaxsuyio GyHKuuio pacnpeaenenusn F(x) u Havep-
THM ee rpaduK:
1) ecn x <0, o F(x)=0.
Jleiictaurennio, F(x)= Y P(X =x,)=0, TaK Kak 3nadenmii, MeHbuInX.
0
uucaa 0, Beimunna X He NpHHUMAaET;
2) ecan 0<x <1, To F(x)=0,0016.

Tleficrautensio, F(x)=Y P(X =x)=0,0016, Tak kak u3 suauenni,
5
MeHbIIMX umucaa 1, cayuaiinas Besnunaa X NPHHUMAET TOJBKO OAHO 3HA~
uenne — 0 ¢ BepoaTHocThio 0,0016;5
3)ecom 1<x<2, ro F(x)=0,0272.

Ileiicraurensno, F(x)= Y, P(X =x,)=0,0272, Tak kak snauenuit cay-
P

uaiinoi Besmumnel X, Menbmux uncaa 2 asa, — 0 u 1 ¢ BePOATHOCTAMM

0,0016 1 0,0256. CreroBaTenbHO, OAHO U3 BTHX 3HaUEHNI, GeapasnnuHO Ka- 1

Koe, cayvaiiHas BeanunHa X MOKeT NPHHATH (10 TeOpeMe CIOKeHNs Be-

posaTHOCTeil HecoBMecTHbIX cobuITHIl) ¢ BeposaTHOCTLIO 0,0016 + 0,0256 =

=0,0272;

4) ecom 2<x <3, 1o F(x) =0,1808;

5) ecam 3< x <4, 10 F(x)=0,5904;

6) ecotn x 24, To F(x)=1. .

Wraxk, pynkuus pacnpenenenus nmeer sua (puc. 7.6):

o, x<0;
0,0016, 0<x<I;
0,0272, 1<x<2;
F{ =
®=10,1808, 2<x<3;
0,5904, 3<x<4; '
1, x24.
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|

o

RIS

wtes

Puc. 7.6 L 1

Puc. 7.7 0

Wurerpanbuas GyHKIMA pacnpefeeHns ANCKPeTHON cayuaitnoit
JIMYMHBI Da3pbiBHA M Bo3pacTaeT ckaukamu. B naneneitimem 6ygem

A3BIBATH HENIPEPBIBHBIMM TOJILKO T€ CyUaiHble BeJHYHHbI, HHTET-

bHbIE QYHKIMH Pacipe/ie/ileHns KOTOPLIX Be3/le HelpephIBHEL.

Ipumep. Uurerpansnas GyHKIMs PACTIPeeIeHNs HeNPePhIBHOMN CIy-

MaitHO# BemunEbl X 3a4aHA BBIDAYKEHACM:

0, x<l;
F(x)={a(x-1)*, 1<x<3;
1, x23.

Haiiti: 1) koodbduunent a; 2) P(2 < x < 4); 3) nocrponts rpadmk F(x).
Pewenue. 1) Ua cpoiictsa HenpepuisHOCTH GyHKIMN F(X) MOAyYUM, U4TO

m x = 3 pynkuns F(x)=1, cregosareasno, a(3-1)*=1=>a= %

1 1_3
2) P(2 4)=F4)-F(2)=1--(2-1)*=1-—==.
) P(2<x<4)=F(4)-F(2) 4( ) 11

3) I'padpuk dynkuuu F(x) npeacrasaen na puc. 7.7.

7.11.3. NMnoTHOCTb pacnpeaeneHns BepOSTHOCTEN

IlycTs mMeeTcsi HenpepbiBHAs ciy4aiiHas Beauuuna X ¢ MHTEr-

panpHOi hyHKIMeil pacnpenenenus F(x). Beiducaum BeposaTHOCTH
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nonafaHMs HTON cJyuaitHON BeJIMYMHBI HA DJIEMEHTAPHBIH yYacTOK Puc. 7.8 f(x)
(x;x+Ax): P(x < X <x+Ax)=F(x +Ax) - F(x). CocraBum oTHOme-

HUe DTOii BEPOATHOCTH K JUTHHE yuacTKa AX:

P(x< X <x+Ax) _F(x+Ax)-F(x)
Ax Ax ’
TlosiyueHHOE OTHOIIICHUE HASBIBACTCH CPe/IHeil BePOsSITHOCTHIO, K¢

‘TOpasg NPUXOJIUTCS HA eIMHUILY JUIMHBI 9TOro y4yacTka. Cunras QyHK:
uuio pacnpeaenenns F(x) anddepennupyemoii, nepeiigem K n

x 1l X3 x

HMpumep. Cnyuaiinas Benuunna X noguMHeHA 3aKOHY pacnpejee-

neny npn Ax — 0: lim Plx<X<xtAx) i F(x+Ax) F(x) —F(x)= WM C ILIOTHOCTHIO BePOATHOCTH f(X), MpuYem
= i g 0, x<0;

=f(x) — naomnocmo pacnpedenenus 6epoamunocmu, unl '2 & ) 1

duppepenyuarvran Gynkyus pacnpederenusn. Atax fx)= "(31*‘: ) 0)—;<3-
x ) x23.

f(x) = F'(x) wan F(x) = jf(x)dx. CMBIC] IIOTHOCTH pacrpe/iesieH

BEPOATHOCTH COCTOUT B TOM, YTO OHA YKa3biBAET HA TO, KAK YACTO I
ABJsIeTCS caydaiinas Beanunna X B HEKOTOPOil OKPECTHOCTH TOUK!
X IIPH NOBTOPEHHH ONBITOB.

Tpeyercs maiiri: 1) koodbdumment a; 2) P(1< x < 4); 3) nurerparbiyio
ynxmmio pacnpeaenenns F(x); 4) nocrpouts rpaduku f(x) u F(2).

Pewenue. 1) Tlo cpoiicTBy tuddepenunanbuoi GyHKmnum _[ f(x)dx=1.
= B namem caydae B Kaj)IOM M3 TPeX MHTEPBAJIOB YMCIOBOH OCH ((—o0;0);

7.11.4. Ceonctsa yrkumn f(x). Boiuncnenve ¥

BEPOATHOCTM NONAaJaHUA CNy4anHon BENNYNHbI

B 3afaHHbI MHTEpBan

[0,3); [3:+9)) IJIOTHOCTH BEPOATHOCTH 3a4€TCS PASHBIMHU GOpMyIaMH, cJie-

- o 3
JOBATENBHO, jf(x)dx: ‘} f(x)dx+}f(x)dx+ [ f(x)dz= J0-dx+ [a@Bx-x*)dx+
H i - o

oo o)

B 2412402
oM mmeTh: o

Croiterso 1. f(x) >0, Tak KaK NJIOTHOCTH PACHPEAEHCHUS B

eTcs NPOM3BOAHON OT MHTerpaibHON (GYHKIMK pacupeiejeHuns,
GyHKIMA pacnpeaeseHus — HeyObiBaoomad QYHKIUA.

CroiictBo 2. P(x, <X <x,)= i[(r)dx, Tak kKak P(x; <X <x,)=F(xy)

S 2) Mia anasonnumbix coobparkensit
1

= Pl Fo) = [ 1),
5
Takum 06pa3oM, BEPOATHOCTE nonnaamm cayuailHON BeJTMUMHBL

4 “2 . * 2(8 3 1 g8) o
PA<X <= Jr(adz= lfg(&»x‘)dﬁsfo-dx=5[§"'|.’3"8|1J*°’

2 20

27

Ha NoJlyMHTepBaJl [X;;X,) YMCIEHHO paBHA MJIOLIA/M 3alITPIXOBAH
HOI KPMBOJIMHEHHON Tpanenuu (puc. 7.8).

CaoiicTso 3. _[f(x)dx =1, Tak KaK ecjin NOJACTABUTH «+o0» BMEC~

9

[ Q- 1)74(27 1)]

3) Mia onpesesienina nuTerpaibHOM GyHKILIH
0, x<0,

Fo) = |1z =1 [o(@e- 3z, 05 x <3, -

x
TO «x» B Gopmysny F(x)= ! f(x)dx ¥ BOCIOJNB30BATECSA CBONCTBOM b

F(+e0) =1, TO NOJIYYUTCH UCXOLHOE BbIpasKeHue,
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1, x23,
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TOpoil TOUKH X = a, To M(X )= a. [loguepkHeM, 4TO MaTeMaTHYeCKoe
(IKMAAHME CAY9aiHOM BeJIMUMHBI BCETr/la HMeeT Ty JKe Pa3MepHOCTb,
WTO M 3HAYEHMS CAYYalHON BEJMYMHBI, TAK KAK BEPOATHOCTH CYTh
pesinuuHbl Ge3pasamepHbie.

@ Jlucnepcuell nenpepuLnot caywainoi eenutunv X Hasbl-
BAETCS MHTErPAJ OT NPOM3BEe/IeHHA KBAJAPATa PASHOCTH MEMAY ee
OHAUEHMAMHI M MATEMATHYECKHUM OXKMAAHHEM Ha IJIOTHOCTh pacupe-

Jesenns sepoarHocTeit f(X):D(X)= I[x -~ M(X)F f(x)f x.
Jlaa BeluMcaennii yao6Ho nonbaoBathes Gopmynoi D(X)=

= szf(x)dx—(M(X)]z. Herpyauo Bugers, uro aucnepcus D(X)
o, x<0, 0, x<O0, b4

MMeeT pa3MEPHOCTH KBAJPATA PA3MEPHOCTH CAyvailHOU BeJnuu-
Wb X. JIns npakTHUecKuX ke nenell y100HO uMeTh Mepy pasbpoca,

x“»%x‘]. 0<x<3,= %x’ 1—%:).05;«3,

1 x23, 1, =x23 o
pasmepHOCTH KOTOPOii coBnajaer ¢ pasmepHoctsio X. B kauectse ta-

KOl MepBI ecTeCTBEHHO MCnoJb3oBaTh O(X)= JD(X) — cpeaHee
BapaTHYECKOe OTKJIOHEHHE CIyuailHON BesnunHbl X.

4) Tpaduxu dynkuuii f(x) u F(x) npusenens: na puc. 7.9, a, 6.

7.11.5. YucnoBele xapakTepucTukm uenpepmauon
Cny4aiHoi BENN4UHbI

Ipumep. Henpepripnas cayualinas sennunna X 3afaHa nI0THOCTBIO

0, x<0,
[0] Mamemamuueckum oncudanuen (CpesHMM 3HAYEHNEM, 1ie] pacnpenenenns seposTrocTeii f(x)=12x,0 < x <1, Haiin maremaTuueckoe
TPOM pacnpezenenusi) M(x) HenpepsiBHOI cIyuaifHON BeJIHYNHEL 0, x21.

HA3BIBAETCS WHTET)
'PAJI OT IPOM3BEJICHUS €€ 3HAUYEHUI X HA TIJIOTH MAanue, AMCIEPCHIO U CPeiHee KBAAPATHYECKOe OTKIOHeH e CY aiiHO#i

aanabl X

pacnpezenenus BeposaTnocreii f(x): M(X)= Txf(x)dx.

Pewenue. 1) M(X)=

0 1 -
HecoGeTBeHHBIN MHTErpaJ NpeAnonaraeTcs A6COMOTHO CXOA ffeds= {x‘ fast Jx et ,J aEs

sl (B IPOTHBHOM CJIy4ae rOBOPAT, 4TO MATEMATHYECKOTO OKHAH!
cayuaiinoit BeIMuMHEI He cymecTyer). IToseano o6paTnTs BHUMAH!

j
—o+2frrx+0=2x) =2 a-0)=2;
] 3h73 3

-
Ha 10, 4T0 CTPYKTYPA hopmytt M(X) = [xf(x)dx raxas xe, xax

- = Tay IM(X
cTpyKTypa opMytht M(X)= pyx; + Py + ot Py, (ansi auek 2 D(X)= [#fx)dxAM(

HBIX CJIy4aitHBIX BeJiuunH). Posb BeposiTHOCTeI! p; HrpaloT aemen:
BeposaTHocTeii f(x)dx. Eciu maremarnueckoe osxunanne M(X ) He:
PHIBHOH ciIy4aifHON BesMuuHbI X CYIECTBYeT W eCM ee MJIOTH
BepoATHOCTel f(x) ecth uerHas pynxuus, ro M(X ) = 0. Boobme,
mateMaTHueckoe oxkunanue M(X ) cayuaiinoi Bermumanl X cymr
CTBYeT M eCJIU ee IUIOTHOCTH f(X) CHMMETPHYHA OTHOCHTENILHO Hel
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0 ! - 2
= [x*-0dx+ [x* 2xdx+ Jx‘vdefﬁgj =2fxldx-
i 0 i o

1 &1 _ [T 2
=50-0-g =125 3) o(X) = {D(X) = !

18 6
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3apam AnA CamoCTOATENLHOTO PeleHus JByMS CriocoGamMu (MCTIONb3y st MHTErpaibHyIo i AnddepeHIHaTbHYI0
(pYHKILMHM), & 3aTeM NPOMJLIIOCTPUPOBATE TOT Pe3yJIbTaT Ha rpadu-

1. B snorepee Ha 100 6M1€TOB PA3BLITPLIBAIOTCSA JBE BEIH, CTO xax F(x) u f(x).

MMOCTh KOTOpBIX cocrapisier 210 u 60 y.e. Cocrasbre psis pacnpe
JleJIEHNS CYMMBbl BBIMTPBILIA AJIs JIMIA, HMEeIOIero: 8) OANH Hurer;
6) aBa 6unera. Cronmocrs 6uaera — 3 y.e. Haiiaure unciossie
PAKTEPUCTHKH 9TUX pacuipe/iesiennii. 3anuuinre B 061em Buze GyHK:
MM pacrpe/ieleHuii BePOATHOCTE! U MOCTPOiiTe NX rpaduKm.

2. Tloa pykoBOAICTBOM GPUraMpa NPOM3BOACTBEHHOTO YYACTKA Pa?
BoTalT Tpoe MYIKUYMH M YeThipe JKeHIMHbL. Bpuraaupy neo6xonu:
MO BBIGpaTH ABYX pabouMx A crenmanbHoit paGorsi. He scena
OKasaTh KOMy-1160 NpeinoYTeH s, OH Pelri BeibpaTh AByX pa6o
umx caydaitno. CocTaBbre 3aKOH pacrpeeseHns JUCKPeTHOI C.
uailHOMN BeJMUMHBI UM/ HKeHIMH B BeiGopke. Haiiure 4ncioBb
XapaKTePUCTHKH HTOTO pacupesie/ieHns. 3anuiure B o01emM B
(YHKIMIO pacripejleieHusi BEPOATHOCTell U nocTpoiiTe ee rpadm
Kakosa BeposaTHOCTE TOTO, 4T0 Gy1eT BRIGPaHO He GoJiee 0HOI el
muHb?

3, 4. Haitaure: a) maremartnueckoe oxunanne M(X); 6) ancuep
cnio D(X) — aByma criocofaMu; B) cpeiee KBAAPATHUECKOE OTKJIO
Henue o(X) AMCKPeTHOl cayuaiinoil Besmunnb X 10 JAHHOMY 3aKO0
Hy ee pacnpejiesieHus (B nepBoii CTpoKe yKa3aHbl BOZMOKHbIE 3HAT
YeHHUS X;, BO BTOPOil — BEPOATHOCTH BOZMOKHBIX 3HAUEHHII p,); T) CO
craBbTe GYHKUMIO pacnpejiesienns Besnunabl X U noctpoiite ee
$uK; 1) BEIUNCAUTE BEPOATHOCTH IONAJAHNSA BEIMUMHBI X B MHTE
Ban (X, < X< X,), nonbaysce cocraBaeHnoil Bamu dynxumeii F(

Baxaua Flx) o B

0, ecrmx <1,
5 F(x)=10,5(x +1), ecn-1<x<1, -3 0
1, ecamx > 1

0, ecmx<1,
6 F(x)=10,5(x* - x), ecinl<x<2, 0 1.5
1, ecinx>2

0, ecrux <0,
7 F(x)={sin2x, ecin0<x<mn/4, 0 ‘ n/6
1, ecmux>mn/4 . |

PABHOMEPHOE, NOKA3ATEJIbHOE
1 HOPMAJBbHOE PACNPELENEHNSA
HEMNPEPLIBHOW CNYYANHOW BENWYUHbI

7.12.1. PaBHomepHoe pacnpeaeneque

Rauate 3 K saxaue 4 |O] Henpepuipuas cayuaiinas Bequunna X MMeeT pasnomeproe

] pacnpedenenue na orpeake [a, b], ecin na 9TOM OTpe3Ke IIOTHOCTH

a e () I 00 g %] 10:{/20 | B0i 40 50 pacupesesieHus BEPOATHOCTH CAYUaHOl BeJHYMHBI IOCTOAHHA,
p, | 0,2/ 03| 0,1|0,2| 0,2 p, |01/0202 02|03 O

5—7. Cayuaiinas sennunna X 3aaHa MHTErPAIBHON BYHKIH
(dynkumeii pacnpenenenns) F(x). Tpebyetca: a) ybeaurnes, 4to
naunas hynaknms F(x) apnserca pynKnmeil pacnpeienenns HeKo
Poii CIyuaifHON BeJMUYHHDI, TPOBepHE cBoiicTBa F(x). B ciyuae oo
KMTEJBHOrO OTBeTa HaiiTh: 6) AndepeHHaIbHYIO HYHKINIO (110
HOCTB pacnpezesienns) f(x); B) MATEMATHYECKOE OXHAAHME CITyUAaiTHY
BesmuuHBl X; ) AMCHepeHio cayuaiinoil Beanunnn X; 1) cpepne
KBaJIpATHYECKOE OTKJIOHEHHE; ) OCTPOUTh rpadpuKN HHTErPAIbHO]
¥ guddepermanboil Gyukmit (F(x) u f(x) cooTBeTCTBEHHO); %K) O
PeAeJHTL BEPOATHOCTD NoNajanus BeauunHbl X B MHTEpBas (u, f

340

1
0 BHe ero pasHa HyJo (puc. 7.10), T.e. f(x)= o as<x<b,
0, x>b.

W3 onpejiesienus NJIOTHOCTH BEPOATHOCTH PABHOMEPHOTO pacnpe-
Jle/leHHsA HeTPY/IHO HANTH MHTErPAILHYIO QYHKIMIO PacTipe/ieIeHus
F(X) na unrepsane [a; b]:

®
|
|

Pl = [fandx = t‘ﬁd; b_iz
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UACTO BCTpeuaeMcs B M3MepHTesbHO npakTuke. Hanpumep, npn
NIBEITNBAHUM OIIHOKA OKpyrJjeHus 10 Gamrkaiimero 1LeJIOTO AeJIeHu st
NpiseTca cayuaiiHoil BeuunHoi X, KOTOpas MOXKeT NPUHUMATH C
10CTOAHHOM NJIOTHOCTHIO BEPOATHOCTH JI060e 3HAYEHHE MeX1Y JBY-
M COCeJIHUMH [eJIBIMH JIeJIEHUAMH .

1(x) F(x)
1
7l {A— L T
of a b x o a b
Puc. 7.10 Puc. 7.11

0, x<a,

Taxum o6pasom (puc. 7.11) F(x)= x-a

»a<x<b,

1, x>b.

Haiinem sepositnocTs nonaganus PABHOMEDPHO pacrnpe/iesieHH
cayuaitnoii Bemunae X B MHTEPBAT (xy; x3), pacnonoxenusiii B
pu orpeaka [a; b]:

n

Pl <X <x)= Jrinax = [ dee

x

5%
b-a ’

=1
b-a

n

MaremaTnueckoe oxnanne
oo a b o
M(X)= [xf(x)dx = Ix»()dx+_[x-b—dx+ [x-0dx =
~ -~ a =& b

1 1.,

b-a 2

a_a+b
b 2

1 b
=b>a!xdz=

Jucnepeus
D(X)= [#*f(x)dx-[M(X)F =

{

a+b
2

a+b

_(b-ay
> = s

12

2 2
11 g
] “b-a 3xaL )

Cpeanee kBagpaTHUeCKOe OTKJIOHEHUE o(X) ={D(X)

% d
=;[x‘b_adz—(

cayuaifHON BeTMunNHOM, HMeomel PaBHOMEPHOe pacrpeesenue,

342

HMpumep. ABTobyc HEKOTOPOro MAPUIPYTA ABHIKETCH PABHOMEPHO € HH-

wepeanom 5 mue. HaiiTi BEpOATHOCTD TOTO, 4TO PABHOMEPHO PACHIDE/iesIeH-

Was cayuaiinas seanunia X — BpeMs OJKHAAaHMA aBTOOYCA COCTABAT MeHee
MuH,

Pewenue. Cnyuaitnan senuuna X paBHOMEPHO pacnpeje/ieHa HA WH-

psane [0; 5], 109TOMY IIOTHOCTH BEPOATHOCTH HA ATOM MHTEPBAJE HMe-

W |
5-0 5
X MUHYT, NACCAXCHP AOJIHKEH NOABATLCA HA OCTAHOBKE B MHTEPBAJE OT

YX /10 NATH MHHYT NOCJ€ YX0/a npeAbiAynuiero aprobyca, T.e. caydaiiHas
smanaa X 0J0KHA nonacTs B uaTepsan (2; 5). Ioatomy nckomas Bepo-

Bua f(x)= . Jlast Toro 4ToGBI BpeMs 0XKHAAHUSA He NPEBLICHIO0

7.12.2. MNokasatenbHoe (3KCroHeHUMansHoe)
pacnpepeneHue

HenpepsiBras cayuaiinan enunna X pacupejesiena o noxa-

MENLHOMY 3AKORY, €CJIM ee IVIOTHOCTh BEPOATHOCTH UMeeT BHUJL:
ecam x <05
e, ecom x 20,

0,
f(x) = {A

e X >0 — napameTp noKasaTeJbHOro pacnpejaesnenns (puc. 7.12).
Haiizem mHTErpasbnyio GyHKIHIO pacnpesenenns F(x).

M
=1-e
o

F(x)= ]f(x)dx = ])ue Mdx = -
£ o

Taxum obpasom (puc. 7.13),

—e M
Flx)= 1-e ™, npux>0;
0,mpux<0.

Haiizem uncaossie xapakrepuctuku M(X), D(X),0(X) cayuaii-
it BesimunEBI X, pacrpe/ie/IeHHOI 10 NOKA3ATeNLHOMY 3aKOHY:
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1) F(x) obcayxuBaEus U T.4. Hakonen, AJisi NpaKTHYECKOro NPUMEHeHUs
JOKABATEILHOTO pacIpe/ie]leHus BaXkHa npejesibuas reopema. Co-
acHo aToit Teopeme, npu ob'beIMHeHUN TOCTATOUHO BONBIIOTO YHC-

A 1 JIA IOTOKOB € JTIIOOBIMH 3aKOHAMY PACIpe/iesieHNs IPOMeKYTKOB Bpe-

MeHI MeKY HOABIEHHAMH COOBITHIT, IPOMEKYTOK BPEMEHH MEemAY

Aot
LITHAME B O0bEIMHEHHOM HOTOKe Gy/eT B npejesie Npyu Heorpa-
HUEHHOM YBEJHYEHHH YHCJIa COCTABJIAIONMX HOTOKOB W PABHOMED-
ol s o] i X MAJIOCTH NIOAYMHATLCA OKA3ATETLHOMY 3AKOHY pacnpesene-
51 C TAPAMETPOM A = n , e T — obiee Bpems HabJa0eHUsA 3a BCe-
Puc. 7.12 Puc. 7.13 T

HOTOKAMM; 1 — 00IIee YHCJI0 NOoABIeHU coORITHI 3a BpeMA T.
TlokasareabHOe pacnpe/ieienie MUPOKO HCHOAb3YeTCs B TEOPUH
EHHOCTH, H3YyHaoLeil yeaosnsa 6e30TKa3noil paboTel HEKOTOPO#
CTeMBI, €CJIM OTKAa3bl B ee paboTe 06pasyioT NpocTeiinnii NOToK.

o . u=x du=dx
M(X)= [xf(x)dx= jxle Mdr= = =
LA H

dv=he ™ v=)fe*dx=

HMpumep. Cayuaiinas sesnauna X — BpeMs paboTh 37€KTPOTAMIION-
MMeeT nokasaTenbnoe pacnpenesenne. OnpeaesuTs BEPOATHOCTH TOTO,
Bpems paGoTel TaMnouku Gyaer He Menbie 600 u, ecan cpeanee BpeMst
bt 400 uacos.

Pewenue. To yeaoBuio 3a/1a4n MaTeMATHYECKOE 0KHAAHME Cayuaiinoii

1
A

~ P(X <600)=1-F(600), rae F(x)=

g TR
+ [e™dx=|-xe “—9—] :_nm(i,_L]
o J [ X le x| @M )M *

1 1

re’ A

s X passo 400 w, crefosaTensHo, A =—4% (rax kax M(X)=

Komas eposTHOCTE P(X > 600)

AHAJIOTHYHO, JBAX /bl MHTEIPUDPYS 110 YACTAM, MOXKHO HAl

1
. Orkyna o(X) = JD(X) =\/;~I2 % Haiizem ne

ATHOCTh NONAJAHUSA MIOKA3ATENBHO PACTIPe/IeJIeHHOM cayuaiinoit
JIMYMHBI B MHTEPBAJ (X5 X,), PACIOJIOKEHHBI BHYTPH NOJYHATE]

Basa [0;+e<):

0, mpu x <0, —~
', w F(600)=1-¢ 00" =1-¢ 12,
11-e ", npu x>0

D(X): D(X)

Oxonuarensno, P(X >600)=1-(1-e ')=e'?=0,2231.

7.12.3. HopmaneHoe pacnpeaenesve

P(x; < X <x;)= I/(x)dx = J‘Ae"“dx =—e™M

xn n

Anp _ g
Ll s Cpeu BCeX HENpPEePHIBHBIX 3AKOHOB PACTIPeJeIeHHs BEPOATHO"

it 0cobyio posn urpaer HopmaabHoe pacupenenenne. Teopern-
KUM OCHOBAHMEM K €r0 IPUMEHEHHIO CHIY/KUT UEHTPATLHAS TIpe-
»Has Teopema Jlsnynosa. CorsacHo 270l Teopeme, pacnpejene-
CYMMBI 1 IONIAPHO HE3aBUCUMBIX M IPOM3BOJILHO pacnpejiesien-

'y

Cayuaiinbie BeTHUMHDBI, MMEIOIIME TIOKAZATENLHOE PACIPELe
HHUe, YACTO BCTPEUAIOTCS B IPAKTHYECKHX IIPUIOKEHHUAX TEOPHI
posATHOCTeH, 0c0GeHHO B TEOpHM MaccoBoro obeayxusanus. Tak,
TOKA3ATEILHOMY 3aKOHY NPHBOIUT 381444 O PACTIPEIeJIeHHH T1PO] X CTyualiHBIX BEJIMUMH IIPY HEKOTOPHIX JIONIOJHATEIBHBIX YCI0-
JKYTKa BPEMEHH MEKAY ABYMS MOCAEAOBATENbHBIMUA COOBITHAMM X ¥ HEOIPAHMYEHHOM BO3PACTAHMH N CTPEMHUTCH K HOPMAJIBHO-
npocTeiiieM NOTOKe ¢ HHTEHCHBHOCTBIO A. [TokasaTenbHbIil 3aK BAKOHY pacnpeiesieHns.

MCHIOJIB3YETCs JUIS ONMCAHHA PACTIPe/ie/IeHHA BPeMeHH 6e30TKAZH
paboTel NpuGOpa MM CHCTEMBI, ECIIH HHTEHCUBHOCT OTKA3OB MO
HO CYHUTATH I‘IOCTDHHHOﬁ, JUTHTeJIbHOCTH PEMOHTA HJIH JIPYTOTO Bi

344

Hopmanwvnoe pacnpedenenue (pacnpenenenne l'aycca) — aro
npe/ieleH e HelpephIBHOI ciy4aiinoii Besnunubl X, XapakTepu-
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f(x)
a=-2,0=0,5

a=0,0=1

_(x-ay

1 e 2 rpea=M(X)
ovzr

MaTeMaTU4YecKoe OXKuanue; 6 — cpejiHee KBajpaTHiecKkoe oT
Henue cayuaitnoit ennunnnl X. I'pagpux nromuocmu epoamuoc,
MMeeT BU/l, Npe/ICTABJIeHHbINH Ha puc. 7.14.

IIpesie BCEro BLIZEJIMM CTAHAAPTHOE HOPMAJILHOE Pacpeieie
¢ napamerpamu a =0, 6 = 1, T. €. ¢ IVIOTHOCTHIO BEPOATHOCTH P(X)

3yeMoe TIOTHOCTBIO BepOATHOCTH f(x)

-4-35-3-25-2-15-1-050 0,51 1,52 253 354 4556 x
Puc. 7.16

[} i B (x-a)*
J/(x)dx = je 20° dx W, MCTIONB3Y S 3aMEHY
A oV2r o

x &
58 fe®
Ver;

M HX CBOHCTBA HAM YIKe BCTPEUANHCh IPH PACCMOTPEHUHN JTOKATBH
¥ MHTerpasbHoi Teopem Jlanuaca. l'paduk ¢(x) nmeer Buz, npef
craBieHHbIN Ha puc. 7.15. b

Ormetnm, 4to @, = @0) = 0,3989.

BunsHHe IAPAMETPOB @ M G Ha BUJ KPHBOI1 IJIOTHOCTH BEPOATHI
cTH npuBeJieHo Ha puc. 7.16.

Kax BuHO 3 rpadmka, napamMeTp a onpejesier noJoxKeH e i
TPa HOPMAJNBHOM IJIOTHOCTH, G — Pasbpoc OTHOCHTENBHO IEH:

t, MO~

x

NpUBECTH MOCIeAHMI HHTErpal K BUAY EI"’ 2dt = d(x), rae
o

x) yxe masecTHas Ham GyHkuus Jlanmaca. OKOHYATeNbHO:

o < X<B)=®(E—;—9—)—O(u}

o

(UpH yMEHbIIEHNH G PACTeT f,,,, & IJIOMAAb J0JKHA OCTABAT 1e4. npaauno Tpex curm

paBHOi# 1, T.e. KpuBasa GyAeT CTATMBATLCH K CBOEH OCH CHMMETP!

X =@, 4TO COOTBETCTBYET CMBICTY O KAK MepPbl PACCeAHNA).
OnpesennM BEPOATHOCTh NONAAAHUSA HOPMAJLHO PACITPEN

JleHHO# caydaitHoit Besmunubl X B unTepsan (o f): P(a< X <B)

OrMeTuM BasKHBIN cayuail nocieaneit GopmMysibl NpeABIAYIEro
paazena, NO3BOJAIONIMI OLEHHTE BEPOATHOCTE TOTO, YTO CAyHai-
BesnuuHa X, pacipe/ieJleHHASA 10 HODMATLHOMY 38KOHY, OTKJIO-
TCS OT CBOEI'O MATEMATHYECKOrO OMH/IAHHUA HA BETHUNHY, MEHb"
VIO 38JaHHOTO TIOIOXKUTENLHOrO YMCA J, T. e. IoNajer B CUMMeT-
YHBI OTHOCHTENbLHO MATEMATHYECKOTO OXHUJAAHMA WHTEPBAJ
~8a+d):

P(X-alkd)=P(-8<X-a<d)=Pa-8<X<a+d)=

o))l o ()
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5 3apaun aAns CamoCTOSTENLHOTO pewenun
P(|X—a[<8):2®(~).

o 1—3. Bazano MaTeMaTHYECKOE OKHMJaHUe a U cpeJHee KBaapa-
THUeCKOe OTKJIOHeHHe G HOPMAJIbHO PAcTpejiesleHHO cayuaiinoii Be-
snunnel X. Tpebyercs: a) HailTH BEPOATHOCTH TOrO, 4T0 X NpUMeT
Unavenve, npuHaaIexaniee uarepsany (o, B); 6) naiitn BepoaTHOCTH
7010, 4TO ABCOMIOTHOE 3HAYEHHE OTKIOHEHNS X —a OKaXKeTcs MeHb-
wie 8; B) HAWTH CHMMETPHUYHBIH OTHOCHTEILHO @ MHTEPBAJ, B KOTO~
Puiii nonazer Besnuuna X ¢ BEPOATHOCTBIO p; ) AaTh rpadguyueckne
0ACHeHUSI OTBETOB HA KPHBOil HOPMaJbLHOTO paclupejesieHus;
) HAWTH WHTEPBANBI, B KOTOPHIX MPAKTHYECKH OKAMKYTCH BCe 3HA-
eHns BeJinunHbl X (IPABHIIO TPEX CHIM).

Hcnonbays Aaunyio GOPMYJY, MOMHO NOJIYUNTH H3BECTHOE MDA
BWJIO TPEX CHI'M, KOTOPOe YTBEePIKAaeT, YTO HOPMAJIbHO pacipe/e:
Has cayvuaiiHas BeJMUYMHA NPAKTHYECKH He IPHHMMAET 3HAUeH
BHe uHTepBana (a - 30;a+30).

Ipasuao Tpex curm. Ecau caywaiinas éeaununa pacnpedene
HOPpMAAbHO, MO abcoNOMHOe SHAYCHUE €€ OMKIOHEHUA Om Ma
MAMUYECK020 ONUOAHUA He NPeBoCcx00um YympoeHHozo cpedne:
K6adpamuueckozo OMKIOHEHUA.

JleiicTBUTENIBHO, S .
» a o [ B 8 P
P(X-al30)= zo[i’) = 21(3) = 0,9972.
o 7 3 6 10 1 0,5223
B uacTHOCTH: 12 1 12 16 2 0,5821
P(X -a|<0)= 2¢[3] = 2(1) - 0,6826, ¢ s ¢ 1 S e
3 e —

P(|x—a|<25):20[2—"]:20(2)=0,9544. MOMEHTbI CRYYAVHON BEMAYMHBI.
° 3AKOH BOMbLUMX YUCEN U NPEAENbHBIE

TEOPEMbI. HEPABEHCTBO YEBbILUEBA

HMpumepoi. 1. Cryuaitnas sennunna X pacnpeaenesHa HOPMaabHe

M(X)=6,0(X) = 2. HaiiTit BePOATHOCTH TOTO, YTO B PE3YJILTATE HCIIBIT:

X npumer sHaueHNs u3 naTepsana (4; 8). = =
Pewenue. 7.13.1. MomeHTbI cny4anHoil BENNHMHbI
8-6 d=@ . . 06061meHHeM OCHOBHBIX YHCJIOBBIX XAPAKTEPHCTHK CHYYANHBIX
PESKRE) :0( 2 )70( 2 SO = MUMH ABIACTCA NOHATHE MOMEHMOE CAYHAUHOU 6eautunblL (110~

THE «MOMEHT» 3AMMCTBOBAHO M3 MEXaHHKH, I/le OHO IPUMeHAeT-
JJISL ONHCAHUMSA pacnpejiesienusi Macc). B Teopun BeposiTHOCTEH
MUAIOT MOMEHTBI ABYX BH/OB: HAYANbHbLE N YEHMPALbHbLE.

=d(1)+ d(1) = 2d(1) = 0,6826.

(opmanbHo. Cpennee Ki
2. Caryuaitnas pemunna X pacnpe/esiena HOp; Pen Havwanvuotm momenmom k-ro nopaaka caydaiiHoil Besuun-

X Ha3pIBAIOT MaTeMaTH4YeCKOe OXKHAaHHe k-if cTeneHy caydai-
Bennunuel X*, T.e. o, = M(X"). Jlna auckperHoii cayuaitHoit
n

Tueckoe otkaonenne o(X) = 0,4. HaiiTi BepOATHOCTD TOrO, 4TO OTKJIO]

HUe CyHaiHOl BeJIMUMHBI OT €€ MATeMATHYECKOT0 OXKUAaHNA 110 abeo

HOMY 3Hauenuio Gyaer mensme 0,3.

MUHHEL HAYAJNBHBI MOMEHT BLIPAYKAETCA CYMMOil O, = Y x/p;,
oo =1

5 HeIIPEPBIBHOM — MHTErpajioM O = Ix"f(x)dx. W3 HauanbHbIX

Peuwenue. P(X -a|<0,3)= zo[g—'f:] = 20(0,75) - 0,5468.
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MOMEHTORB CJIyuailHOM BeJIMYMHBI 0c060€ 3HAYEHNE HMEeT MOMEHT T1ep-
BOTO HOPAAKA. DTO yIke PACCMATPUBABIIEECH MATEMATHYECKOE OHCHS
naaue M(X). HauanbHble MOMEHTBI BBICIINX TOPSAIKOB HCIIOJIb3Y]
A IMIaBHbIM oﬁpsaom ANS BBIUMCIIEHUA IeHTPANIBHBIX MOMEHTOB.

Puc. 7.18 f(x)

Henmpanvruoim momenmom k-ro nopajka caydaitHoii BeJ
unHbl X HASBIBAIOT MATEMATHYECKOE OXKHAAHHE K-i CTeTIeHI OTKII

nenus (X - M(X)), r.e. p, = M[(X - M(X))"].
Jnsi AuCKpeTHO# cay4aifHON BeJMUYMHBI EHTPATbHBI MOM

BBIPAXKAETCH CyMMOiA |1, = Y (x, —~ M(X))* p;, a ps HenpephiBHOiL
=

ol x

s

MHTErpajoM W, = "(x~M(X))‘f(x)dx'. Yemeepmouiii 4enmpanrvrvlii MOMEHM Py CAYKAT AN Xa-
il KTEPUCTHK OCTPOBEPIIMHHOCTH HJIM IJIOCKOBEPITHHHOCTH Pac-

JleleHusi. DTH CBONCTBA pacnpe/iesieHus caydaiiHol BeJTHYMHBL

ONMCHIBAIOTCS ¢ IOMOLIBIO JKCYeCCa — BEIUIHHbI, ONPeeNs-

7]

ot hopmynoit ¢, =—-3. Kpusas HOpMaJbHOTO pacnpezese-
o

x

Cpe/in eHTPaJbHBIX MOMEHTOB CYYailHOI BeJNYnHBI 0c060e 3)
4YeHHe HMeeT IeHTPAILHBI MOMEHT BTOPOTO NOPSAAKA, KOTOPbIi
JIsieTcsi He ueM MHBIM, Kak aucnepcueit D(X ). Kpome uero B Teop!
BePOATHOCTEN YaCTO NCIIOJIb3YIOTCH LEHTPAIbHbIe MOMEHThI TPeT
IO M 4eTBEPTOro NOPSAAKOB.

Tpemuii yeRmpanvrvii MOMERM CIYRUT XAPAKTEPHCT!
Koit acuMmeTpun («CKOMEHHOCTH») pacupenenenus. [Ipu arol
OGBIYHO PACCMATPHBAIOT OTHOIIEHHE |13 K CPEIHEMY KBAJAPATHYS
CKOMY OTKJIOHEHHIO B TPETheil CTENeHN), KOTOPOe HABKLIBAIOT KO.
puyuenmom acummempuu pacnpejaesieHus cayuaiinoil Be.

51, AaA Koropoit ¢, =0, T.e. "—‘:3, NPUHUMAETCA 38 ITAJIOH.

o%
uBbie GoJiee OCTPOBEPIIMHEbIE — NMEIOT MOJOMKHTeNbHBIH IKC-
¢, Gosee NIOCKOBepIIMHHEBIE — OTPUIATENbHBIH (puc. 7.18).
Muorja Ha NpaKkTHKe NPUMEHAIOTCA TAK HA3blBaeMble aGcomioT-
MOMEHTBI.

Kpussie pacnpejesnenus, HMEOIHE PASJIH 2 =
AbGconomubtil KawanbrvLd momernm onpeaenserca Gopmy-

B = M[| X* ], a abconromnuviii yenmpanvrovui momenm —

MyJIoit Vi = M[‘X —M(X)r].

7.13.2. 3akoH Gonblumx yucen
W npefensHbIe Teopembl

Teopus BepoATHOCTEH H3yYAET 3aKOHOMEPHOCTH, CBOHCTBEHHbIE
BBIM CJIYYANHBIM sBJeHNAM. Eciiu ABjeHne HOCHT e JMHUYHbIH
AKTEp, TeOpUs BepoATHOCTeH crocobHa 0OBIYHO NpeACKa3aTh
b Pe3yJBTATHI B OYeHb IIMPOKMX Mpejiesiax. 3aKOHOMePHOCTH
BAAIOTCA MMEHHO NPH GOJILIIOM YMCe CAYYalHBIX ABJIEHUI,
MCXOAAIINX B OAHOPOJHBIX yC/I0BHsAX. IIpH 9TOM XapakTepucTH-
eayqaiHbIX COOBITHI U CAYYAHHBIX BEJINYHH, HAGIOaeMBIX TIPH
WITAHNH, CTAHOBATCA yeToiunBbiMy. Hanpumep, yeroiiunsa ua-
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Puc. 7.17
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Puc. 1.14

)

Pfeeeeeee

of a=0@) gm0 9

B 5KOHOMMKE efiCTBYeT 3aKOH NPedioNeHUSA, KOTOPBIN IIaCUT:
TIOBBIIIEHUE [1€HbI 38 €/IMHUILY TOBAPA B TeYEeHHE OIIPe/IeJIEHHOrO 1po-
MeXKYTKa BpEMEeHH BJIedeT 3a co60i pocT 06beMa NpeJIoKeHHs ITO-
ro TOBapa M, HAOBOPOT, MOHMIKEHHE IEHBI 38 eMHMILY TOBAPA B Te-
yeHMe Olpe/ieIeHHOrO NPOMEeXKYTKa BPeMEeHH IIPUBOJIMT K COKparie-
HUIO 06beMa NpPejsIoKeHns ToBapa.

W3 3TOro 3aK0Ha BBITEKAET, 4TO A/ JIOObIX JBYX 3HAUEHMH Py 1
P2» IPHHAJIEKAINX 0061acTH OnpeiesieHusa QyHKIIM O(p), ¥ Taknx,
UTO Py > Py, CHEAYET, UTO (¢2 = P(P2)) > (q1= @(py)), T- €. DyHKUMA Hpea-
JI0KEHUS ABJIAETCA Bodpacralomeil QyHKuuen enst p.

PaccmaTpuBaior Takyke QYyHKIMIO p = \p"(q). KOTOpas ABAAETCH
0o6paTHOi K GYHKIMH ¢ = Q(P) ¥ ONUCHIBAET 3aBUCUMOCTD LEHbI €11~
HHUILBI TOBApa OT ero 061’9"8, NpeJIOKeHHOro0 K npojaxe.

HMpumep. PyHKUKS NPLIIOKEHNA HEKOTOPOTO TOBAPA HA PHIHKE UMe-

er BUA: ¢ :%(p ~2)?- 1, rae ¢ — KOJMUECTBO MPeAIAraeMoro ToBapa

(Thic. T.); p — NeHa 3a eaunnny Tosapa (py6.). Tpebyercs nain:

1) obsacTs ONpeseNeHns 1 MHOXKECTBO 3HAYCHUI QYHKIMK ¢;

2) o6'beM IpeIoNKen s IPH lleHe 3a eMHUIY ToBapa p; = 12 py6.; p,=
=18 py6.;

3) 3aBHCHMOCT LeHbI 3a eAMHMILY TOBAPA OT 0GBEMA CIPOCA, T. €. PYHK-

wmio p = ¢ '(q), a Taxske nMocTpOuTH rpaguk GyRKIMM ¢ = %(p -2)-1.

Pewenue. 1) Obnactbio onpefenenns GyHKIMN ¢ ABNALTCH MHOKECTBO

TAKMX AeHCTBUTeLHBIX 3HAYEHHIT p, 1PH KOTOpEIX ¢ 2 0, T. €. %(p -2y -12

20, man (p-2P°-420, mwm (p-2-20p-2+2)20, wmmp(p-4)20.
Pelmas AaHHOe HEPABEHCTBO METOOM MHTePBAIOB, NoAyunm (puc. 1.15):
PE (—2; 0]U[4; +2).

TlockONbKY 3HAYEHMS P He MOTYT OBIThH OTPHLATENLHLIMH, OKOHYATEb"
HO NpUHAMaEM p € [4; + ).

26

Puc. 1.15 + 0 4 +

™
<

Ty e pu

al

Puc. 1.16

MuosxkecTso anavenuii Gynkuuu ¢ npu p > 4 6yaer g € [0; +2).

2) pn p, = 12: ¢, = %(12 ~2)°-1=25-1=24 (teic. mr.);

po=18: g, = %(13 ~2)’-1=64-1=63 (tc. mr.).

3) Haiizem Qpyakumio p = ¢ '(q).

Bynem umers: %(p—2)1=q+1 =(p-2P=4(g+1)=p-2=32Jg+1=>
= p=2-2Jg+1 nm p=2+2Jq+1.

Tax kak p > 4, Gepem p=2+2‘/q—+_l.

Tpaduk dyuxuun ¢ =%(p - 2)*~ 1 umeer BuA, NpexCTABIEHHLIN HA
puc. 1.16.

1.2.3. PbiHo4HOE paBHOBecue

Ha pbiHKe IPOMCXOAMT BCTPeya MPOAABIOB U IPOM3BOMTE el TO-
BAPA C ero nokynarensmMu ¥ norpeburensimu. IIpu sToM nposaBubl
JKeJlalT NpoAaTh Gosbnre ToBapa 1o GoJsiee BHICOKOMN IeHe U TeM ca-
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CTOTa NOABJIEHNS COOBITHS NPH GOJBIIOM YHCIIe HCIBITARMIL, TO HKe

Hepagsencrso YeGrimesa Moskno TPeJCTABUTL U B APYIOM BHJE:
OTHOCHTCS M K CPEJIHUM 3HAUEHHUAM CJIYUANHBIX BETHINH.

P(X - M(X)|<e)21- D‘X’
@ TI'pynna reopem, ycTaHABIMBAIOIMIMX COOTBETCTBHE MEHK/Y TEOPe:
THYECKUMH H DKCIePHMEHTAIbHBIME XaPAKTEPHCTHKAMM caydail
HBIX BeJIMYUH M CAYYANHBIX COOBITHI NIPH GOJIBIIIOM YHCJIe UCITBITAS
HUil HAJl HAMHJ, HOCHT HA3BAHUE NPEDELHbLX MEOPEeM TeOPUN
positHOCTel. K HUM oTHOCHTCS 3aKkon Goabwux wucen (rpynna
peM, BKJIIOYAIONasl, B YACTHOCTH, HEPABEHCTBO U Teopemy “eOnIim
Ba, Teopemy Beprysin) n yenmpanvnan npedenvran meope,
Jlanynoea.

Hepagencrso Yebsrmesa. [lycrs cayuaitnas Besuanaa X ume
MaTemaTHyeckoe oxupanne M(X ) u aucnepenio D(X ). Hepaeei
cmeo Yebbiure6a yTBepIKAACT: 6POAMHOCTL MO20, Y MO OM KO
Hue clly'mﬁnoh BENUNUHBL OM €€ MAMEMAMULECKO20 OHCUOAHUSL
dem no abcorOMHOMY IHAUCHUIO He MEHbULEe 1100020 NOAOHCUME.

D(X)

Hepasencrso Maplcona. Hns noroxcumensuvix CAYMAUHBLX 8eau
Mun, umenouux mamemamuveckoe owudanue, cnpasedaiueo nepa
#encmeo Maproea (e >0):

[P(X 2g)< M‘Xj

Hepagencrso Mapkosa B nepBoHaYaNbHON opme nin B Gopme

M()

X <g)>1- TPUMEHSAIOT IS OILeHKH BEPOSITHOCTH MOJNOMKH-

VILHBIX cJIy‘ﬂlMthX BEJIMYIH C HEM3BECTHBIM 3aKOHOM pacripesiesie-
LEN

Teopema Yebnimena. /7, yemo umeemesn Geckoneunan nocaedosa

HOZ0 HUCAA €, 02PAHUYEHA C6EPXY BENUNUHOU
P XY abHocme X, X,

» To€0

+» Xy v CAYUQUNBLY BeAUNUN ¢ 0OHUM U men
Mamemamuveckum onudanuem a (M(X,)=M(X,) =M(X,)=
=a) u ducnepcusamu, ozpanurennvmu 0O u Moil HE NOCMOAH
u C (D(X,)<cC, D(X,)<C, .., D(X,)<C..). Tozda kaxoeo
HU GbLIO NOAONUMENbHOE HUCHO E, 8eposmHocme cobbimus

I‘eoue'rpuqecxuﬁ CMBICJI 9TOT0 COOBITHA 3aKJII0YACTCS B TOM, W'
3HaYeHHe cayqaiiHoi Beuunnbl X nonagaer B 061aCTh, 3AIITPHX
BaHHYIO Ha puc. 7.19.

Crnenyer NOMHATS, 4TO HepaBeHCTBO eGbileBa cpaBe B
AJiA JUCKPETHBIX, TAK U 1A HellpepbiBHBIX cnyqaﬁuux BeJIMYHH,
NOJIE3HO HA NPaKTHKe JIMIIbL TOrAa, Korjaa € > 0; B IPOTHBHOM C.
uae OHO JIaeT TPUBHAJILHYIO olleHKy. Tak, Hanpumep, ecin BbIGpa’

~a| <€ cmpemumes k eQUHUYe NPU N — +oo, T.e.

<t‘]‘ :

X, + X, +..+ X,

lim P{ " —a|

n

s=1o(X), o P[|X—M(X)|210(X))S D(X) S8 E585 50 Teopema Bepuyaun. ITyems npouseodumesn n nesasucumix
2 2 lD(X) bLMO8, 6 Kaxdom us Komopwix ¢ BPMMNOCmbIOPMOJKFm Hacmy-
4

mb Hexomopoe coGbimue A. Paccmompun CAYHAURYIO BeAULURY
T Mucao Hacmynaenuit cobbimus A 6 n onsimax. Tozda karoso
Hu Ovtao nORONUMENAbHOC YUCHO €, 8epoamuocmb cobbimus

O4eBH/IHO, UTO BEPOATHOCTD He MOKeT GbITh GOJIbIIe YeThIpeX; ecin

_DX)__g0

100D(X) —pf< € cmpemumes k eQuUHUYe npu n — +oo, m.e.
2 9TO yIKe I0CTATOYHO XOPOIUIAs OLEHKA BEPOATHOCTH.

BriGpare £ =100(X), To P(|X - M(X)|2100(X))

DN

M(X)-e M(X) MX)+e x Puc. 7.19

~

n
p ~ WACTOTA HACTYIICHUS MHTEPECYIOIero Hac coOLITHA.
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llenTpanbnan npeaeapuasn reopema JANyHOBA NOKA3BIBALT, YTO
[PH JOCTATOUHO OOJBIIOM YHCJIe 7t He3ABHCUMBIX CYHalHbIX BeJH~
and Xy, X,, ... X,, NOAYMHEHHBIX KAKHM YTOJHO 3aKOHAM pacrpe:
nenenus (npy cobIOAEHUN HEKOTOPBIX OrpaHnYenHuii), ux cymma 6
JIET UMETh 3aKOH PACTIpe/ie/leHns, KAK YroJno 61uskuii K Hopma,
nomy sakony. Chopmynnpyem npocreiimyio Gopmy 1eHTpasIbHO
npeaenabHoit Teopembl JisnyHoBa, KOrjga caydaiHbie BeJdYHH]
X, X, .. X, B3AMMHO HE3ABUCUMBI U OAMHAKOBO paclpe/ie/IeHb..

[loxcrasasia nafinennsie snavenus M(Y) n D(Y)=0% 5 dopmyny ans

IIOTHOCTH HOPMAJIBHOTO PacupeieIeHus CayuaiHo Beauunnn Y, noxy-

PR =
o f(y)=me

0
24

Ma Y =3 X, Gyzer sakuoueHa B npexenax ot 6 xo 8, ompesensercs no
=1

. Torza BepoOATHOCTB TOTO, WTO CAyHaiiHAA BeATH-

fhopmyie AUt BEYMCIEHNSA BEPOATHOCTH NONAAAHMA HOPMAILHO PaCIpesie-
Mennoii cayuaiHOlN BeTMIMHEL B 3aAaHHbI nETepBan (05B) = (6:8):

Pa<Y < p):@{m]_o(w]‘
o

'y Gy

Ecau cayvainvie seauyunve Xy, Xy, ..., X, 63auMHO He3a6UC]
Mbl U UMEIOM 0OUH U MOM Jee 3AKOH PACNPeOeeHUA ¢ MAMeMaAm
weckum oxcudanuem a u ducnepeueil 6%, npuvem cyuecmeyem mp
muit aGCoNOMHbLL UEHMPALbHbLU MOMEHM V3, IO NPU HEOZPAHUYE]

HOM YBeNUNCHUU N 3AKOH PACAPECNCHUR CYMMbL IMUX CAYLAUHD 1%
v " RECH v v ¢ B(x)= FI& “dt — dymxuns Jdanaaca.
n
aseaunun Y, = ZX‘ HEOZPAHUNERHO NPUBIUNACTNCA K HOPMALLHO &
= Toacrapnsas 4MCAOBLIE AAHHbIE, TOXYUHM

B npakTHYeCKUX 3a/la4aX HACTO NPHMEHAIOT UeHTPAIBHYIO 1P
JleJIbHYIO TeopeMy IS ONpeeeHns BePOATHOCTH TOTO, YTO CyM!

8-12 6-1
P|6<Y<8):¢[ 8 }-o[ 2 ]=m42,83)—o¢—4,24):»0(2,33>+o(4,24)=
HECKOJIbKHUX C.'I_V'lﬁﬁHH)( BeJIMUMH OKAXKeTCsH B 3alaHHbIX Npejena

IMpumep. CxnaaniBaiores 24 He3ABUCHMBIE CTYHaTHbIE BeTHIHHBI, =-0,4977+0,4999 = 0,0022.
npeaeneHHbe 110 PABHOMEPHOMY 3aKony na unteppaie (0; 1). Hanncar
NPUGIHIKEHHOE BbIPAMKEHME LIS IIOTHOCTH CYMMBI 9THX CYYaliHbIX BeJ
uun. HaiiTu BepOATHOCTE TOrO, YTO 3Ta CyMMa GyAeT 3aKI0UeHa B IIPeJg

snax ot 6 10 8.

AR 3A0A4YN MATEMATUYECKOW CTATUCTUKN.
TEHEPAJIbHAS U BblIBOPOYHASR
CTATUCTUYECKWE COBOKYNHOCTU

2
Pewenue. Tlyers Y =Y X, rae X, — cayvaiiukie BeTuunHb, PABHOMED

i
o pacnpesenennbe na unrepsate (05 1). Yenosus reopems Jianynosa o
Ba10/€Hbl, NO2TOMY CyuaiiHAA BeMuuHA Y MMeeT NpuOIMIKeHHO 110

(M) B
P MaTeMaTHYeCKOH CTATHCTHKE PACCMATPUBAIOTCSH ABE OCHOBHBIE

1
P 2 anjau.

Iepeas 3adawa cocronr B TOM, 4TOOH YKa3aTh cuocoGH! cHopa
PYNIHPOBKH CTATHCTUYECKHUX CBeleHUil, NOJYYEHHBIX B Peayib-
Te HaGII0/IeH Uil MUK B De3yJIbTaTe [IOCTABIEHHBIX 9KCIePUMEHTOB.

Bmopas 3adana 3axmouaercs B paspaboTKe METOLOB AHAIN3A
ATHCTHUYECKUX JIaHHBIX B 3ABHCHMOCTH OT UeJeil uccaefoBanus.
HUM OTHOCHTCS:

1) oneHKa HeMIBECTHON BEPOATHOCTH COBLITUA; OLlEHKA TapaMeT-
POB pacnpeieslenus, BUA KOTOPOTrO He M3BECTeH; OLHKA 3aBHCHMO-
CayuaiiHoi BeTMUHHBI OT OIHON HJIN HECKOJBKHX CIYUANHBIX Be-
HH;

2) NpoBEpKA CTATHCTHYECKHX IMIOTE3 O BUJIe HEM3BECTHOTO Pac-
e/leIeHNS NI O BeIMUMHEe IAPAMETPOB PACIIPEJeNeHNS, BUJ KO-
OpOTo He U3BeCTeH.

.
HOCTH HOPMAJABHOTO pacupegenesus f(y) =

Tockonsky Bee X, pacnipeieiennl pasromepno na uatepsaie (0; 1),
MareMaTHUecKHe 0KHAAHUA M ANCIIEPCHH PABHBI MEXKAY CoDOi:

atb_0+1_ P (1-0F 1
2 2 ETTETY
CI1e/10BATEILHO, O CBOMCTBAM MATEMATHUECKOTO OMCHAAHMS W AHCIED
CHI CYMMBI CIYHaIHBIX BOAMHHA:

M(X))=

2

2 u 11 1
M(Y):M[ZX,]:ZM(X,):§+E+.,.+-:12.
i =

24 pasa
2 1

o :Du'):z)[{ix,]:ZD(X.)=
a6
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Pelenuio 9THX 3aa4 NOCBAIIEeHLI noApasaensl 7.14 —T7.17.

CoBpeMeHHasi MATeMATNYEeCKas CTATHCTHKA PA3PabaTRIBACT CIIOCO™
Ob1 OIpeiesIeHus THeIa HeoOXO0ANMBIX MCTIBITAHUI JI0 Hauaja uceje-
foBaHUA (NTAHUPOBAHUE IKCIIEPUMEHTA) U PellaeT MHOTHE ApYyTrHe
3ajaum. COBPEMGHHYIO MATEMATHYECKYIO CTATHCTUKY onpe):(enm
KaK HAYKY O IPHHATHH PelIeHHil B YCJIOBHAX HEONPEeIeHHOCTH.

Hrak, OCHOBHAS 38/1a4a MATEMATHYECKOI CTATHCTHKH COCTOUT
co3iaHuK MeToJ0B cHopa 1 06paboTKM CTATHCTUYECKHX TAHHBIX
MOJIYYEHHUA HAYYHBIX U NIPAKTHYECKHX BbIBOJIOB.

B ocnose sanau, pelaeMbiX MeTOAAMH MATeMATHYECKOH CTATH(
TUKH, JIEKAT HEOOXOANMOCTb M3YYeHUSA COBOKYITHOCTH OIHOPO/IH]
00BEKTOB, OTHOCHTENILHO HEKOTOPOro KAYeCTBEHHOr0 WM KOJIN!
CTBEHHOI'O IpU3HaKa.

Hanpumep, Npyu H3Y4eHUN APTHH OJJHOPO/IHBIX TOBAPOB, X PaH:
HIMXCs Ha CKJIaJle, KAYEeCTBeHHBIM IPH3HAKOM MOTYT CJHYKHUTH CO]
TOBBIE, & KOJIMYECTBEHHBIM — MACCOBbLIE XapPaAKTePUCTHKH, U3MEH.
olMecs B pouecce XxpaHenus.

Jlns roro urobet oTobpars, Hanpumep, 20 06HEKTOB U3 TPOHYMe-
POBAHHON reHepasbHON COBOKYIIHOCTH, MOMKHO OTKPHITE JI0OYIO
OTPAHMIY TAGIMIBI «CAYYAHBIX YMCeI» M BHINUCATE noApsa 20 ciy-
MaitHbIX unces. B BHIGOPKY BKJIIOUAIOT Te 00K T, HOMepa KOTOPLIX
COBIAIM € BBINMMCAHHBIMH CAYUYAHHBIMU YHCIaMU (Caydaiinble Yuc-
Jia, npesbimaoniue N, 1pu BBITHCEIBAHMMA IIPONYCKAKOTCH).

@ DJIEMEHTBI X, Xy, ..., X,, IONABIINE B BLIGOPKY, HABBIBAIOTCH 6a-
puarnmamu, a uX KOJIMIECTBO N — 06veMOM 6bt6opru. Orobpan-
Mbie DJIeMEHTHI PACToNaraloT OOBIYHO B HOPAAKE MX BO3PACTAHMI:
D < x® <. < x!", Takas nocjae0BATEILHOCTH BAPHAHT HASLIBACT-
éapuayuonnvim padom. PasHOCTh MeKAY MAKCHMATBHBIM H

MHUMAJTBHBIM 2JleMeHTaMyu BhIGopku 2= x") —x!) naswisaercs
pasmaxom evbopru,

Cpean n aneMenToB BHIGOPKH MOTYT BCTPEUATHLCSH OBTOPAIOLIIHE-
. Ecau, nanpumep, sneMenT X BCTPeUaeTcs n, pas, X, — n, pas,
s Xj — Ny Pas, TO YUCHAA Ny, My, wo, Ny HABHIBAIOTCS YACTOTAMM Ba-

AHT Xy, Xy, «.,X;. OUEBHIHO, YTO CYMMa BCeX YACTOT paBHa 00be-
7.14.1. TeHepanbHas n Bbibopo4Has
CTaTUCTUYECKME COBOKYMHOCTM

k.
BRIGOPKH, T.€. My + My +.ot My =0 wam Y 0, =

COBOKYITHOCTE BCeX 00BEKTOB, MOJYHHEHHBIX IAHHOMY IPU3H:
Ky, HA3BIBAETCH Z€HEPANLHOU COBOKYNHOCMBIO, YHCH0 TaK]
00LEKTOB HABLIBACTCS 06 BEMOM 2€HEPANLHOU COBOKYMLHOCMU.

Pacnonoxkennas B nopsAKe BO3PACTAHUA BAPHAHT Mocjej0oBa-
JIBHOCTH Iap 4Yuces, COCTABJIEHHAS W3 BAPHMAHT M X 4acToT
157 )s (X2,713), es(Xy,1,), HABBIBAGTCSH CMAMUCMUYECKUM PR~
dom, nan cmamucmuweckum pacnpedenenuem. lpn srom

Ha npakTuke, KaKk npasmuio, obciesoBanue BceX 06beKTOB reH %
0J1b3YIOTCA TAGINYHON 3aITNCHIO:

PasibHO COBOKYIIHOCTH HE IIPOM3BOAMTCS B CHUJIY U3JIMIIHEH TPy
eMKOCTH TaKkoro npouecca. OGbIYHO U3 Beeil COBOKYIHOCTH OTOHPA:
10T OTPAHHYEHHOE YHCII0 ODBEeKTOR, KOTOphIe i nayuaior. Takyio c.
YaitHo OTOOPAHHYIO COBOKYIIHOCTH HA3LIBAIOT 6BL6OPOYHOIL CO
KYynHocmpio, unn 66L60pKoil, Jis TOoro 4ToOH! M0 JAHHBIM BbIGO)
KM I0CTATOYHO YBEPEHHO XapaKTePH30BaTh BCIO TeHEePAIbHYIO CO
KYITHOCTH, He0OX0AMMO, 4T06B! 0TOOpaHHbIE 3/IeMEHTBI 1PaBUJIBHO
TPeACTABIAIH. ’

MHoraa BMeCTO 4aCTOTHI BAPUAHTEI 12, TPEOYETCSA UCIIONb3OBAHME

HOCHTEJIbHBIX YACTOT () = . Ouesnano, uro CyMMa YacTOT BCeX
@ Brifopka, 0CTATOYHO XOPOIIO ONUCBIBAIONIAS BCIO MeHEePAIb) n
COBOKYIHOCTB, HA3BIBAETCH penpeienmamuenoll (npedcmae
menvrou),

k. &
n, n n,
eMEeHTOB BRIGOPKH PABHA eMHMIE: Y () =y — =1+ L4 4
i=1 an o non

S _mtnytetn,
n n

=1.

Jlist noslyueHus pernpeseHTaTUBHOM BBIGOPKY HEOOXOANMO, U
©b1 BCe OTOOPAHHbIE DJIEMEHTHI UMEJIH OIHHAKOBYIO BePOSTHOCTS I
nacTb B BbIGOPKY. B ciyuae Gosbiioro odbema N renepaibHoi col
KYIHOCTH XOPOUINE PE3yILTATEL B 3TOM CMBICJIe JaeT HCIOJIb30BAHM
TabIMILBl «CIHYYaHHBIX YHCET» .

356

HMpumepri. 1. 3anucars BApMAUNOHHBIN PAA U CTATHCTHYECKOE pacpe-
enue asemenTos BeiGopku 5, 0, 3, 7, 0, 10, 5, 0, 5, 2, 10, 2,0, 7, 2,0,
, 7,7, 4 — w3 uncaa paGounx aueii B rosy, NPONYIIEHHEIX 110 Goeany pa-
HUKamMyu Marasura. OupeaesuTs pasmMax BhIGOPKH.
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Pewenue. Oonem pibopku n = 20. YIOPAAOUMB 2J1eMEHTHI BRIGOPKH 10
BesmuMHe, NOJAY4MM Bapuanuonnslii pax 0, 0,0, 0,0, 2,2, 2,3, 4,4, 5, 5,
5,17,7,7, 7,10, 10. Paamax BeiGopku 2 =10 -0=10.

HEBEE:

Ipu Gonpmom ofbeMe BLIGOPKH A5 YIPOIIEHHA BRIMACICHUH ee
MEHTH O0beIMHAIOT B IPYNILI (PA3PAALI), NPEACTABAAA BHIGOPKY B BI
ZPYNNUPOBARKHOZO CIMAMUCMULECKOZO prda (pacnpepenenns).
2TOrO MHTePBAI, CONPIKAILNIL Bee DIEMEHTEI, PA3bHBaloT Ha k Henepece:
IOIMXCA MATEPBAIOB. BhIuiCIeHNs 3HAUMTENLHO YIIPOIAIOTCA, eCan

%
MHTEPBAJIBI MMEIOT OMHAKOBYIO JIMHY /i = e Ilocne TOro Kak uHTEP

BHIOPAKBL, ONPEAETAIOTCA YACTOTEL — KOJHHYECTBO 3eMEeHTOB 7 BhIGOp!
TNONABMINX B i-il HHTEPBAJ, & CAMM 2JIEMEHThI, NIONABIINE B ITOT HHTEP!
CYMTAIOTCH PABHBIME €r0 cepejinne X, (aeMeHT, COBNaAalomuit ¢ BepXH
rpanHuueil HHTEPBAIA, OTHOCHTCHA K IOCIeAYIOUeMY HHTepPBATY).

Yucao MHTEPBANOB k rPYNIUPOBKH GepeTcs B 3aBUCHMOCTH OT 06be!
BRIGOpKH. [IpH 5TOM C/1€AYeT NIOMHITE, YTO IPYNNNPOBKA BEIGOPKH BHOCH
NOrPenIHOCTH B AaNbHEHAIINe BHIYUCAEHUA, ITH NOrPENIHOCTH PacTyT
yMeHbIIeHHEM YuCJia MHTepPBaioB. B npornecce cocTaBIeHus rPyNnupPOB:
HOTO CTATHCTHUECKOTO PACTIPE/EIEHHs IOACUMTHIBAIOTCH TAKIKE HaKOM
nennpie wacmomue ] (HAKONJIEHHAA YACTOTA i-TO MHTEPBAJIA PABHA CYM:
Me HACTOT CAMOrO i-ro M BCEX NPeAbIAYIIUX WHTePBAJIOB, T.€., HATPHM

o e, e n,
=nj +n+n;), OTHOCHTEILHBIE YACTOTEl —- W HAKOMJIEHHBIE OTHOCH:
n

o

i
reabuse wacrors 2=
n

i,
mn
2. Jlano Bpems HeJeNbHOI 3arPy3KH 2JIeKTPHUECKHX AYXOBhIX MKado]
50 obcaenoBaREbIX NPeATPUATHII OGUECTBEHHOTO THTANNA B UACAX:
3860 41 51 33 42 45 21 53 60
60 52 47 46 49 49 14 57 54 59
77 47 23 48 58 32 42 58 61 30
61 35 47 72 41 45 44 56 30 40
67 65 39 48 43 60 54 42 59 50
HaiiTi pasmMax BIGODKH, YHCJIO M ATTMHY WHTEPBAJIOB, & TAKXKE COCTA:

BUTH TABIMILY 4ACTOT (3ANMCATH PPYNITMPOBAHHOE CTATHCTHYECKOE PACTI]
nenenue). Iepsuiit unrepsan 14 —23.

358

Pewenue. Byaem n1poBoANTE PYyNIMPOBKY IO MHTEPBAJIAM DABHOM M-
nui h =23 ~ 14 = 9. Paamax seibopkn z =77 14 = 63. Toraa neobxopumoe

63
MHMC0 MHTePBAIOB k = % = 7. PeayabTaThl rpyNnMpoBKY CBeAEHB! B Tabauiy:

Homep | Tpamwnss | Cepoamma | Hacrora| Ormocw | Haxonmemnas |
aivepania | sirepmans:| wevephasa| ) | wemads: | orspesrsmsiag
i x uacrora uacrora
o i in it/
1 14-23 | 185 2 0,04 0,04
2 2332 | 21,5 3 0,06 0,10
p ° .
3 3241 | 36,5 6 0,12 0,22
| [y (L S |
L 4 41-50 | 45,5 17 0,34 0,56
5 5059 | 54,5 10 B 0,20 # 0,76
6 5968 | 63,5 10 0,20 096
7 68—77 | 12,5 2 0.04 1,00
LA .. om0 R O .. T O

7.14.2. Tpachuyeckoe npepcrasnexune
CTATUCTMYECKOIA COBOKYNHOCTM.
Monurox n rucrorpamma 4acrtort

B uesaX HATAAAHOCTH CTPOAT PA3IMUHbIE TPAQHKH CTATHCTHYE"
Koro pactipesenenns. OHH NO3BOAAIOT JYUILIe IPEJCTABUTE XAPAK-
P pacrpejiesieHus 5JIeMeHTOB BLIGOPKH, & MHOT/IA M C/leJIaTh Ipejt-
0JIOKeHUsA O 3aKOHEe PACIPe/Ie/IeHHA reHepaibHO COBOKYITHOCTH.
Taxumu rpagMKaMu ABJIAIOTCS NOJUIOH YACTOT M THCTOrPAMMBI.

IToauzonom wacmom HABBIBACTCS JOMAHAS IMHUS, BEPIINHA-
M KOTOPOW ABJAAIOTCHA TOUKH (X1,1), (X3,1;), ..., (X}, 1), onpene-
eMBble DJIeMeHTaAMMU CTATHCTHYECKOTo psajia. [l ero noctpoenus no
u a6CIMCe OTKJIAABIBAIOTCH BADMAHTEI X;, & 110 OCH OPJMHAT — CO-
'BeTCTBYIOLIHE HM 9acToThl 7. IlocTpoennbie ToukH (x5 n,) coepn-
MIOTCH OTPE3KAMHM NPAMBIX, W NOJYYAETCH NOJMIOH YacToT (1st
YINUPOBAHHON BHIGOPKY MOJIMIOH YACTOT CTPOMUTCH MO TOYKAM
x'3n)).

Jlnsi rpynnupoBaHHO# BEIGOPKH OGBIYHO CTPOMUTCS MHCTOrpaMMa
CTOT.
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@ I'ucmozpammoi wacmom Ha3piBaeTCs cTynenyaras urypa,
cocTaBeHHAS M3 IPAMOYTONLHHKOB, MOCTPOCHHBIX HA MHTePBAJIAX
TaK, 4TO IJIOIA/lb KAXKA0T0 NPAMOYTOJbHHKA YHCJIEHHO paBHa 4ac-

n
== (BBICOTA NPAMOYTOILHUKOB PHCTOIPAMMbI OTHOCHTENLHBIX
n

w, .
URCTOT GYZIeT PABHA COOTBETCTBEHHO —*, & MLIONIA/h Beell rueTorpam-

o THI X, PACTIONOMEHHON B CepeinHe i-ro MHTEpBasa,
TOTS Hy| PADRAUTEES, T pen P Mbi OTHOCHTEJIHBIX YACTOT PABHA eAMHMUILE).
Orcio/a cieayer, 4To MIOUAAL PHCTOrPAMMBI YACTOT PABHA 0G'beMY

BoiGopkH n. [IpH paBHBIX ANMHAX HHTEPBAJIOB pasbuenus h BLICOTHI HMpumep. TIoCTPOUTSH NOJUIOH M THCTOTPAMMY YACTOT M OTHOCHTEIBLHBIX
MACTOT N0 PPYNNMPOBaHHON BEIGOpKe npumepa 2 (cm. noapasa. 7.14.1).

Pewenue. Tlo peaynbraram rpynnupoBks (cm. Tabaniy na npumepa 2)
©TPouM ToAUroH YacToT (puc. 7.20), ructrorpammy uactot (puc. 7.21), no-
JIHCOH OTHOCHTENBHBIX YACTOT (pUC. 7.22) H PHCTOrPAMMY OTHOCKTEIBHBIX
sacror (puc. 7.23).

n
NPAMOYTOJIBLHUKOB paBHbl H, = o

WHOra BMECTO NOJNTOHA U THCTOTPAMMBL YACTOT CTPOATCH 11O
20K W ZUCMOZPAMMA OMHOCUMENLHBLY HACMOM, 3ieChb TIO OCH
OPAMHAT OTKJA/(biBAETCH He UACTOTA 71, A OTHOCHTEJNbHAS UACTOTA

7.14.3. 3mnupuyeckas (yHKUUA pacnpeaeneHus

n;

Ecin uasecTHo pacnpejesenne 4acToT KaKOro-HHOyaAb Koanue-
BEHHOTO IpU3Haka X, HETPYJAHO 3aMEeTHTh, YTO U YaCTOTA N, M OT-

o3 o3

n -
OCHTEbHAA YACTOTA W, = — 3ABMCAT OT X,. 3 oTHX coobparkeHmit
n

s

ANTCS TAK HASLIBACMAS ) MAUPULECKAR PYHKYUR pacnpede-

nusn F'(x), koropas kaxaomy snauennio X € X cTaBuT B COOTBET-
e CyMMY OTHOCHTE/ILHBIX YACTOT BAPHAHT BLIGOPKHM, MEHBIINX X:

Mw oo
ol

©ofn oo ©f;

] n .
14 23 3241 50 59 68 77 % (x)= z —L (unoraa ota GyHKIMA 3anMCHIBaeTCA Kak F(x)=
x<x n

n

°

0| 185 27,536,545,554,563,572,5 x]

€ IO/ N, NOHUMAETCH CyMMapHas YacToTa BCeX BapHaHT BNSOPK",
HMbIIMX X, T.€. €CJIM, HAIPUMED, X > X3, TO N, =Ny + Ny +Ng). DM~
puueckas GyHknua pacnpenenenns (QyHKIMA pacnpejgeseHuns
6opkn) F(x) 103BOJIAET COCTABATE NPeCTABICHME 0O HHTerpaih-
it hyHKIMN pacnipesenenns F(x) Beeii reHepasibHOil COBOKYITHOC
npussaka X (F(x) B 9TOM cayuyae HasbiBaeTCH 0OBIYHO TEOPETH-
KoMl pyHKIMell pacnipeeserHus).

Dmnupuueckas Gpynkuua pacnpesenenus F(x) obnagaer scemn
ficTBAMM MHTErpaJbHON (DYHKIIMMA pacIpejeseH n:

1) 3BHAYEHUA HMIMPAUECKON (DYHKIIMH paciipe/iesieHnst puHajie-
T orpeaky [0;1], T.e. qus moboro xe X,0< F'(x)<1;

2) F'(x) — neybniBaiomias GyHKIns;

8) ecam x; — HauMeHbIIAsA BapuaHTa, TO A5 x < x, F'(x)=0, a
X, — HanbGoJbIIAS BADHAHTA, TO JUIA X > X;, F'(x)=

Puc. 7.20 Puc. 7.21

0,34

*727,5 63,5 7
0\ 18,5 36,545,554,5 72,56  x 0 14 23 324150596877

Hpumep. MocTponts rpadukn sMnnpuuecknx Gpysxunii pacnpeaene-

110 MCXOHON ¥ rPYNNMpoBanHOil Bibopke npumepa 2 (cm. n. 7.14.1).

Pewenue. 3anumem MCXOHbBIC JAHRLIE B BUE CTATHCTHYECKOTO Pacnpe-
Hus:

Puc. 7.22 Puc. 7.23
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Ananornuno crpoutes rpadux F(x) (puc. 7.25) no rpynnuposanHBIM
AannEIM (cM. Tab1. npumepa 2, 1. 7.14.1). B atom cayuae F (x) nmeer ckau-
KM B CepeIMHAX HHTEPBAJIOB, 8 X BeJHYHHA ONPe/e/IACTCS JHAUYCHNAMH HA~
KOIJIEHHBIX OTHOCHTEJIBHBIX YACTOT M3 NOCJAeAHel rpadbl TabanILl.

x, [14]21]23]30] 323335 4344 4546 47|
BRERREBRERE 1 [1]1]z]1]3]
x, | 48] 19]50]51]52] 53] 5456 [57[58]59 60 61]65]68] 72[77
n,221rll‘1211223[217141!

Tak kax x, = 14, a x5 =77, 10 F(x) =0 npu x<14 u F'(x) = 1 upn
x>77. Ha nonynnrepsane (14;77] amnupuueckyio GyHKIHIO pacnpe=
ZlesleHns CTPOMM € MCTIONBL3OBAHMEM CTATHCTHUECKOTO PACTIPeACTeHUA

(puc. 7.24): npu 14<x<21 F'(x):%:O,oz; npu 21<x<28 F'(x)=

BbIEOPOYHBIN METOJ. BbIHMCNEHE
YMCTIOBLIX XAPAKTEPUCTUK

7.15.1. OcHoBHas 3apaya BbIbopoyHOro meToaa

npu 72<x<77, F'(x)= 9. 0,98. ~ Brifopounblii METOJ COCTONT B ONPe/IesieH N1 CBOANHBIX XapaKTe-

50 MCTHK (TOKasaTeseif) KAKoN-1ubo CTATUCTHUYECKON COBOKYTHOCTH
yrem OGCJIEIKOBBHHH HE BCeX, a JIMIIb YACTH ee YWIeHOB, B3ATHIX HA
Gopky. Hanpumep, s onpefesienns Cpeinero cpoka caymont
BINOW MAPTUM DIEKTPHUECKUX JAMIIOYEK OTOMpAETCH CpaBHU-
NHHO HeGOoNBIIAS UX YACTDH U HenbiThiBaeTes. Toraa cpeauit cpoxk
y7#6bl MCHBITAHHBIX JAMIOUEK TPUHUMACTCS 38 TPUOINIKEHHOE
AueHMe CPeJIHEero CPOKA CayKObl JaMuoUek Bo Beedt naprun. Boi-
POUHBIE METOJ| NMPOKO NPUMEHAETCS [PH ONPe/ieIeHuU YPorxKaii-
TH, KAYeCTBA MPOAYKIMH, PErHCTPALMU [eH HA PHIHKAX, NPU
penucu Hacesenusn. K BuiGopounoMy Meroay 06pamanres B Tex
yuasx, KOrja Cijomnoe ofeieloBaHne Helb3s OCYIUIeCTBATH,
upUMep, U3-3a TOro, YTO reHepasibHas COBOKYNHOCTL UMeeT Gec-
HeUHOe YMCJIO YWIeHOB (06'beKTOB).

| [

Puc. 7.24 7.15.2. BblMMCNEHNE YUCNOBBIX XapaKTepUCTUK

(Xg, Dg, o5, My, Mz, M3, My, V, a, &)

JUisi BHIUMCICHNS CBOAHBIX XAPAKTEPHCTHE BEIGOPKH NIPHMEHsSeT-
MeTOJ/l IPOM3BeIeHuii, KOTOPbIH JaeT yAo0HbIi cnocod Bruncse-
5 YCJAOBHBIX MOMEHTOB PABJIMYHBIX NOPSAKOB BAPHALMOHHONO
€ PABHOOTCTOAMMY BADHAHTAMM. Buas VCJAOBHBIE MOMEHTHI,
PYAHO HAWTH MHTEPECYOlHe HAC HAYaJbHbie ¥ HEHTPaJbHbIE
NMpUYECKHe MOMEHTEI. B uacTHOCTH, METOAOM NpOM3BeneHuii
HO BEIYMCINTH BEIGOPOYHYIO CPEHION Xy, BRIGOPOUHYIO AHC-
w10 Dy 1 BRIGOPOUHOE CPejiHee KBaJPATHIECKOe OTKIOHeHHE Oy,
eco00PA3HO MONL3OBATHCA PACYETHON TabauIed, B cTONGIb KO-
it sanoCAT chaeayomue NaHHbie:

* B epBbIik — BHIGOPOYHBIE (MepBOHAUATLHBIE) BapuauThl X, pac-
Fasi UX B BO3pacTaioieM nopsiake;

0 18,5 27,5 36,5 455 54,5 63,5 T

Puc. 7.25
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* BO HTOPOﬁ ~— HacTOThl BADUAHT 11;; BCE YACTOTHI CKJIAJbIBAIOTCH H
X cyMmMmy (06beM BHIBOPKH 1) NOMEIAIOT B HUIKHIOK KJIeTKY cTosbua;

C

* B TPeTHIl — YCIOBHBIE BADHAHTEI O, , rae C — noxHBIR

HyJib (HOBOE Ha4as0 oTcyeTa); 3a C IPUHUMAETCS BAPHAHTA, KOTO=
POiit COOTBETCTRYET MAKCHMAJIBHAS UACTOTA; h — wIar BAPLUPOBARMS
(PASHOCTE MY IBYMS COCEAHMMH BADHAHTAMH B BAPHAILMOHHOM.
psany), T.e. h=x, - x,,. llpakTuyeckn Tperuii crosbel 3anoIHACT
€51 TAK: B KJeTKe CTPOKH, cojieprkalieil BbIOpaHHBII JIOXKHBINA HYJIb,
numyT 0; B KJeTKax Haj HyJeM [MHIIeTcs nocjejosaTensso —1, -2,
-3, ..,anog Hynem — 1,2, 3, ...

® B UETBEPTHI — MPONIBEJICHUS YACTOT HA YCIOBHbIE BAPHAHTHL

n,0t,. COKMB BeE NONYYEHABIE IPONSBEACHUS, NX CYMMY A, 110~
MeAioT B HIIKHIOW KJIETKY cToib1a;
® B UATEIE — NPOM3BEJICHNSA YACTOT HA KBAJIPATHI YCJIOBHBIX BA
PHAHT R0 M CyMMa 9THX NPOU3BeAeHMil Zn,(lf nomenjaercsa B
HIKHIOI KJIETKY cTON0ma;
B mectoii — npoussesenns n (o, +1)* wux cymma Y n, (o, +1)*
TIOMEIAeTCS B HHMKHIOW KITKY cToab1a.
3ameuvanue. lllecroii cronben cayx uT AN KOHTPOJIA BbHIUACT
JIeHM, T.e. eciM cymMMa Zn,(ct1 +1)? okaskerca paBHON cyMM

> nof + 23 no, +n, To BLINMCIEHNA IPON3BEACHBI IPABUIBHO.
Iloce 3anonHeHUs pacueTHON TabaUILbl ¥ IPOBEPKH MPABUIILHO=

CTH BBIYMCACHMIA ONPEAEIAIOTCS YCJIOBHBIE MOMEHTEI M, 1 M, I

dopmynam: M| »Zﬂ WM = m Bribopounas cpeauas X,,

BoIDOpOUHAH nucnepcuﬂ Dy n auﬁopmu-loe cpejiHee KBaJpaTH-
YeCKoe OTKJIOHeHHe Op ONpejessioTes 1no Gopmyiam: X‘, =Mih+
+C, Dy =[M; —(M;)*1h?, o = m HasioxenHan METOMKA pacd
Ta BHIGOPOUHBIX XAPAKTEPHCTHK OTHOCHTCS K CIIYYAI0 PABHOOTCTOS
H[MX BADHAHT.

Ha npakruie, KaK NpaBuiio, aHHbIEe HAGIIOACHNI He SBJIAKY
PABHOOTCTOAMMH YnCIaMM. B 9TOM cyuae ¢ IOMOIBIO COOTBETCTBY"
omei 06paboTkn HabI0aeMbIX 3HAYCHHIT TPU3HAKA MOXKHO CB
BBIYHMCJICHUA K CJIYYal0 PABHOOTCTOANIMX BapuaHT. [Lis aTOro nureps
BAJI, B KOTOPOM 3aKJIIOYEHbI Bee HAGIIOAeMble 3HAYECHMA TIPUIH:
(nepBoHauaNbHbIE BADUAHTHI), PA3AEJIAIOT HA HECKOJIbKO DABHBIX Ya~
CTHYHBIX MHTEPBAJIOB (IIPAKTHYECKH B KAX/Ibli YaCTHUHBII MHTEPBAJ
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JOJIZKHO nonacTs He MeHee 8 — 10 nepBoHaYaIbHBIX BAPHAKT). 3aTeM
HAXOAAT CepEe/IMHBI YACTHUHBIX MHTEPBAJIOB, KOTOPbIe i 006pasyior
HOCJIeIOBATENIBHOCTH PABHOOTCTOAIIUX BAPDUAHT. B kauecTBe 4acTOTHI
KKI0iT «HOBOW» BAPHAHTEI (Cepe/IMHbl YACTUYHOrO MHTEPBAJIA) IPH-
Humaior 06“-‘59 YMCJIO MePBOHAYAJILHBIX BAPUAHT, NONABIIMX B COOT-
PETCTBYIONINIT YACTHYHBIN MHTEPBAJ. 3aMeHA IePBOHAYAIbHBIX BAPH-
ANT CepeIMHAMY YACTHYHBIX HHTEPBAJIOB CONPOBOYKIAETCS! OMIMOKA-
My (TepBOHAYAJILHBIC BADUAHTHI JIEBOH NOJIOBHHBI YACTHYHOIO HHTEP-
Basta GyAYT yBeJIHYeHbl, & BADHAHTEI IIPABOI 110OJIOBUHBI YMEHbIIIEHbI ),

OAHAKO DTH OIIMOKH OYAYT B OCHOBHOM HOTALIATLCSH, HOCKOJIBKY OHM

IMEIOT PA3HbIe 3HAKM.

IMpumep. Bapuantsi BUGOPOUHOit COBOKYIHOCTH PACTIOIONKEHbI B BOI-
CTAIONIEM [OPA/KE, T.€. B BHAE BAPHAUMOHHOIO PAja:

90 94 98 102 106 110 114 118

10 12 19 27 17 7 5 3
LR e A

Boruucauts: 1) BBIG0pOUHYIO cpeanioin Xy; 2) Bhi60pounyio Auciepenio
; 3) BLIGOPOUHOE CPeiHee KBAAPATHUECKOE OTKIOHEHHE Oy 4) K0addn-

enT Bapuanmn V; 5) acummerpuio a,; 6) axcuece €,.

Pewenue. Bapuantsi 06pasyior apudMeTHUECKYIO TPOrPECCHIO ¢ Pa3HO-
10 h = 4 (Iar BapManMM — PAIHOCTH MEXKAY ABYMS COCEAHMMN BaADH-
TAMH B BADHALMOHHOM pAAY), h=x —x ,=118-114=114-110=
x-C

94 -90 = 4, YcaoBHbIe BADHAHTHI (L, , rae C = 102 (BapuanTa, nme-

h

851 MAKCHIMANLRYIO HACTOTY M, = 27). 115l pactieTa CROAHBIX XapaKTe-
CTHK BLIGOPKH COCTABHM PACHETHYIO TAGAMLY B YCIOBHBIX BAPUAHTAX:

| a [ e | mat [narny] ne | mat | ngeny
10| 3| 30| % | 40 | -270] 810| 160 |
o 12| 2| 24| 48| 12 | o] 102] 12
98 19 -1 -19 19 0 -19 19 0
770 Jiizz 0 i 0 727
17 68 17 17 272
| 28 | 63 | 56| 112| s67
45 80 135 | 405 1280
48 75 192 | 768 1875

295 365 15 | 2323 4193
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KouTpos:

Yol + 1) =X o +23 no, + Y n; 365 =295+2-(-15)+100;
Yo + ) =Y nat +4Y nad +63 na? +4Y na, + Y n;

4193=2323+4-15+6-295-60+100.

Takum o6pa3om, Tabinna NpoBepeHa ABAX/bI, CJIeJ0BATENLHO, ee pes
3YABTATOM MOJKHO MOJNB3OBATLCA AJNSA PACYETA CBOAHBIX XAPAKTEPHCTHK
BLIGOPKH. BhiuncaseM yeIoBHbEIE OMINPHYECKHE MOMEHThI 110 GOpMyIaM:

2
M= 15 s gy o 20T 295, 0
' Y 100 M, Yn, 100 2,95
M2l 15 o n g o Znol 2828
YT %n 100 S 100 2%

Buiuncisem HCKoMbie Beanuanubl Xy, Dy, Oy, V,a,,€,:
Xy =M{h+C=-0,15-4+102=101,4;

Dy =[M; ~(M;)}h* =[2,95-(-015)*] 16 = 46,84;

04 = Dy = /46,84 = 6,843; v = 8_100% = 8343 1000, - 6,74%;
0 =D x; 101,4 '
_ M5 -3M{M; + 20M)* 1h°
e
= v 4 91 4%
_[0.15-3.(-0.15)-295+2.(-015)']-4* (0.
(6,483)"
(M} - 4M{M; + 6M3 (M) - 3(M[)']h"
of

_[2323-4.(-015)-0,15+6-2,95(-0,15) -3-(-0,15)'] 4' 13
(6,483)"

-032.

NOBEPUTENbLHAA BEPOATHOCTb,
NI0BEPUTENbHbLIE UHTEPBATbI

Cpeauss BeiGopounasi, BbIGOPOYHbIE UCIIEPCHA U CPe/iHEee KBal~
paTnyeckKkoe OTKJOHEHHEe ABJAIOTCHA OLleHKAMM NIApaAaMeTpPOB reHe-
PaJbHON COBOKYIHOCTH, BhIPAXKAOIMMHUCA OAHUM yuciaoM. Takue
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OlleHKH HA3BIBAIOTCA MoYewn bt mu. OHI 3aBACAT OT 0GbeMa BbIGOP-
i M MOTYT CHJIBHO OTJIMYATHCH OT MCTHHHOMN BEJMUMHBI OlleHHBae~
MOrO mApamMerpa, T.e. IPUBOAAT B HEKOTOPBIX CAYdYaAX K rpyobimM
owubKaM. DTO BhI3BIBAET HEOGXOAMMOCTD OIEHUBATE MO YHOCILL U
HadexnHocme NONYYeHHBIX 110 BbIGODKEe TOUeYHBIX OUEHOK, 4TO
NPOU3BOAUTCA € TIOMOIbIO UHMEPEANLLHBLY OYEHOK.

OneHKoil MATEMATHYECKOTO OXKHAAHUSA a (MJIH, YUTO TO XKe camoe,

X+ Xt Xy
N
PAIBLHOI COBOKYITHOCTH) KAKOT0-1160 KOJIMYECTBEHHOTO IPU3HAKA X

renepaabHOil cpeaneit X, , e N — obbem rene-

PeHepaIbHOMN COBOKYITHOCTH CJIYIKUT BRIOOPOUHAS CPeHsAsA }?,,. Oue-
BUAHO, 4TO XB TeM TOUHee, UeM MEeHbIle BeJHYnHA OTKJIOHeHuA
IXH a] MHade roBops, eciiu BEGPATH NOJI0KUTENbHOE YiC10 § > 0
M 3aIMCATH HEPABEHCTBO IXH a| <8, To Xy Tem Tounee Gyner one-
HUBATD @, UeM MeHbIIe 8. B TAKOM cIIyuae 4MCI0 & MOMHO CUMTATE
mowrocmero oyenku, B cury caydaitHOCTH BAPHAHT, NONALAIOIINX
B BEIGOPKY, TOBOPHTE O BhIIIOIHEHHH HEPABEHCTBA |)_(,, -a| <& MOXK-
HO JIMIITH ¢ HEKOTOPOIi BEPOATHOCTBHIO Y, KOTOPas HA3LIBACTCH Hadenc-
Hocmvio, nAU 006EePUMENbHOU 6€PORAMHOCIMbIO OUEHKH, T. €.
P(| Xy -al<d)=y nam P(X;-8<a<Xy+d)=y. Iy sanucs creay-
©T NOHMMATh TAK: BEPOATHOCTD TOr0, YTO HHTEPBAJ (Xp-8 Xy +98)
paxsouaer B cefe (IOKPBIBAET) HEM3BECTHOE MATEMATHUYECKOE 0XH-
JlaHMe @, paBHA Y, 4 CAM MHTepBaJ (}?n 76;J_(B +08) HaabiBaeTca 10~
BEPHTEABHBIM HHTEPBAJIOM,

IlpeAcTaBAseT HHTEPEC IIPesk/e BCero 10BePUTebHbII HHTePBaL
ANA OUEHKH MAaTeMaTHYeCKOro OXKHAAHNA KOJINYEeCTBEHHOT0 IpU3Ha~
Ka X reHepasbHOil COBOKYIIHOCTH, PACIPEe]eHHOT0 110 HOPMAJIbHO~
My sakony. IIpu oToM BajKHBI ABa cayvas.

Cayuaii 1. Eciiu 3apanee U3BeCTHO cpejiHee KBaJpaTuiecKkoe oT-
KJIOHEHHe G, TO TPAHUILEI JOBEPHTENLHOTO MHTEPBAJIA JUIS OLeHKH

MATEMATHYECKOTO OKHAAHMA HMEIOT BUJ: [}?H—l LS YL IR N
' i
rae X — BRIGOpPOUHAS CpeAHsAsn; n — 00beM BHIGOPKH; G — U3BECT-
Hoe cpejHee KBaApaTHYeCKOe OTKJIOHEHHE TreHepaIbHOi COBOKYIHO-
©TH; t — BeJIMUMHA, OnpejeseMasn 10 Tabanue Aas pynkunn Jlan-
2
1 0=
naca d(t) = F je 2dz n3 coornomenusi 20(t) =y c sapaHee Bbl-
o

OpanHOii J0BePUTEIBLHOM BEPOATHOCTHIO (HAJEIKHOCTBIO) Y.
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HMpumep. Bubopounoe obcnenopanme boasxera 36 cemeii BLIABIAO
cpeiHnil I0X0A B MecsAI Ha oAy ceMbio B 1860 py6. Haiitu aosepurens:
HBIIT MHTEPBAJ V151 OLEHKH MATeMATHYECKOrO 0KMAAHMA @ — CPesHeMecHY-
Horo noxoza seex 10 ThicAY HCCaeAYeMBIX cemeif, €CJn H3BECTHO, UTO Of
pacrnpesesien o HOPMATLHOMY 3AKOHY CO CPEHIM KBAAPATHUECKHM OTKJI

N 14
s rpanma: Xy - :,°T“ “10,6-212. 7 =9.86;
n

%

Hrak, ¢ nagexuocTsio 0,95 HeM3BeCTHBIA NapaMeTp a cpeAHeuacoBoit
WhpaboTKH saKTouen B unTepsae 9,86 < a <11,34.

BepXHAA TPAHMLA: Xy +1

106421224 _11,34.
Ji6

Henmnem O =250 py6. JloBePUTEABHYIO BEPOATHOCTD Y NPHHATS PABHOI 0,9,

Pewenue. Haiinem anauenue aprymenta t dpynxnmn Jlanuaca na

orHomenus 20(t) = 0,9 = d(t) = 0,45. Ilo rabaune snavennii QyHKmm

to B HEKOTOPBIX yueOHMKAaX, HAPAY C A0BEPUTENLHO BEPOATHOC-

Jlanaaca maxomm.t = 1,045, Torse sounoets onenil panus 7; 110, MCTIOJBL3YETCS] MOHATHE YPOBHSA 3HAYMMOCTH, 0603HAUAEMOe

- 1645250 BIUHO uepe3 (. CBA3L MEX/Yy dTHMHU BeJMUNHAMMU 3a/1a€TCHA CO-

=68,5. Hmknas rpasuia J0BepuTeasHOro nuTepsasa 1860
Homenuem y+0o =1, T.e., Hanpumep, 5% -My YPOBHIO 3HAUMMOCTH

[t = 0,05) coorsercTyer 95% - AOBEpUTeNbHAS BEPOSATHOCTH
y=1-0=1-0,05=0,95).
T1OMHMO NepeuHcIeHHbBIX YACIOBBIX XapPAKTePUCTHK BRIGOPKY B

OHOMHMYECKOIl M MHOIi uTepaType, NCnosibayioleil matemarnye-
VIO CTATHCTHKY, YACTO BCTPEYAIOTCS U APYIHe XapaKTepUCTUKH.

- 68,5 =1791,5, a ero sepxuss rpanuna 1860 + 68,5 = 1928,5. Takum
PA3OM, SHAUCHWSA HENIBECTHOTO NAPAMETDA @, COTJACYIONIHECH C NAHHBD
BRIDOPKH, YAOBIAETBOPAIOT HepaBeneTsy 1791,5 < a < 1928,5. Creayer m
HHMATh, UTO AOBEPUTENLHAS BEPOATHOCTL CBAIAHA 3/I€Ch HE C BEJTHMTHH
napaMeTpa @, a JIMIIL ¢ TPAHUIAMY HHTEPBAJIA, KOTOPhIe H3MEHAIOTCS I
nameneninn prGopkn. Hagesxnoers y= 0,9 ykassiBaeT Ha o, 4T0 ecan
M3BE/ICHO A0CTATOUHO GOBIIOE YHCA0 BHIGOPOK, To 90 % W3 HUX Onpene:
TAKHE e HHTEPBAJbI, B KOTOPIX MAPAMETD @ ACHCTBHTENBHO 3aKII0UE]
#anus B 10 % cryuaes on MOJKeT BBIITH 38 rPAHMILE! AOBEPHTETHHOTO M
Tepsana.

Modoii (o6osnauaerca Mo) Ha3biBaeTCs BapMaHTa BRIGOPKH,
eomias HauOONbIIYIO YACTOTY .

ITpumep. TIo aRHbIM CTATHCTHYECKOTO PACTIPEAC NS BHGOpKH Haji-

Cayuaii 2. Eciin cpeiiee KBaJ[paTHUECKOe OTKIOHEHNE HCCIIe/Ly S
mozny Mo.

MOro NPU3HAKA 3apaHee HEMIBECTHO, TO HCHOJB3YeTCsl ero BhIGOpo

Has OLEHKA Gy — dMOHUpHUecKoe (BhIGOPOUHOE) cpeiHee KBaJpaT] x 1 3 5 7 9

n 1 5 6 5

YeCKOe OTKJIOHeHMe, ONpeJielisieMoe 110 AaHHBIM BbiGopkH. B aTo!
O

Jn’
On

Xp+t, \f:: , rae X, — BBIGOPOUHOE CPesiHee; I — 0GHeM BHIGOD!

cJyuae JOBePUTENbHbI MHTEPBAJ JJIA @ UMeeT BH/: (Xl.,
Pewenue. TockonbKy HanboabIIAS 4aCTOTA BHGOPKH Ny = 6 npunare-

T anemMenTy Xy =5, To Moaa pasia Mo = 5.

Meduanoii (06osnauaercst Me) HasbIBaeTCS BAPUAHTA BHIGOPKH,
SIAA BADMAIIMOHHDII DAL HA /BE YACTH, PABHBIE 110 YMCIY BADHAHT.
1 5TOM eCJIH 00'beM BBIGOPKH — YHCJIO HeveTHoe, T.e. n =2k - 1,
MeauaHoil GyseT ABIAATHCA CPeHUI dJIeMEeHT BapHALMOHHOrO

0y — BbIGOPOUHOE CpeiHee KBaJpaTHYecKoe oTKIoHenne. Beanun:

Ha t, onpejessercs no rabauue pacupesgenenns CTbioJeHTa 1A 38
JIAHHBIX 00beMa U I0BEePUTENbHON BEPOATHOCTH: t, =t(v:n).

Hpumep. Ilo nanntm BrGopounoro obeaesopanus 16 npeanpusTai @ Me =k +1, ecan 5e n — uerHoe, T.e. n = 2k, 10 Mesmanoii 6y-

001eCTBEHHOrO MUTAHUA CPeJHAN HOPMa BHIPDAGOTKH HA OAHOTO PabOTH!
ka kyxuu X, cocrasuia 10,6 6ai0n B uac npu BeIpaBoTaHHOM CpeaHe!
KBAJPATHYeCKOM OTKJOHeHHH Oy =1,4 6moa/u. Haiitn gosepurensn:
MHTEPBAT 151 CPEIHENacOBOil BHPAGOTKH HOPMAILHO PACTIPe/eNeHHOH
HePAJILHOI COBOKYIIHOCTH BCeX PAGOTHHKOB KYXHU TDECTA CTOJOBBIX C A
BEPHTENBHOMN BeposiTHOCTHIO ¥ = 0,95,

Pewenue. Haiinem sennuuny ty. Io rabanue pacnpenenenna Crbionel
Ta a5t 1 = 16 1 y= 0,95 HAXOAMM IPAHMLIL JOBEPUTETLHOO MHTEPBAIA
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ABJNATHCSA BeTMUMHA, PABHAS IOJYCYMMe JIBYX BAPHAHT BHIGOD-
, PACIOJIO}KEHHBIX B CepejiiHe BADHALMOHHOTO psAAa, T.e.

it Xy
2

Hpumep. 1o 1aHHEIM BAPHAIMOHHEIX PAOE 4), 6), B) OnpeieanTh Me-

W)23679;6)2357:8)22357789911.
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Pewenue.

a) o6beM BRIGOPKH N = 5 — HEUETHOe YHUCIIO0, CACAOBATEILHO, MeAnaHOoN

Oyaer cpepuuii snement, T.e. Me = 6;

©6) o6'beM BLIGOPKN 1 = 4 — YETHOE YHCJIO, CAe0BATENLHO, MeANAHON

X, +x, 345
JIeT IOJIyCyMMa ABYX CPeHNX 3Havenuii: Me = =52 = 2
+ +7
») anaormmo n. 6) Me = X+ %e 77 =

Hapsiny co cpelHIM KBaAPATHYECKHM OTKJIOHEHHEM B KAy
XapaKTepUCTHKH PACCeSHNS BAPHAHT BRIGOPKH OKOJIO CPeJiHero

GOPOUHOrO MHOT/A MCTIONb3YeTCes Cpediee aGConIOMHOe MK,

Henwe Ag, onpezensiemoe (hOpMYJION:

Ipumep. 1o faHHBIM CTATHCTHYECKOTO PACTIPE/IeIEHHSA BRIGOPKH Hi
TH BbIGOPOYHOE CpejiHee KBAJAPATHYECKOE OTKJIOHEHHe Oy M cpejiHee al

JOTHOE OTKJIOHeHNe Ay.

&
n

Pewenue. Oonenm BuiGoprn n = 10, subopounas cpeausas

_Yxn _1.2453+3:5+18
n 10

_1(2-4)+5-(3-4)°+3-(5-4)' +1.(8-4)°
10-1 ,

Gp=\oh =VB.1=176;

L] =
AB=—‘-Zn‘Ix‘—X,,I:L(l-|2~4|+5v|3—4|+
nts 10

2B g
9

+3~’5-4|+1 |

3amevanue. [1o71€3H0 NIOMHUTD, YTO 15 J110060¥ BRIGOPKH Be.
unHBI Op 1 Dy Beerjia CBA3aHLI COOTHOIEHHEM Ay < Op.

370

B 5KOHOMMYECKOM AHAJINIE BAXHON XapaKTEPHCTHKOM BEIGOPKH
nBAAeTCs KoIPPuyuenm sapuayuuV, onpesensieMblii Kak BeIpa-
JeHHOE B IPOIEHTAX OTHONIEHHE BRIGOPOUHOTO CPEIHero KBapaTh-

MECKOTo OTKJIOHEHHA Op K BRIGOPOUHOIT cpesiHeii }?,, V= —;i -100% .
B

Koasdduuuent Bapuamun cayKuT AU CPABHEHNA BEIMUHH pacces-
NS AIBYX BADHAIMOHHBIX PAOB: TOT M3 PAJIOB, Y KOTOPOro Koaddu-
uuenT Bapuaunu Goabue, nmeer Gosbiee paccesinue.

Ipumep. B 1980 r. cpeanmit ToBap0oGOPOT 0BIIECTBEHHOTO THTARMA HA
Jymy nacesenus X, pasusics 93,2 py6. Npu BeJMUHHEE CPeAHEro KBAAPA-
Fiteckoro oTkJIoHeHHs G, = 10,6 py6. B 1986 r. nokasarens X, BRIpoc A0
102,1 py6., HO 1 mOKa3aTeNb paccesHus O, yseanuniacs xo 11,5 py6. One-
WTL M3MEHEHMe CTENeHN 0BECTIeYEHHOCTH HACEIEHNA PeCTYBANK yeryra-
06IIeCTBEHHOTO MUTAHNSA.

Pewenue. TpeGyeMyIo OLEHKY MOXKHO BBITOJHUTE C TOMOILBIO K0addu-
enta papuannu V. Tak, 8 1980 r. V = 19,0 100%=11,37%. B 1986 r.
= 110% 100% = 11,26 % . Tor daxr, uro V, <V}, MOKHO PACIEHHTD KAK

MAeTeILCTBO BLIPABHUBAHNMS YPOBHSA 06eCNeueHHOCTH YCAYraM# OTPACTH
cesenns B 1986 r. no cpasnennio ¢ 1980 r.

CTATUCTUYECKASA MPOBEPKA FMMoTE3
0 BEPOATHOCTAX, CPEAHWNX, ANCMEPCUAX.
KPUTEPUWN COrMACUA MMPCOHA

Ilpu ucesegoBaEuy Kakoro-in6o npusHaka X reHepajbHON COBO~
ITHOCTH 32 OCHOBY NPHHHUMAETCH HPEANONOMKeHHEe O TOM, 9TO OH
CTIpe/ieJIeH 110 OTpe/ie/IeHHOMY 3aKOHY. JIpyrumMu cioBaMu, HecJe-
BATEJIH BRIIBUIAET THITOTE3y O IIPE/TIOAraeMoOM 3aKOHe pacupese-
MU, KOTOpas, BOOGIe roBOP#A, HyXiaercs B nposepke. Takas
BEPKa IIPOMBBOJINTCHA HA OCHOBE KPHTEPHEB, KOTOPhIE HABBIBAIOT-
KPUTEPUAMH COTJIACHS .

PaccmoTpum KpuTepuii, KoTopblil HauGosiee 4aCTO BCTpeYaeTCs B
KTHKe PelleHis 9KOHOMHYECKHX 3a/1a4 CPEJICTBAMA MaTeMAaTHde-
0if CTATHCTHKH, — kpumepui cozracun [upconaB ero npu-
[eHEHWH K IIPOBEPKe THIOTe3bl O HOPMAJLHOM DACIpe/eJeHnN re-
PAIbHOI COBOKYITHOCTH.

B ocHOBe KpHUTepHs JIEIKUT CPABHEHUE OMITHPHIECKHX (TOJIyden-
X ONBITOM, HAGJIOlEHMEM) YACTOT 17, M TEOPETHYECKHX YACTOT 7]
LIYHCITIEHHBIX B IIPE/TION0KEeHHH HOPMATBLHOTO PACTIPe/IeNIeH I re-
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MBIM MAKCUMH3UPOBATH CBOIO np"ﬁb”lb, a noxKynareJyu XoTAaT npu-
0BpecTH HY»XHOe UM KOJHYECTBO TOBAPA 110 BO3MOXHO Hosiee HU3KOMH
IeHe U TeéM CAMBIM MUHUMH3NUPOBATH CBOM PACXO/bI.
Ilena p,, Np¥ KOTOPOHi BEJIMYMHA CNIPOCA PABHAETCH BEJNYH-
He NPeJJIOKEeHNs, B 9KOHOMHKE HA3BbIBAETCHA PAGHOGECHOU YeROUL,
a KONUYecTBO TOBapa ¢, npuo()pe'raeuoro 0 T ueHe, pasnosec
HbLM KOLUMECME0M mo6apa.
ll.’lﬂ HaXO0MXKACHUA PBIHOYHOIrO PABHOBECHA JAOCTATOYHO PElIHThH

q=1(p)
)

HEKOTOPbI# TOBap; ¢ = ®(p) — DYHKIMA NPEJIOKEHUA ITOTO XKe TO-
Bapa Ha pbiHKe. OTHOCHTEILHO HAMICHHOTO 3HAYECHUS Py MOIKHO BhI~
JeJTATH ABA CAYYAS.

Caryuaii 1. Ecin niena ToBapa Ha pbiHKe 6y/eT IPeBbIaTh pABHO-
BECHYIO LIEHY Py, TO MOKHO O3KM/IATh ee CHIKenne B Gmkaiimee Bpe-
M3, TAK KaK INOABATCA HIJIMILIKH NpeJjJlaraeMoro rosapa.

Cayuait 2. Ecaiu ueHa Ha pbIHKe OKaXeTCsl MeHbILe PABHOBECHO
(Hanpumep, eciu rocyAapcTBO B NPUKA3HOM MOpPALKE VCTAHOBUT
IeHy MeHbIIe py), TO CAeAYET OKHAATH, 4TO B Ganskaiiiee BpeMa OHA
TIOBBICHTCH, B IPOTHBHOM cJiiyyae — ).leq)"ll.lll'l' TOBapa, o4epeau, Bo3-
HUKHOBEHUE ¢4ePHOTO PLIHKAS M T. /.

CHCTeMY ypaBHeHH i { , rae ¢ = f(p) — dyukuus cnpoca Ha

IMpumep. PynKuus cnpoca Ha PHIHKE HEKOTOPOrO TOBADA MMeEeT BUJ:

9=2%, 4 pymxnus npesnomenns g = p - 10, re ¢ — ofem enpoca

(npeanoxenns) (Thic. WIT.); p — NeHA eAMHHUIL ToBapa (py6.). Tpebyercs
HaiTH:

1) Aanason n3aMeHeHUs leHbI HA PACCMATPUBAEMBIN TOBapP;

2) pHIHOYHOE paBHOBECHE;

3) BRIpYYKy NPOAABILA NPH NPOAAXKE TOBapPa N0 PABHOBECHOI LeHe;

4) BeJIMUMHY MBJIHMIIKOB TOBAPA 1PH p = 25 py6. u BeauunHy Aeduuura
npu p = 15 py6.;

5) HOBYIO DYHKIIMIO NPEJIOKEHNSA ¥ HOBOE PBIHOYHOE DABHOBECHE 110C-
Jle BBeleHMsA rOCY/IapCTBOM HAJIOra Ha eAMHMILY ToBdpa B paamepe 1 py6.
CpaBHuTe CyMMBI, NOJYYeHHbIE IIPOAABIOM 0 U NOCJe BBeIeHUsA HAJIOra;

6) HOBYIO (DYHKIMIO IPE/UIOIKEHNS ! HOBOE PHIHOYHOE PABHOBECHE, €CJIH
38 KQXAYIO MPOAAHHYIO eAMHHILY TOBAPA TPOH3BOANTEH NONyHaoT U3 61oa-
JKera AoTanmio B pasmepe 1 py6. CpaBuuTe CyMMEI, NOJyYaeMbie TPOAAB-
UAMH /IO U TIOCJIe BBEJICHHA A0TALHH;

T) KonMuecTBO TOBapa (MANMIIKH TPOAYKTA), 3aKYIAEMOr0 N'OCY AaPCTBOM,
M CyMMY, B KOTOPYIO €MY 9T 00XOAMTCSH, €CJIM OHO /1A NOAACPHKAHNMA 1IPO-
M3BOAMTEJIA PEIINJIO YCTAHOBUTH TBEPAYIO leHy B 22 py6. 3a KaXAYIO eu-
HUIY TOBapa;

8) caenaTh cxemaTHuecKuil HepTeK.

28

Pewenue. 1) Io ycnosuio p 2 0 1 q 2 0. COrzIacko yc/iosuio 3aaaus, mno-
ayanm

P20 p20
200
=20 ={p>0 = pe[10;4=).
P
210
p-1020 P

Taxkum 06pasom, npu nese eanHns Topapa 10 py6. n Menee npoaaBIbl
He NOCTABAAIOT TOBAp Ha PhiHOK (npu p = 10 npeanoxenue ¢ = 0, a cnpoc

ecTh = % =20 (reic. mr.)). lIpn p > 10 npeanoxkenue pacrer, a cnpoc

naznaet (cranoBurcs Menbme 20).
2) Ins HAXOMEHUA PBIHOYHOrO PABHOBECHA PEIINM CHCTEMY ypaBHe-
M

200 s
9= =290, 10-p*—10p—200=0;
q=p-10
D =100 + 800 = 900; VD =30;
_10-30 10+30
2 2

=20.

=-10 (me noaxoaur, Tax kak p 2 0); p, =

Taxum 06pa3oM, moay4aeM eIMHCTBeHHOe pemnenue p, = 20 (py6.).
Emy cooTBeTCTBYeT ¢, =%n~ =10 (reic. mt.).

Hrax, peiHOYHOE paBHOBECHE XapaKTepH3yeTcs UeHOi 3a elMHHUILY TO-
Bapa p, = 20 py6. IIpn a1oii nene noxkynarean npuobperyT, a IPON3BOAUTE-
JIM TIOCTABAT TOBapa B KoJxudecTse ¢o = 10 Thic. mrT.

3) Bripyuka npojiaBia npH npoja<e TOBAPA 110 PABHOBECHOI LeHe CO-
cTaBuT: Uy = Pogo = 20 - 10 = 200 (Thic. py6.)

4) Ipu p = 25 BesMuMHA npeIoKenus ¢, = 25 — 10 = 15 (Thic. mT.), 2 Be-

JIMYMHA CTIpoca ¢, =22—1q =8 (reic. mT.). Takum o6pasom, npu aToi UeHe

NpeAJsoKeHNe NPeBbIaeT cnpoc (T.e. NOABAAIOTCA MANMIIKH TOBapa) Ha
qy— G2 =15 - 8 = 7 (teic. mr.). Ilpu p = 15 BeMuMHA NPEATIONKEHNA ¢ =
200
15
Taxum o6pasom, Npu TOil 1eHe CIPOC NPeBLIIAET NpeAIokenne (T. e. no-

=15~ 10 =5 (TeiCc. UIT.), a BeJMYMHA cnpoca ¢y = = 18% (TBiC. mT.).

ABNAETCA RODHIAT TOBADA) HA g3 —, = 13% -5= a% (Thc. mr.) ~ 8333 mr.
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HepaabHOil coBokynuocTH). Kpurepnit Ilnpcona orsevaer Ha BOIpoc:
caydaiftHO JIM PACXOKACHHEe ITHX HacTOT (He3HAYNMO) HIIH JKe HeCay:
yaitHo (3HaunMo). I1pu aTOM cireayer NoHMMAaTh, 4To Kpurepuii ITnp:
COHA He NOATBEPIKAAeT OAHOIHAUHO NPABMIBHOCTH WM HEIIPaB!
HOCTh M'MIIOTE3bl O HOPMAJIBHOM PACIIPE/IEIEHNH, A TOJBKO YCTAH:
JIMBAET ee COrJIacHe MJIM HeCorjacue ¢ AaHHbIMK HAGIIONeHUA 1
BEIGPAHHOM YPOBHE 3HAYMMOCTH.

B kauecTBe KpUTepHsA NPOBEPKM BRIGHpAaeTCs ciydaiHas BeJn

Jix)

— i(m —.nf)‘.
n;

Buqncnennoe no nanﬂum HaOMI0JEHUI ¢ TOMOIIBIO 3'mﬁ Gop:
N6l 3HAUEHME BeAMuMHb X (xu-kBaapar) 0603HAYAIOT Xhasa (x:
KBaJpaTt HabJII0/laemMoe), KOTOpOoe CPABHMBAIOT 3ATEM C KPUTHYECK!
BHAYEHMEM )3, OUpEeIseMbIM 1o coorercTBylomieit Tabamue 3u
venuii. Tabanunoe sHayenue Xxp onpejessiercs no BHIOPaAHHO!
YPOBHIO 3HAYMMOCTH (L M YHCJIY CTeneneil cBoGoAbI £, BHIYUCITEM
My 1o opmysie k= g—1=r, rae 8§ — 4MCJIO0 PPy (MHTEPBAJIOB I'P;
NHUPOBKH) BLIGOPKH; I’ — YHCJIO IAPAMETPOR NPEII0NIaraeMoro 3;
HA PACTIPE/eJICHAS, KOTOPbIe CAMH HAXO/ATCS 110 IAHHBIM BHIGOD!

B caryuae npenonoxkeHns HOPMaTbHOTO 3aKOHA PACTIpe/ie/en:

1 (x-a)
e

CKOe OKHJAHHE a ¥ Cpe/iHee KBaJIpaTHYeCKoe OTKJIOHeHHe O (8 Be|
Hee — uX BeIopounble onenky). Takum 06pasom, YncIo napam
POB pacupejeieHNs r' B HTOM cJydae paBHo 2 (r = 2), a 4HCJI0 CTell

TAKUMH [IapaMeTPaMH ABJIAIOTCH MATEMATH!

Heit cBoGosbI k= 5~1-2=5-3. Ecin B peaysibrare BHIYUCIEHNIT BI
TOJTHSACTCS HEPABEHCTBO Y2y, < X2ps TO THIOTE3A O HOPMANBHOM
npejieieH My reHepaIbHOl COBOKYIHOCTH PUHUMAETCSI C BEPOATH
creio Y= 1 — o Ecam ke X2, >x',€p. TO 'MIIOTe3y OTBEPraiorT ¢
JKe BepOATHOCTHIO.

Ilo peayabratam 06paboTKM BLIGOPOUYHBIX JAHHBIX BBIJABHIA
TUNOTEe3a 0 HOPMAJILHOM PACIPe/ieeHNH TeHePANbHO| COBOKYITH!
TH 110 CIEAYIOUMM TPU3HAKAM:

) 110 BHAY PHCTOTPAMMbI OTHOCHTEJILHBIX YACTOT, CPABHUBAA
c rpadpukom auddepeHnuanbHol QyHKIMY (PYHKIMH IIOTHOCTH
POSAATHOCTH) HOPMAJBHOIO (TEOPETHYECKOr0) pacmpe/esieHH

1 _x-a
‘/2_e 20° | pMerollero BUA, NpeicTaBaen bl Ha puc. 7.

fx)=
o

6) o BuAy rpapuKa aMIUPUYECKON (DYHKIMM, CPDABHUBAS ee
rpadukxom nuTerpanbHoi Gyuakuun (byakuun pactupeaenenns) F(:
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o]

We. 7.26

of

Puc. 7.27

PETHHUECKONO PACTIDE/ICICH NS, KOTOPbIi MMeeT BuJl, IIpe/icTaBien-

wiit Ha puc. 7.27;

B) 10 Be;TMUMHE ACUMMETPUH @, M DKCIecea £,

npu a, =0,¢, =0 — uieaxbHOE HOPMATBHOE PACTIDELEICHIE;
npn |a,[<0,1,e, |<1 — nopmansroe pacnpenenenne;

npn |a,[<0,5,|¢, [<0,5 — pacnpenenenye, 6:1m3Koe K HOPMATEHOMY;
npu |a,|<1,]€, |<1 — pacnpenenenne nopmanbroro Tuna.

110 ONBITHLIM JAHHBIM CTPOMTCA KPHBAS HOPMAJIBHOTO pacnpese-
nus, B kauecrse napamMeTpoB IPUHUMAETCH MATEMATHYECKOE 03U~
nue a =X, n BLIGOPOUHOE CPE/HEe KBAAPATHYECKOE OTKIOHEHME
=0p. OnbITHBIE JaHHbIE 3ANUCHIBAIOT B BUe mabauyvt 1.

JList nocTpoenust KpHBOii HOPMAJILHOTO PACTIPE/IeIeHUS COCTABIISA-
5 pacueTHas mabauya 2, B cTONOIBI KOTOPOIT 3aNMCHIBAIOT CJle-
o1ne JaHHble:

B IIepBBIil — 3HAYEHMA X, IpU3HaKa X;

BO BTOPOii — ONBITHBIE YACTOTHI 11,3

B TPeTHii — OTKJOHeHHM: 3HAuYeHMil NPU3HAKA OT BHGOPOUHOM
cpeaneii x, - Xy;

B 4eTBEePTHIil — OTHOWEHHA u,;

B nATBHIH — HaillenHble N0 Tabaune sHaveHna QyHKIAM X, ),

rae ou) =

o nh
B LIECTOI — OPAMHATHI y; = —((4;) TeopeTHUecKol KPUBOii, rae
On

h — mar BapeupoBaHus (PACCTOSHNE MENKAY ABYMS COCEIHUMU
BapHaHTaAMMH);
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TepBabl, NOKPHIBAIONIME IAPAMETP @ (MATEeMATHYECKOe 0XKIAaHHe)
© HAJIeAKHOCTBIO Y 110 BHIGOPOUHOM cpeneii Xp:

Xy-8<a<Xy+d,

* B CEJbMOIi — TeopeTHYecKHe YACTOTHI N MOSABJIEHNs IPAIHAKA,
ToJIiy4eHHbIe OKPYIJIeHHeM 3HAUYeHusd Y/, 110 11eJIOT0 YuCaa.
Crpoum rpaduk Gynkmun 1’ = f(x), T.e. TEOPETHUECKYIO KPH*.

BYI0 HOPMAJILHOTO Pacnpe/ieleHusi, 1 CPABHHBAEM €€ C [10JUTOHO)
YacToT.

Jlnsa Toro uTOGLI yBEPEHHO CYMTATH, UTO AAHHbBIE HAGIIOEH:
CBHJIETEILCTBYIOT O HOPMAJBHOM pPacHpe/ieleHHH NPU3HAKA, Bl

t,0
e 8=-12 — TOYHOCTH OUEHKH; B — 0OBeM BIGOPKH; t, = t(Y,n)
n
onpejensercs 1o rabauie snavenuit. [losyuennsie peayabraThl 06-
PaGoTKH BHIGOPOUHBIX IAHHBIX II03BOJISAIOT ATH 3AKIIOUEHHe O TeHe-

noJpayemcs kpurepuem coraacus [lupcona y? € 3aJlaHHBIM B]
i PRTeR) . X Yponsy PasbHOM COBOKYITHOCTH, U3 KOTOPOIi Gbliia n3BieueHa BbiGopKa.

3HAYHMOCTH (L. COCTABMM pacueTHyio mabauyy 3 A1s BEIYUCIIeH)

Hpumep. B onsite 66110 nonyueno 100 BapuanT, COCTABAAIOMMX BbI-
POUHYIO COBOKYITHOCTh, KOTOPhIe npuBeseHsl B Taba. 7.1 (Bua raba. 1).
IlpoussecTy craTHCTHUECKYIO 00pabOTKY Pe3y/ibTaTOB ONbITA.

Pewenue. [IponsseieM MaTeMaTHYeCKyI0 00paboTKyY peayJibTaTOB ONBITA.

1) CocraBnM BApHAIIMOHHBII PAJI ¢ PABHOOTCTOSAIMMY [IEHTPAMH HHTEP-
108, Jlnst ororo na 100 Bapuant onpenesnm HAn60bmYI0 X, =120 1
imenbmyio X, =88. BHUUCIUM PASMAX BAPLUPOBAHUS AARHOM BAPH-
: Z = Xy — Xy = 120~ 88 = 32, Pagobhem Bapnanuio na 8 HHTEPBANIOB

(
HAGIIOAAEMOTO SHAUCHNS KPUTEPUA Xiysn = O

KOTOpOii 3aHOCUM CJIe/IyIone JaHHble:

* B UepBHIi — 3HAYeHus npusdHaxka X ;

* BO BTOPOii — ONBITHBIE YACTOTHI 71; IOABJIEHMS IPUIHAKA;

* B TPeTHil — TEOPeTHUECKHE YACTOTHI n, NMOABJEHHMS NPH3HAKA]

® B 4YETBEPTHI — PA3HOCTH MEXK/Y TEOPETHYECKMMMU U ObITHBI
wacroramu (n, —n;);

* BUATHIA — KBAJPATHI OTKJIOHEHHI| ONBITHLIX YACTOT OT TeO)
wecknx (n, —n;)%

* B mecToil — OTHOMEHMA KBAJPATOB OTKJIOHEHMIl ONBLITHBIX YAl

(m=ni)?,

=4. HaxoanM nenTp nepsoro uaTepsaa no GopmyJe:

=90. Ilocaeayioniue UEHTPhI X; HHTEPBAJIOB OTIPeAeJIs-

TOT OT TEOPETHUECKHX K TEOPETHUECKHM YACTOTAM ~——

® B CeAbMOi — KBAJPATHI ONBITHBIX YACTOT n?;

* B BOCHMOIi — OTHOLIEHME KBA/PATOB ONBITHEIX YACTOT K TEOpe"

nZ
deckoii gacrore —,

| |
| — — ——
n | 102 | 104 | 108 | 105 | 104 | 98 | 116 | 120 | 100

+ )
Tlo Tabaune 3 ONPeRENAIOT Yiu, = 102 | 116 | 108 96 102 | 100 91 | 96 92

uncaeHuit NPOUIBOAUTCS nonzwpmwle 102 | 100 | 99 | 107 | 97 | 96 | 108 107 | 101 |
{

( 116 99 920 104 94 ‘ 100 @ 107 | 96 | 103 |
R = | | il
' 104 | 97 | 98 | 110 | 108 | 110 [ 105 104 113
2 2 Le | C— | S -
Ecanu yenosue X, <5, BBIIOJHAETCH, TO HA OCHOBAHMM KP! ™ pre T Tod o8 T 202 | 206 | 107 | 210, | 101 110

Tepusi [IMpcoHa runoTesa 0 HOPMANLHOM PACTIPE/ENeHNH TeH!
PaIbHON COBOKYNHOCTH NMPHHUMAETCH, B IPOTHBHOM ciydae
BepraeTcs.

HucoBbie XapaKTePUCTHKH FeHEePAILHOM COBOKYITHOCTH OTIPe,
JITOTCSE 10 YPOBHIO HAJIEXKHOCTH Y =1~ 0, TIe 0L — ypoBeHb 3HAW]
mocTH. Takumu XapaKkTepUCTHKAMH SABJIAIOTCH JOBEPHTEIbHbBIE !
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image189.jpeg
0f 90 94 98 102 106110114118 x,
Puc. 7.28

10TCA KaK 4JIeHbl apudMeTnyeckoii nporpeccun ¢ pasnoctio h=4. B
ByABTATE NOJYUUM CACAYIONMIA BAPUATMOHHBIA PR

x, 90 94 98 102 106 110 114

n 10 13 18 27 17 T 5 3

2) MocTponm rpadukn BEIGOPOUHOH COBOKYNHOCTH BAPHALMOHHO]
pAAa: a) MOJHMIOH YaCTOT — JIOMAHASA, OTPE3KN KOTOPOii COeAMHAIOT TOU!
(x5 n) (i=1,2,3, ..., 8). ITo ocyu abeuuce OTKAAKIBAIOTCA BADHAHTHI X, &
0OCH OPJMHAT — COOTBETCTBYIOIME UM YacToTh 1, (puc. 7.28).

6) [10MIOH OTHOCHTEABLHBIX YACTOT — JOMAHAS, OTPEIKH KOTOPOIL
emumsior Toukn (x; w) (=1, 2, 3, ..,8), Tae W, = =" [Io ocu a

dn, 100
IMCC OTKAAABIBAIOTCA BAPHAHTE X, M0 OCH OPAHHAT — OTHOCHTEJBLH!
uwacrore w; (puc. 7.29):

% | 90 oa | o8| 102 106 10| 114

w | 01 013 018 0,271 0.171 0,07 | 0,05

8) THETOrpaMMa UACTOT IpeACTABIsAeT coGOil CTyNeHuaTYI0 GUrypY,
CTOANLYIO W3 IPAMOYTONBHUKOB ¢ OCHOBAHMAMM LTMHOH h = 4 U BhicOTA)
n, n,
H,==1==1 (puc. 7.30):
TR T (p! )

Hurep- -
wans | 8892 0296 96— 100 100— 104 104104 108 — 112 112116 1161

X=X
25 | 325 4.5 6,75 4,25 1,75 l,sz 0,75

r) M'mcTorpaMMa OTHOCHTEABHBIX YACTOT NPeACTABAAET OG0 cTynen'
TYI0O QUrypy, COCTOAMYIO U3 NPAMOYTOJLHUKOB C OCHOBAHUAMM JLJIHH(

h =4 usscoramu H, = -';l’—‘ (puc. 7.31):
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[ Mrep-
aik (88 —92 192—06 06— 100 [100— 104 [104— 108 [108—112 {112—116 116 — 120

00325 | 0,045 | 0,0675 | 0,0425 | 0,0175 | 0,0125 | 0,0075

2) Dunupuueckan bynxuus pacnpezenennsn F'(x)= Y ™ onpenenser
AJIS KXKAOTO 3HAYEHHSA X OTHOCHTeNLHYIO HacToTy cobbitua X < x. Ona npu-
numaer snadenust 0< F'(x)<1, npuuem F'(x)=0 npu X <x,, (X, —
Hnaumenbinan sapuanta) u F'(x)=1 npu X > x,,, (X,,,x — Hauboabmas Ba-
puanta).

Haumenwmas papuanta pasua x, = 90, crefosarensno, F'(x)=0 npu
x<90;
10
100
awarienn 94 < x.< 98 nabmozaer 10 + 13 - 23 pasa, F'(x)=o0.23

anavenus 90 < x <94 nabmoaanuce 10 pas, F'(x)= 0,105

anauenns 98 < x <102 mabmonammcs 23 + 18 = 41 paa, F'(z)zl‘—o—]‘fo.d 1

anavenus 102 < x <106 uabmoaanucs 41 + 27 = 68 pas, F'(x)= % =
0,68;
anavenun 106 < x <110 nabmonanucs 68 + 17 = 85 paa, F(x)= % =

0,85;

anauenns 110<x<114 nabmoxamice 85+ 2=92 pasa, F'(x)= % =0,92;

anavenns 114<x<118 naGmopanmch 92 +5=97 pas, F*(x)= 21 = 0,07;
100

97+3
npu x> 118 F'(x)= =1,00.
v =60
L
“h
0,0675
0,0250----
8892 96100104108112116 120 7, 0f 8892 96100101108112116 120 ¥,
c. 7.30 Puc. 7.31
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0 npux<90, Tabnuua 7.2

0,10 npu 90<x <94,
0,23 mpu 94<x <98, 1
0,41 npu98<x <102, 190 | 10 -3 -30 90 40 | -270 | 810 | 160
Taxum o6pasom umeen: F'(x)=10,68 npu102<x< 106, 2 | 94| 13| -2 |-26| 52 13 104 | 208 13
0,85 npu106<x <110, ! | : =
0,02 mpm 110<x <114, 3|98 |18 1|18 18| O -18 | 18 0
0,97 mpu 114<x <118, 4 102|271 0|0 o 27 0 0 27
| ) ot (el L el i
1,00 i £2118: 5 106| 17| 1 | 17| 17| 68 1| 17 | 212
Crponm rpaduk aMmupUUecKoil QYK pacnpenenenusn F'( 6 T 10| 7 2 | 14| 28 63 | 56 112 567 |
(puc. 7.32). : — i I} == ad
! 3) Haflfen MCAOBbIE XAPAKTePHCTHKN BRGOPOUHOM COBOKYTIHOC! ol R L 15| 45 | 80 | 135 | | 405 | 1280
Xy, Dy, Op» @€,V € MOMOIIBIO METOAR nponasenennii. BapuanTh X, ¥ 8 118 3 A 12| 48 | 5 192 | 768 1875
OTBETCTBYIONLHE HM YACTOTBI 71 BHIGOPOYHON COBOKYMHOCTH PACTIONOKAM 1 L B
BH/le BAPHALMOHHOTO PR ¥ — |100 — |-16] 298 | 366 8 |2338| 4194

enosareanio, C = 102. JL1s pacueTa cBOAHBIX XapAKTEPHCTHK BHIGOPKH
aBuM pacueTHyio Ta6. 7.2 (BMA TG, 1) B YCIOBHEIX BADHAHTAX.

Kontpons: 1) Yom (e, +1) =Y mof +2¥ mo, + Yni
366 =298 +2-(~16)+100 — Bepro.
2) Y (o, +1) =Y ol +43 nof +6Y ol +4Y mo, +Yon;

4193=2323+4-15+6-295-60+100 — Bepno.

AT 5 i S—

| x | 90 94 98 | 102 10;\ 110
‘ —=T t

| T, L 0| 13| 18] 20| 7] 7

BapuanThi 06pasyioT apu@MeTiecKyio NPOrpeccuio ¢ pasHoCTLIo h
—x,-x,,=118-114=..=94-90=4 (war puGOpPI). Venopmnie BapH
T @, ompejensoTCs Mo opMyIaM

tne C — noseaii Hyan (HOBOE HAtan0 oTcteTa). 3a C MPHIINACTCS B

poii COOTBETCTBYET HAMGOBIIAS uacrora. B a0l 38184€ My = Takum 06pazom, Tabauua NPOBEPeHa ABAXKADI, CJEAOBATENLHO, €€ pe-

LTATOM MOYHO HOJMB3OBATHCH A PACUETA CBOAHBIX XAPAKTEPUCTHK
pKu. Brrunesiem yCloBHEIE IMIMPHYECKHE MOMEHTRI 10 dopmynam:

Yoy 16 oo a2 mol 298, o0
Yn, 100 b Mi= Y “Too 2%

3 4
M= 2o _ %0 ~0,08 M;= mo 2338 _23.38.

2 n

Haxoanm BeGOPOURYIO cpeion Xy, BHGOPoUHYIO Auciepeuio Dy, Bhi-
uHOe CpejHee KBAAPATHYECKOe OTKJIOHeHHe Og, KoapuumenT Bapna-
V, ACHMMETpHIO @, 1 JKCILeCC €, 110 CeAyIomuM popmynam:

aHTa, KOTO]

H |
1 1

Xy = Mih+C=-0,16-4+102=10136;
Dy =[M; - (M *Jh* =[2,98 - (-016)°] 16 = 47,2T;

98 102 106 110 114 118 x

Puc. 7.32
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image191.jpeg
oy =Dy = 47,27 = 6,88;

6,88
101,36

v =28100%= -100% = 6,79%;

X
_ M - 3MM; + 2M;
ot
:[0.0873 (~0,16)-2,98 +2-(~0,16)"]-4?
(6.88)°

M - AM;M; + 6Mi(M;)? - 3(M;)' Jh'
ol

a,

=0,299;

— 4 . o 2 3. (~ 1744
:[28.38 4:(-0,16)-0,08 +6-2,98 (-0,16)° -3 -(-0,16)"]- 4 _3--027.

(6,88)"

4) BeuiBHHEM IHNOTe3y 0 HOPMAILHOM pacrpeeseHni renepaibuoi co

BOKYITHOCTH N0 peayabTaTam o6paboTiin BHIGOPOUHBIX JaHHBIX:
a) M0 BUAY FHCTOrPAMMBI OTHOCHTENLHEIX uacToT (eM. puc. 7.31), cp:
HuBas ee ¢ AndpepennanbHOIl GyHKIHEI TEOPeTHYECKOro pacTipe/iesien
Ga

I(x)=nl§e'7h‘7. rpaduk KoTopoii uMeer Buz (cm. puc. 7.26), neraem

BOJ O ee cxozcTBe ¢ rpaduKkoM dyHKiHK f(X) (HOPMaNBLHOTO pacnpesesn
HuA);
6) TaKO¥ e BLIBOJ JeaeM 1o BUAY rpaduKa sMIMpHIecKoii QyHKIMl
F(x) (cm. puc. 7.32), cpaBnusas ee ¢ rpadnKoM NHTErpanbHOH (yHKILHI
F(x) TeopeTuueckoro (HOpMaabHOro) pacnpeaenenns (M. puc. 7.27);

B) IO BeanuMHe acumMmeTpun a, = 0,299 u sxenecca €, = -0,27. Tax kal
|a,|=0,229 < 0,5; |e,|=0,27 < 0,5, pacnpesenenne renepansroi corokyns

CTH ABAAeTCA GAMIKNM K HOPMAJIBHOMY .
5) IMocTpoumM KPHBYIO HOPMAABHOIO PACTpPEAeNeHNsA 0 ONBITH
JAHHBIM, IPUHAB B KAUECTBE NAPAMETPOB MATEMATHUECKOE 0KMAAH]

a=X,=101,36 u BLGOPOUHOE CpPeiHee KBAAPATHUECKOE OTKIOHEH)
Oy = 6,88. Jl1A NOCTPOEHMA KPHBOil HOPMATLHOTO PACTIPE/eIeHIA CO

BuM Taba. 7.3 (o BHAY pacuetnoii Taba. 2). !

Tlo cnenuanbuoil Tabanie (cM. TP, 2) HAXOAUM IHAUCHUSA DYHKILH]

1 L.
Ou)==e ¥ usanonmsen naTli cToGen. OPAUNATL ¥, TeOpETHECKD

KpuBOil (BHIpABHMBAKOmMMe uACTOTE) HAXOANM 10 OPMY.
y= :—htp(u,) = 'g‘;; (1) W saHOCHM HX B WIECTOM cTONGEI. OKPYT/IAA 3K

HeHHMS Y, TONYUHM TEOPETHUECKHE YACTOTHI N M 3AHOCHM MX B Ce/bMO
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Tabnuua 7.3

Buipasrusao-
8 nasrorue
", = | vt u;=£w,) Tt
90 | 10 1136 165 01023 595 6
1,07 0,2251 | 13,09 B |
049 03538 2057 | 21 |
0,09 |0,3973 23,50 24
| 067 |osisr| 1853 19
1,26 01804 1049 | 11
s Joorsa| aer | 5|
| 242 Joo2s| 124 | 1

onbert. [I0CTPOMM KPHBYIO HOPMATLHOTO PACTIPE/ie/IeH U TI0 BEIPABHMBA-
uM gactToram (1o ocu abenuce OTKIAABIBAIOTCS ONBITHBIC BADUAHTHI X,
0 OCH ODAMHAT — TEOPEeTHYeCKHe 4acToTh 7;), puc. 7.33.

Cpasuenue rpadgmka KPUBOH HOPMAJIBLHOTO PACIIPEEJIeHAS 10 ONBITHBIM
mEbIM (cM. puc. 7.33) ¢ noauronom sacror (eM. puc.7.28) marasaHo no-
IBAET, UTO MOCTPOCHHAS TEOPETHYECKAN KPUBAA YAOBJIETBOPHTENLHO
paskaer AaHHbIE ONLITA.

6) Jlna Toro 4Tobhl yBePeHHO CYMTATh, YTO AHHbIE ONBITA CBUETeNb"
YIOT 0 HOPMAaJIbHOM Paclipe/le/leHHn IPU3HAKA, RPUMEHUM Kpumeput
aacun Mupcona c 3ajanubiM yposHeM suaunmocty o = 0,05. [las aroro
asum Ta61. 7.4 (0 BuAy pacuerroit rabu. 3).

M3 Ta6a. 7.4 HAXOAMM HAGIIOAAEMOE JHAUCHHE KPUTEPHS:

.
Xotn = ZL Y 2,667 +0,429+0,375+0,211+1,455+ 4,0 =9,137.
n

. s
Kontpoas: X = X -3 51 _100,187-100=9,137.
n "

[onyuennsie JaHHbIE COBNAAAIOT, CJIE/0BATEIBHO, BHIYHCICHHA TPOUI-
eHbl IPABHIBHO.

110114118 x

90 94 91

Puc. 733 o 102 1
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Tabnuua 7.4

90 | 10 6 |
94 13 13 0 0o | 0
! < . 0 | B[ Y (S —
98 I 18 | 21 -8 9 L 0,429
! | e e
| 102] 27| 24 | 3 | o | 0375
! ! ! { {
106 17 | 19 -2 | 4 J 0,211
1 - + -
110 | 11 -4 | 16 1,455

Teneps naiiem 1%, 10 uncay creneneii ceoboas k=5 - 3 (s=8 — wu
JI0 MHTEPBAIOB) ¥ YPoBHIO 3HaunmocTy o = 0,05. ITo rabanue KpuTHYeC)
Touex pacnpeaenenns X° s k=5 o= 0,05 maxomum: x2,q, = x3(

=11,1.

7) Tak KaK Yas < Xips HA OCHOBaHMM Kpurepusi [Tupcona rumore
0 HOPMAJILHOM PACIIPE/IeIeHHH TeHePAILHOM COBOKYITHOCTH IIPHHHMALTCS
Haiinem uncioBbie XapaKTePUCTHKH JOBEPHTEILHOrO MHTEPBAJIA Ie!
PaNBLHON COBOKYNMHOCTH 1O TpeM YpOBHAM HagexHoctu: Y, =0,9
Y2 =0,99; v, =0,999. Ouenum MaTEMATHUECKOE OKMAAHME d 110 BEIGOPO
Hoii cpeaneii X =101,36 ¢ NOMONIBIO AOBEPHTENLHOTO HHTEDBAA, T

KPHIBAIOIIEr0 NAPAMETP d € HAAEKHOCTBIO ¥: Xpy-0<a<Xy+d, 1

5=t

BBIGOPOUHOE CPejiHee KBAAPATHYECKOe OTKJIOHEHNE; ¢, = t(Y; n) ONpeaest

¢ 1o cnenuanbHeIM Tabannan: ¢, = 1(0,95; 100) = 1,984, ¢, =(0,99; 100)

=2,627, t,, =1(0,999; 100) = 3,392.

_1,984.6,88

BoluncasieM TOYHOCTH OLEHOK : &) = =1,36 upu Y, =
BT !
2,627-6,88 3,392.6,88
8y== ~—=1,81 npu 7,=0,99, §;=""——=—=2,33 npu v, = 0,999
BN PR ST i

Takum 06pa3oM, MATEMATHYECKOE 0JKH/IAHNE d reHePaIbHON COBOK!

HOCTH HAXOAMTCH B Peenax:
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o,
12— rounocts ouenky, n=y n,=100 — ofbem srbopku; Oy, = 6,88
n

100 | 16,667
lsﬂ 13,0
324 | 15,429

729 I
289 |
19

,05)

+ upu y=7, =0,95 101,36 1,36 <a <101,36 +1,36, T.e. 100 <a <102,72;

+ npu y=Y,=0,99: 101,36-1,81<a<101,36+1,81, T.e. 99,55<a <103,17;

+ npu y=v,=0,999: 101,36-2,33<a<101,36+2,33, 1.e. 99,03<a<103,69.
O6paboras BEIGOPOUHYIO COBOKYIIHOCTh, IPUXOAMM K CIEAYIOIEMY BhI-

WOAY O reHepaJbHON COBOKYIHOCTH, H3 KOTOPOil U3BieYena Bubopka:

* pasmax Bapumaumm ¥, = 88; x,,, = 120; o,=6,88; a, = 0,299;
€, =-0,27; V=6,79 %;

4 reHepaIBHAS COBOKYITHOCTH PACHPE/e/ICHA 10 HOPMATBHOMY 3aKOHY;

aHAYEHHEe HEMIBECTHOTO MATEMATHYECKOTO OXKH/IAHMSA reHepaJbHOl co-

BOKYIHOCTH yAOBJAeTBOpseT HepasencTry 100 <a <102,72 ¢ aosepu-

TeJALHON BEPOATHOCTHIO (HAJAEKHOCTBIO) ¥=0,95=1- .

Hazexnocts y=0,95 ykassiBaeT, 4ToO €M NPOM3BEJEHO JOCTATOYHO

OIIbIII0E YHCAO BHIGOPOK, TO 95 % M3 HUX ONPEAENSET TAKMe AOBEPHTENh-

W€ HHTEPBAJILI, B KOTOPHLIX NAPAMETD @ ACHCTBATEILHO 3aKI09eH; IAIIb

B Y% cayuaes on MOKET BHIITH 3a IDAHMIIL A0BEPHTEILHOTO HHTEPBAJIA.

Banaw ANA CamMOCTOSATENbHOrO pelleHns

1— 3. B onbire 66110 nosyueno 150 BapuaHT, COCTABIAIONIMX BbI~
POUHYIO COBOKYNHOCTB. IIpoBeanTe craTucTndeckyio o6paborky
3yJbTATOB ONbITA.

A. CocTaBbTe BAPHAIMOHHBI PAJL ¢ PABHOOTCTOANMMY HEHTPA~
MHTEPBAJIOB, padbuB BCIO Bapuanuio Ha 7—9 MHTEPBAJIOB, BIO-
100 snavennii npu3HAKA, COOTBETCTBYIOIHX BalIeil 3azadve.

B. IlocTpoitre caeayiomue rpaduku BoIGOPOUHON COBOKYITHOCTH
OCTABJIEHHOrO BAMHM BAPMAIMOHHOTO PAAA): a) MOJUTOH YaCTOT;
NOJUTrOH YacTocTeil; B) THCTOIPAMMY 4acTOT; l") THCTOrpaMMy OT-
MTETBHBIX YACTOT; ) OMIMPHUECKYIO GYHKIHIO PACTIPe/IeIeH A,
B. Merosiom nponsaBeieHuil HANIATE YNCIOBBIE XAPAKTEPHCTHKH
160POUHOI COBOKYIHOCTH, 3ANOJHAB NPeABAPHTENBHO TAGIHILY
0 BUAY pacyeTHO# Taba. 1) U NPOBEPHB ee ABAMABI ()?,,,DB,UB,
w&, V, rne )_(,, — BbIGOpouHas cpepusns; Dy — BLIGOpouHas AUC-
peus; Oy — BBIGOPOYHOE CpefiHee KBAJAPATHYECKOE OTKJIOHEHHE;
~~ acuMMeTpuA; €, — aKcuecc; V — koadduunenT Bapuanun).

T Ilo peaysibraTam 06paGoTin BEIGOPOUHBIX JAHHBIX BEIABHHBTE
10Te3y O HOPMANBLHOM PACTIPe/Ie/IeHNH TeHePATbHON COBOKYIHO-
10 CAeAYIONIHM NPU3HAKaM: 8) 10 BUAY MMCTOrpaMMbl OTHOCH-
BHBIX 9ACTOT, CPABHHBAA ee ¢ AnddepeHunantbHoil PyHKIHei
eTHYECKOro pacnpeenenns; 6) no By rpaguka sMIUMpHYECKOi
M, CPABHUB €ro ¢ rpa(uKoM HHTerpaJbHON PYHKIMH TeOpeTH-
KOro pacmpesieieHus; B) 10 BeJIMYMHEe ACHMMETDPHH U dKCIlecca.
L. [TocTpoiiTe KPUBYIO HOPMAJIBLHOTO PACTIPE/IEIEHMS 110 ONBITHBIM
MLIM, IPHHAB B KAYECTBE [IAPAMETPOB MATEMATHYECKO® 0JKH/Ia-
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image193.jpeg
sne a = Xy ¥ Cpefinee KBAAPATHIeCKod
oTKJIOHEHNe G =Op. 3anojHuTe Tal
auny (1o BUAY pacuernoii Tab. 2).

E. llpumennB KpuTepHii corac
TIupcona ¢ 3alaHHbIM YPOBHEM 3HA'
moctu o =0,05, oKOHUATENBHO
MuTe MM OoTBepranTe BbIJIBHHY'
PHIOTe3y 0 HOPMAJILHOM PACHIPE/IeeH I renepajibHOil COBOKYITH
1. BanosHuTe TAGHHILBI (10 BUAY pacueTHbIX Taba. 2 u 3).

K. Caenaiire sakjiouenue o reHepaibHOil COBOKYIHOCTH 10
ByJbTaTaM 0B6paboTKH BEIOOPOTHBIX pannbix. Haitanre 4ucioBbie
PAKTEPUCTHKY TeHepabHOl COBOKYIHOCTH 110 CJIEAYIONIM YPOB!
nagexnocTu: 1) v=0,95; 2) Y= 0,99; 3) y=0,999.

Homepa anavenii
npuanaxka

¢ 1m0 100
¢ 5mo 105
¢ 10 no 110

Homepa
anauenuii
npuanaka

Buauenus NPUIHAKA, NONYHEHHBIE 3 onwiTa
- =
o1 o1 [ o8 | 77 |88 |86 | 79 | 86 | @
| 104 |

68 | 71 | 87 | 89 | 89 | 81 | 81 | 70 |
o1 | 87 90 | 69 | 100 | 96 | 79

86 | 81 | 83 | 84 | 92 93 | 85 | 84
87 | 87 | 81 | 95 | 90 | 69 95 | 96

79 | 88 | 83 | 90 | 92 | 80 | 81 85

96 | 86 | 94 | 85 | 92 | 79 75 | 94
79 | 89 75 | 92 79 8 95 84
73 | 73 | 85 | 85 | 76 | 83 | 76

90 | 82 | 90 | 73 | 89

84

3A[AYM TEOPWW KOPPENALAN

7.18.1. O6wme NONOXeHUs

@ DYHKYUOHANLHOU 3a61CUMOCTBIO HABBIBACTCSH TAKASA C
MesKAY TIepeMEeHHBIMA BEJMUIHAMM, [P KOTOPOit 3aBUCHMAS B
amHA — (YHKIAA — TIONHOCTHIO ONPENIeNACTC 3HAYEHUAMH BJI
Omux He3aBUCHMBIX BEJMYHH — Bpl"yMBHTOB.

384

Buj 32aBUCHMOCTH MEKAY APryMeHTaMu 1 dyHKIMel 06BI9HO 3a-
naercs B Bue GOPMYJIbI, KOTOPAA MO3BOJIAET OJHOZHAYHO BBRIYHC-
JINTH 3HAYEHUe QYHKIMHA NPHU 0/JICTAHOBKE APTYMEeHTa B dopmyay.

HanGoJiee 4aCTO B 9KOHOMMKE MCTIONB3YIOTCH (PYHKIMM: JIHHEH-

b
nas y = a + bx, runepbosuueckas Y =a+—, nokasareAbHas y = ab*,
x

erenennas (06bun0 napabosa) y =a +bx + cx? M HEKOTOpBIe IpyTrue.
OAHAKO NP HCCJIEAOBAHUM SKOHOMHYECKNX ABJIEHUH, KaK npa-
BWIO, 3HAYEHHUS BIMAIOIIAX KOJNYeCTBeHHBIX noxasm'elleﬁ He on-

Pe/IesISIOT MOMTHOCTDIO 3HAYCHUS Pe3yIbTATHBHOTO IOKA3ATE s . pIuE

PAKMX CJAOMKHBIX CJIyuaes HeyHKIHOHANBLHOI CBABK noxasareJei B

MaTeMaTHKe CYIIeCTBYIOT METO/bl MOJyueHus BoJiee CAOMKHBIX 3a-
cuMocTell — KOPPEeJANMOHHBIX, U KOTOPEIX QYHKIMOHAIbHAS
BHCHMOCTD SIBJIAETCS TOJBKO NPEETbHBIM CTY4aeM.

Kopperayuonnas 3a6ucumocms — 3TO TAKas CBA3L MeX-
BeJMUMHAME, KOT/IA ONIPe/Ie/IeHHBIM 3HAUCHHAM BANSIOMAX Be-
yuH — (PAKTOPOB — COOTBETCTBYET MHOKECTBO 3HAUEHMIT 3aBH-
MOii BeJIMYMHBI, PACTIPE/IeIeHHBIX 110 H3BECTHOMY 38KOHY pacrpe-
eHMA.

Hanpuwmep, ueM Gosibiie TOBaApo0GOPOT X TI0TPeBUTENLCKOTO 06~

TBA, TeM GosblIe AOJIKHA GBITH CyMMa M3jepikex obpameHus

X), ofHaKO, ecaH (paKTHIECKHE JaHHbIe O ToBapoobopoTe 1 u3aep-

X, MOJIyUeHHBIe OT PA3HBIX MOTPeGUTENTbCKIX obuiecTs, HAHEC
B BUJE TOYEK HA KOOPAMHATHYIO IJIOCKOCTb XOY, TO OHM MOTYT
eTh B/ IPAMOJMHEHO BBITAHYTOrO 006J1aKa, WM, KAK rOBOPAT,

peJIAIMOHHOTO N0AA AaHHbIX (puc. 7.34).

Poct ToBap0oOGOPOTA HE BjEUET 3a cOBOil CTPOro ONpejeseHHoro
IHO3HAYHOTO M3BMEHEHNs M3JePHKEK, & BhIABJIACT JIHIIb o6y
eHIMIO UX M3MeHeHns. BMeCTe ¢ TeM TUHAS CPeIHUX 3HAUCHUI
pikex J(x) Kak GYHKIMOHAILHAS 3aBUCHMOCTE npubanKen-
(B CpesiHEM) OIHCHIBAET KOPPEJANMONHYIO cBA3b. Takum obpa-
, IO/ KOPPENAYUOHHOU 3A6UCUMOCbIO Y OT X TIOHUMAETCS 38~
MOCTD YCIOBHO# cpeiHeil §(x) ot x, T.e. 7, = f(x). 9To paBen-
HA3BIBAETCH YPABHEHUEM PEerpeccu y Ha X, dyaxuus f(x) —

385




image194.jpeg
perpeccueii y Ha x, a ee rpaduk — JuHMell perpeccun y Ha x. (B na-
IeM npuMepe 3aBUCUMOCTS f(X) MMeeT BH/L IMHEHHON GyHKIMK Y =
=a+bx. BaTom ciyuae perpeccus Ha3blBaeTCH JMHEHHOI, a ee rpa-
duk — npamoit perpeccueil.)

3amevwanue. Buecre c perpeccueii y Ha x Beerja MoseT GbITh 0~
CTPOEHA U Perpeccus X Ha y ¢ ypaBHeHHneM X = @(y) u rpaduKoM, oT-
JnuaomuMes or rpapuka y = f(x).

Ilpu onpezenenny KOppeaAMOHHOI 3aBUCHMOCTH PEIIAIOTCS ABE
OCHOBHBIE 38184 1.

Ilepsas 3a1aua TEOPHH KOPPEJSIUMH — YCTAHOBUTEL HOPMY KOP-
PeJIAIMOHHON 3aBUCHMOCTH, T. €. BUA (QDYHKIMHI PErpeccHu: Aunet-
Has WK Heaurelunas (KBaApaTndHas, NoKasaTe bHaA U T. 1.).

Bropas 3a5a4a TeOPHH KOPPeAALMH — OIEHUTEL TECHOTY (CHILY)
KOPPeJSALIMOHHOI CBA3H 110 BeJIMYHHE PACCeAHUs 3HAYCHUI § BOKPYT
YCJIOBHOTO CPeiHero g, (UeM MeHbIe paccesinue, TeM CHIbHee KOp-
PeJANHOHHAA 3aBUCHMOCTD).

Puc. 7.35

Onpejesienne NapaMeTpoB a 1 b B 9TOM ciiyuae CBOJAMTCA K perie-
MHIO XOPOIIO M3BECTHOI 3a/1a4 HAXOKICHUA MUHHUMYMa QYHKIHK
ABYX NepeMeHHBIX.

11pu Gonbmom yucese HabIOACHUIT OTHO M TO XKe 3HaUeHHe X MO~
JKeT BCTPETUTLCHA 1, PA3, OJIHO M TO Je 3HAUeHHe y — N, Pas, OjHA 1
1o sxe napa unces (x, y) — n,, pas. Ilosromy paunbie HabaoaeHHi
IPYNIUDYIOT, T. €. NOACYHTHIBAIOT YACTOTH My, My, My, M 3ATUCHIBA-
JOT B BUJle TaGIMIBI, KOTOPAS HAZBIBAETCS KOPPEAAYUOHNROU mab-
Auye,

IlosicHUM yeTpOHCTBO KOPPeAsMOHHOi TabJuIbl Ha IpUMepe
(raba. 7.5).

B sarosoBke Taba. 7.5 ykasansl Habuopaembie sHavenns (1; 2;
8; 4,5) npusnaxa X, B 60KoBuke — Haba0faemMble 3Hadenus (28; 38;
48; 58) npusnaka Y. Ha nepeceuenns cTpok 1 cToa6LOB HAXOAATCA
MACTOTEI M, HADJAIOAAEMBIX Nap 3HaueHuii npusnaxos. Hanpumep,
wacrora 37 ykaseiBaer, uTo napa uuces (4; 28) nabmonanace 37 pas.
.npo‘lepK B KJIETKe O3Ha4aeT, 4TO COOTBeTCTBEHHAs Napa 4yuceJi, Ha-
upumep (1; 28), se nabmoaanack. B nocneanem cronbne sanucanbi
eyMMbI uacToT cTpok. Hanpumep, cymma yacTor nepeoii CTpoKu pas-
na n, =37+ 3 =40. IT0 UMCJIO YKASHIBAET HA TO, YTO 3HAUEHUE NPH-
snaka Y, pasHoe 28 (B coueTaHMH C PA3JIMYHLIMU 3HAYEHUAMM DU~
suaxa X ), nabmoganocs 40 pas. B noceaneii ctpoke sanucanbl cyMm-
Ml qactor cronbuos. Hanpumep, uucio 14 nokasbiBaer, 4To 3Havde-

7.18.2. OTbickaHve napameTpos BbIGOPOHHOrO
YPaBHEHUA NPAMON NUHAW PErpeccunt METOROM
HaumeHbLlUNX KBaapaToB. HenuHenHas
KOPPENsLUMOHHaA 3aBUCMMOCTb

Ilpu pemennn HKOHOMMYECKUX 3aay BCTPEUAIOTCA JHUHeAHbIe
KOppensllMoHHbIe 3aBUCUMOCTH. B aTOM cayuae pyHKuMA perpec-
CHM MMeeT BH/I IMHeitHO#i GQyHKIMK ¥, =a +bx, a ee rpadMKoM B~
JIsieTcHA npAMas JMHUA (npaMas perpeccun). PaccMorpum npocreii-
mnil cayuail, Koraa pasinubble 3HaueHns paxkropa X U COOTBET-
CTBYIOIIME UM 3HA4YeHHs Y HabuoAaloTeA 10 OAHOMY pa3dy. B atom
cJydae oTnajaer HQOGXDJ.IHMOCTL HMCNOJIb30BAHHUA yCJIDBHOﬁ cpea-
Hell §, M ypaBHEHHMe MOXKHO 3aImcaTh B BuAe y =a+bx. Koadpdu-
LHEeHTHl @ U b HASBLIBAIOT NAPAMEMPAMU NPAMOLL PeZPeccult,
Tlocse TOro Kax BUJ 3ABUCHMOCTH ONPe/ieJjes (y HAC OHA JMHelHAsN),
BOBHMKAET BONPOC 0 BhIGOPe HAMJIYYIINX IAPAMETPOB ypaBHEHHs,
T.€. TAKHUX 3HAUeHMi a u b, IPpK KOTOPHIX BEIOPAHHDBI BHJ 3aBUCH~
MOCTH BO3MOKHO TOYHEee OnMuchiBaj Obl HCTHHHYIO 3aBUCHMOCTD Y
or x. Yame Bcero A onpezeseHus @ u b HCHIOJAB3YIOT METO] HAM-
MEHbIIUX KBaJApaToB oTKJIoHeHnit. [Ipu aTom MeToze a u b Brune-
JIAKOTCH TAKUM C1IOCO6OM, 4TOOBI CyMMa KBAAPATOB OTKJIOHEHHI aM~
MHPHYECKUX 3HAYCHUIA Y, OT COOTBETCTBYIOIIHX TEOPETHYECKNX 3HA~
uenuit §; (J, = a + bx,) paccuuTAHHBIX O BHIGPaHHOI QYHKIMK per-
peccun (puc. 7.35), 6b11a 661 HAMMEHbIIEH.
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Hie npusHaka X, pasuroe 2 (B COYCTAHUM C PASTHYHBIMH 3HAYCHUA-
My npusnaka Y), nabmoaanocs 14 pas. B kierke, pacnosoeHHo#i
B HUJKHEM IIDABOM yruy Tabiuibl, HoMelleHa cyMma Beex 4acTor (06-

e yues0 Beex nabonenuit n). Ouesnano, uro Y n,=> n,=n=100,

rak kak y n,=17+14+23+43+3=100, Y n,=40+19+23+18=100.

OneHka cuibl JHHEHHON KOPPEIAIMOHHOI 3aBUCHMOCTH MOXKeT
OBITH NPOM3BE/IEHA C IOMOIIBIO KOIPPUYUEHMA LUHECUHOU KOP-

_xy-xy

peanyuu, onpesensemoro no popmyse: r,,, =-=——=, rae
x>
Z——‘:"”. - ;—‘i""’. TR —Z"‘,‘:"‘ \ D=2 @,

. _ 2
DW)=y* - @), o, ={D(x), o, =D(y), rae x L'

Xy'n,
n

Koappuuuent koppeasnun obaasaer caeayOmAMH CBOHCTBAMHA:

1) abeomoTHoe 3HAYEHMe KOM(DDHUIIMEHTA KOPPEJISAIMN He NTPeBoc-
xomur exununby, €. |1, <1, wm ~1<r,, <1

2) ecam kKod(PUIMEHT KOPPEISIUHE PABEH HYJIIO, 4 JINHUK per-
peccuy npsiMbie, TO X M Y He CBA3AHBI Me3KAY coboil nuHeiiHOi Kop-
PeJIAIMOHHOI 3aBUCHMOCTHIO;

3) ecam |r,,,|=1, To HaBMORAEMbIE 3HAUEHNS X W Y CBAIAHBL TH-
HeHON (PYHKIMOHAIBHON 3aBUCHMOCTBIO.

Hpumepst. 1. BuraueanTs KoaQPUIHEHT KOPPEAALNH 0 AaHHBIM,
NPUBEJCHHBIM B KOPPeJasAHOHHOM Tabx. 7.5.

Pewenue. BlauciuM BeIHUHHBL X, ¥/, XY, & TAKKEe O,,0, 10 BhIIINPH-
BeeRHBIM hopMyTam: .

_1:17+2-14+3:23+4-43+5-3

0F 100

=3,01; (¥)? =(3,01) =9,06;

_1217+2%.14+3°-23+4%-43+5° 3
100

=10,43;

D(x) = x? ~(X)* =10,43-9,06 =1,37; o, ={D(x) ={1,37 =1,17;
6) = wa =39,90; (§)* =(39,9)* =1592,01;
388

28?40+ 38719 + 487 .23 + 58718
100

VP —(5)°=1723,4-1592,01=131,39; o, =/D(y) = /131,39 =11,46;

=1723,4;

B) xy=
'17-1»580132»48&1-2‘58+l3‘3»38+10-3~48+37-4-28+6-4v38+3 5-28:
- 100

=107,48.

Mcxombtit KoadHIMEnT KOPPEaAILIM PABeR:

_10748-3,01:399 .,
0,0, 1,17-11,46
Tax kak |r| = 0,94 ~ 1, o Mexay Bexuunamu X u Y umeercs recuas an-

MeiiHas KOPPeNsINORHAS CBA3b. YpaBHeHWe NPAMOil JuHUK perpeccun Y
na X umeer Bua:

Y-y =plx-X),

e X, Y — cpeaHue 3HAYEHNS COOTBETCTBEHHO NpuaHakos X n Y;p — Ko-
sddunmenT perpecciu, KOTophIif onpejensercs no Gopmyne
p=re,
O

IlepBas 3ajaua TeOPUM KOPPEIALMHA yCTAHABIHBAET GOPMY KOP-
PeNANMOHHON CBA3M, T. €. BUA PYHKIMM perpeccuu (IMHeinas, KBaj-
partnuHasn).

Bropas 3a1a4a OIEHHBAET TECHOTY KOPPeJIAUNOHHOI CBA3H (CHTy
KOPPeJISAUUNA), UIA Yero CIYIKUT KOPPeNAIMOHHOe OTHOIIeHHE 1), KO-
Topoe onpesesierca no popmye:

uunmrﬂ

n=
oo

T/€ Openep — MEKTPYNIOBOE CPEJIHEe KBAJPATHIECKOE OTKIOHEeHHe;
0,4, — obijee cpejiHee KBaJpaTHYeCKOe OTKJIOHeHUe. Besmuunb
Oponrp 1 Oooy ONPEJENAIOTCS 110 GOPMyIaM:

n.(F. -9 n,(y -y
T St LA XS Lok
Xy gy
n

— obmas cpexnss; y, = == — rpynnosas cpea-
WA npU3HAKA Y IIPH QMKCHPOBAHHOM 3HAYEHHH X.

e y =

e
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Koppeasinnonnoe ornomenne 1 obiajaer caepyouumMn cBoii- JLisi KOHTPOJIA HAXOAMM 3HAYEHNA J 110 YPABHEHMIO PEIPECCHHM B TeX e
cTBaMu: roukax: x,=1: j;=-9,2-1+67,59=58,39; x,=2 j,=-9,2-2+67,59=

1) n yaosaersopsier ABoitHOMY HepasencTsy 0<n<1; 19,19; x,=3: §,=-9,2-3+67,59=39,99; x,=4: j,=-9,2-4+67,59=

2) eciun =0, To npusHak Y ¢ npusHakom X KOppeNsHOHHOMK 3a- = 30,79% x,=5: j;=-9,2-5+67,59=21,59.
BHCHMOCTBIO HE CBA3AH; PeayabTaTsl 3anuceiBaeM B BuAe Tabauibi:

3) eciu ) = 1, To npusnax Y cesisan ¢ npudHakom X QyHKIHO-
HAJIBHOU 3aBUCUMOCTHIO;

4) N He MeHbIIe AGCONIOTHOTO 3HAYCHHA KOdDDHIIHERTa KOpPeas-
wam r, T.e. N2 |rf;

5) ecom n={r|, To Toukm (43 Yy)s (X33 Y)s v (3 Y,) Me3kcAT HA
NPAMOM JIMHNUM PETPECCHH, T. €. UMEeT MeCTO TOUHAS JHHeHHAA KOp-
PpeJIsIHOHHAsN 3aBHCHMOCT.

x 1 2 3 4 5

G| 58 | 48,7 | 42,35 29,4* 28

4. | 58,39 | 49,19 | 39,99 | 30,79 | 21,59 |

[

wenip

3) BuiuucsiseM KOppeasiiMOHHOe OTHOLIEHNE 1) 10 hopmyJie 1|

Oosu
(Y

2 Snu-9 Dy
W 2 = " WY 1ge §= (: W _ obiman
n n

CpeAnss, onpejeseHHas panee: j = 39,9,

2. Tlo AaHHBIM, NIPUBEIEHHBIM B KOPPeAALMOHHO Tabn. 7.5:

1) naiiTi ypasuenue perpeccun y - j = plx —¥);

2) BRIMMCJNTE TPYNIIOBBIE CPEAHME ., ANA KOHTPONSA BRIYHCAHTH 3HA~
uenne j (0 YPABHEHHIO PEIPECCHU B TeX HKe TOUKAX);

3) BHIYHCAMTE KOPPEJIALHOHHOE OTHOILEHHE 1), PE3YIbTATHI 3AMUCATE B
Buje TabauIbL:

2
rae Ouewrp =

. 17(58-39,9)° +14(48,7-39,9)* +23(42,35-39,9)" + 43(29,4-39,9)° .
ey

100
% | & < ] = 2
< x, x, x, *3(281:0':).9) ~119,56.
Y, | YUy | U U,
Guerp = \/Ohemry = 119,56 =10,9;
Ue | G | e s
J3

_ 40(28 - 39,9)* + 19(38 - 39,9)" + 23(48 - 39,9)° + 18(58 - 39,9)"
a 100

V131,39 = 11,6.

024, ~131,39.

4) noctpouts rpaduk AuHeiHOM perpeccun u HamecTH Ha rpaduK sKe-
nepuMenTanbibie Toukn (X55,), (X2302), (X3393), (X4344), (X53Y5), 0bosnauas
MX ¢3Be30UKAMM Y.

Pewenue. 1) Buruncasiem koapdunnent perpeccuu p no Gopmyne:

oo =[O

10,9
Hrak, n=——=0,95.
116
TloayuenHoe anauenye KOPPeAAUHOHHOro oTHowenus 1 = 0,95 =1 yka-
UKIBACT HA TECHYIO KOPPEIANMOHHYIO CBA3H Mek Ay npuanakamu X u Y.
4) Crpoum rpaduk auneiinoi perpeccun y = ~ 9,2x + 67,59 u nanocum
WA HeM SKCIePUMeHTAIbHEIE TOYKH (moMeueHb: 3seagoukamu) (puc. 7.36).
Ecau rpaduk perpeccun y = f(x) naobpaxkaercs KpuBoil IuHMeil, TO KOP-
PEIALMIO HASBIBAIOT KPUGOAUHelHoil. Hanpumep, Dyukuus perpeccun Y Ha
X moxer umers Buz: y = Ax? + Bx +C (napabonnueckas KOppeasiuus BTo-
poro nopsaka). [lns onpexenenns Buaa QYHKIMN PErpeccHn CTPOSAT TOY-

o, ==
p=—%, rae BenuuMHE O,,0,, ¥,§, Koo(puuuenT koppensuun r Haiize-
Oy

Hel B npumepe 1: o, =1,17;0, =11,46; r=-0,94;% =3,01;7 = 39,9. Toraa

11,46 ‘
nonyamm: p= % -(-0,94) = -9,2. Vckomoe ypanHeRue perpecch mmeer

BUA: y-39,9=-9,2(x-3,01). Orkyna y =-9,2x+67,59.

2) BoiumcisieM rpynnosbie cpepnue , npusraka Y npu QUKCHPOBAHHOM

# - 13-48+1-58
X 110 hopmyam szzﬁLy‘ 7 :ﬂ:f)s; P =22 qa;

x

T 14 KM (X;7,) ¥ 110 MX DACTIOJIONENHUIO IeIAI0T 34K TIOUEHHE O IPHMEPHOM Buje

B ynxmun perpeccnn. Teopus KPHBOTHHEHOH KOPPeNALMH DelIaeT Te e

g, =13:38+10-48 - 37:28+6:38 " _3:28 _ BAZIAYH, 9TO M TEOPUA NUHEHHOHK Koppensuuu (yeTaHoBerHe GOPMBI i Tec-
by - 12,3 i, T i B == 28.

WOTHI KOPPEAAUMOHHOM cBsA3u). JINs OUEHKH TECHOTh KOPPeJAsIun TaKKe
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5) Beegenne nanora paamepom 1 py6. Ha KaXkAyiO eAMHMILY TOBAPA NP~
BEJeT K TOMy, 4TO Ha 1 py6. BOSpACTeT eHa KaX 10l eMHNILL TOBAPA 1 HO-
Bast hyHKIUs npenokenis Gyaer umeTs B p=¢ + 10+ 1, ump =g+ 11.

Hosoe peiHOUHOE paBHOBECHE HAMiIeM M3 CHCTEMEI YDABHEHHIT!

w0
P D20 11m¢?+11g-200=0;
p=q+11

D =121+ 800 = 921; VD - 30,348;

sz 80,348 g"'“” =-20,674 (se noaxomur, Tax Kak g 2 0);
- -11+20.348 o

Takum o6pasom, noay4daeMm eAMHCTBeHHOe pemenne ¢, = 9,674 (Tuic.

wr.). Emy cootsercTyer p, = 200 _ 90,67 (py6.).
Il

o

Hrak, HOBOe PHIHOUHOE PABHOBECHE XADAKTEPH3YeTCs UeHOI 3a euHM-
ny Tosapa p, = 20,67 py6. Ilo aToil uene nokynarenn npuoGperyr, a npo-
M3BONTENIN IOCTABAT TOBAP B KosmuecTse ¢y = 9,674 Thic. mT.

BIpy9Ka 1IpojaBIa NPy NPOAAKe TOBAPA O HOBO PABHOBECHO LeHe
cocraBuT:

Uy =po o= 20,67 - 9674 = 199962 (py6.).
BuiuucaIMM HaJIOT, KOTOPLIil 3aNJIATHT IPOAABEL, 'OCY AaPCTBY !
uy=1-9674 = 9674 (py6.).

Iocsie peanusanym ToBapa ¥ yIJaThl HAJOA y TPOAABLA OCTAHETCH CYyM-
MA Uy = Uy~ Uuz= 199962 - 9674 = 190288 (py6.). Ita cymma na 9712 py6.
MeHbIIle BHIPYYKH, MOJY4eHHON OT NPOJAAaXKH TOBApa 10 NepBOHAYAILHOM
pasnoBecoii nene (200000 - 190288 = 9712).

6) Beezienue rocyapcTBOM A0TauMM B pasMepe 1 py6. Ha KaxAyio ean-
HUILy TOBAPA NPUBEAET K TOMY, 4T0 HA 1 py6. yMeHBIIMTCA eHa Kax a0l
eAMHUIB! TPOAYKTA M HOBas QYHKIMA NPeANokEnus GyeT MMeTh BHL:

P=q+10-1,manp=q+9.

HoBoe puiHOYHOE paBHOBECHe HaileM M3 CHCTeMhbl ypaBHEeHMIl:

w0,
q =>=—=q+9=¢"+9¢-200=0;
P=9+9

D =81 +800=881; VD = 29,682

30

= :9~—229,§8_2 =-19,341 (ue noaxoaut, TaK Kak q > 0);
G= i%w ~10,341.

Taxum 06padom, MoTyUaeM eMHCTBEHHOE pemenye ¢, = 10,341 (Tuic. mr.).

Emy coorsercTByer p, = Z‘IE =19,34 (py6.).
o

Hrak, HOBOe PEIHOYHOE PABHOBECHE XAPAKTEPU3YeTCH LEeHOMN 38 eAMHM-
uy rosapa p, = 19,34 py6. Ilo aroit uese nokynarenn npuobperyr, a npo-
M3BOAMTEHM NOCTABAT ¢y = 10,341 Thic. mwT. TOBapA.

Bhipyuka npojaBIa npu npojake ToBapa 10 HOBO PABHOBECHON LeHe
COCTABHUT: Uy = Podo = 19,34 - 10341 = 199995 py6. Dra cymma ua 5 py6.
MeHbIe BRIDYYKH, NOJYYEHHON OT NPOAAYKH TOBAPA N0 NEPBOHAYAILHON
PaBHOBECHOI LeHe.

7) Ecin ans noffepIKaHUs NPOMSBOANTENA FOCYAAPCTBO PO YeTa-
HOBUTH TBEPAYIO NeHY B pasMepe 22 pyb. 3a KaXAYIO eAMHUILY TOBADA, TO
BeJTMYMHEI IPE/IOJKEHNS M CIIPOCA TIPH 9TOM LEHe COOTBeTCTBeHHO DABHAIL!

q1 =22~ 10 = 12 (Teic. wr.)

200
Q= 2 =9,091 (reic. mT.).

Taxnum 06pasoM, IpH 370 1eHe NPeAIOKeH e NPEBLIIIAET CIPOC HA ¢ —
~@s=12-9,091 = 2,909 (TeIC. WIT.). DTH HNUIIKH 3aKYIAET rOCYAAPCTBO
W TPATHT Ha 3TO cyMMy u = 22(q, - q2) = 22 - 2,909 = 63,998 (THIc. PY6.),
nan 63 998 py6.

8) CxemaTnueckuii ueprex npeacrasien na puc. 1.17.

P

Puc. 1.17
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5) aHAveREA j — ATA KORTPOAs (10 YPABHEHMIO PErPECCHH B TeX e

v
TOMKAX), & TAKIKE IOCTPOMTH rpaduk perpeccun y = Ax? + Bx +C v nanec-
TH HA HEM DKCIEPHMEeHTATbHBIe TOYKH.
81,}“ Peusenue. 1) BEraucaum BeuanHbl i.?.a,j.cy,z‘y:
60
— dMxn,) 0-17+1-15+2-32+3-19+4-17 .
50 s 100 =304
40
— 2, i 2, )2 | 2 2.
80 ¥ =926+ 67,59 _Yn,) _0%1741°15427324 8 1944717 _ ;g6
20 n 100
o D(x) = x* — (%) = 5,862,047 =1,698, o, = 1,698 ~1,3;
0 1 2 3 4
B8, N §oLm) _28:36+4328458:36 _ o
Puc. 7.36 n 100
—5_2u'n, _28°.36+43° 28+58":36 _ ...
CJYIKUT KOPPeNANNOHHOE OTHOILIeHME 1| — eCJH OHO Besnko (1> 0,7), a LA 100 a ’
koaphuunent koppensunn r man (|| < 0,5), To pynKuus perpeccnn aBaA- - .
Diy)=y* - () =2011-43* =162, 0, =162 = 12,73;

erca kéadpamuunoit, v.e. y=Ax’+ Bx+C. HenssecTHble napameTpsr A,
B, C ypaBHeHNs KBAAPATHYHON PErpecCHy ONpPeAeAIOTC 110 MEeTOAY Hau-
MEeHBIIMX KBAJAPATOB N3 CHCTEMbI TPEX JHHEHHbIX YPABHEHNMIT:

(Znext)A+(Enex’)B+(En,x®)C = En.gox®s
N(ZM“)A HEnx®)B+(Enx)C = X g

(Xn.x®)A+(Enex) B+nC =Ygy

;y:M:w»zs.nu»ze-z»1-43-13+2~43»2+2 5830+
n

1
3-43-13+3.58.6+4-28-17)— = 88,92,
+ + * )100 8,

Mekomprit KoaOPHUIMEHT KOPPEIAIHN PABeH:

e Xy-Xy ! 88,92-2,04-43 ~0,073.

0.0, 1,3:12,73

3. T10 1aHHKIM, IPHBECHHEIM B KOPPEIAUMORHOI Tabaue (Taba. 7.6),
BBIYMCIATH:

1) KoahUIHMEnT KOPpPEeAILIH;

2) rpynnossie cpesinue y,;

3) KOpPeNANMOHHOE OTHOIIEHHE;

4) napamerput A, B, C kpaapatnunoii perpeceny y = Ax® + Bx+C;

2) OupeziensieM rpynioBsie cpefnue y, =

Xy,
3

n

28-17 __28-2+4313 43-2+58-30
V.= =28; Gy, = =41, g, = =57,06,
¥a =17 Ve 15 Ya 32
43134586 _ 2817
5 —47,74; §,, = ot =28.
Ue, n 4174 g =7

3) Jlisi BRIUMCIIEHNS] KOPPEIAIMOHHOTO OTHOMIEH U 1) OPeAeIAeM CHa-

MANA Oy M O

e
Obeers = el = 9 =(17-(28-43)? +15-(41-43) +32-(57,06 - 43)* +
n

393





image198.jpeg
+19-(47,74 - 43)° +17 (28 - 43)° )‘ﬁ:l'ﬂ.ﬁ&

Grvomey =[Oy = 144,63 =12,03.
u?‘.,:%:(as-(zs—m)f»28.(43—43)“36-(58-43)2 o162

oo = |OZw, =162 =12,73.
HcKoMOe KOPPEJISILIHONHOE OTHOLIEHHE PABHO:

_ Cuewrp _ 12,03

=0,945.
Ooowe 12,73

4) 3unauenue 1) =0,9445 > 0,7 yKa3LIBAET HA TECHYIO KOPPEJIALMOHHYIO 3~
BHCHMOCTE, a 3avenne r = 0,073 <0,5 — Ha T, 4TO QYHKIMA PErpeccun sp-
AsieTcs KpagpaTHuHOil u nmeer BuA Y = Ax® + Bx +C, rae A, B, C — neusse-
CTHBIE IAPAMETPhI PErPecciy, KOTOPhie ONPee/IAIOTCsA U3 CHCTeMb] yPaBHeHHIL:

(Xnext)A+(Xnx)B+(Yna?)C = Yong.x?;
(Ene®)A+(Enx?)B+(Enex)C = Yn.gox
(Xn.x?)A+(Ynx)B+nC=Ynjg,.

L5t BEITHCACHNS KOXD(MIHEHTOR HTOM CHCTEMBI COCTABIM PACIETHYIO
TaGanuy (tata. 7.7)
TloacTanss 9uCa (CyMMBI) HIKHei CTPOKH B CHCTEMY yPaBHeRHii, 10~
Ay
64184 + 18728 + 586C = 23698,22;
18724 + 586 B + 204C = 8892,02;
5864 +204B8+100C = 4299,98.

x | n | G | nx | nx*|nxt| nx ng,, ng.x ng.xt
o o 0 476 o 0
15 15 15 615 615 615

128 | 256 | 512 | 1825,92| 3651,84 | 7303,68 |

171 | 513 [1539] 907,06 | 2721,18 | 8163,54

| 272 |1088]4352] 476 | 1904 | 7616

586 1872 6418|4299,98 | 8892,02 |23 698,22

Puc.737 o 1 2 3 4 x

Pewas aty cucremy, Haxoaum A = -6,4; B = 26,21; C = 26,3.
MckoMoe ypaBHEeHMe KBAJAPATHYHOM Perpeccuu MMeeT BU:

y=-6,4x" + 26,61x + 26,3.

5) JInA KOHTPONA BRIMMCAMM 3HAYEHMS [ 10 YPABHEHMIO perpeccun B
TeX JKe TOUKAX:
x=0: §, =263

x,=1: f, =-6,4-1° +26,61.1+26,3=46,11;
x3=2: §,, =642 +26,61-2+ 26,3 =53,12;
%, =8: §, =643 +26,61 3+ 26,3=144,63;

X, =41 g, =-64-47+26,61-4+ 26,3 =28,7.

Peay/IbTaTh 3anMIIeM B BHAS TAGHILbL:

0 1 2 [ 3 4
28 | 41 |57,06| 47,74| 28
26,3 | 46,11 53.l2l 44,63 | 28,7

6) MocTpoum rpaduk perpeccin y = ~6,4x° + 26,61x + 26,3 n ormernm
1A HeM OKCTIepHMeRTabHbIe TOUKH (IoMevuerk: speszouxamu) (puc. 7.37).

33‘15"!“ ANA CAMOCTOATENbHOrO pelueHns

1— 3. Jlanuble 5KCIIEPUMEHTA IPe/ICTABJIeHb B IBYX KOPPeJIsAIn-
onueix Tabaunax (taba. 7.8 u 7.9).

Jlns kaxoit Tabauinb HaiguTe: 1) KoadduuuenT KOppesAIMn r';
2) ypasreHnue perpeccun y -y = p(x —X) npu ]r ; 3) Koppensanu-
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onHoe oTHOLIeHKe T); 4) F = Ax? + Bx + C, ecJIn KOPPeNsAIuOHHOe 0T~
HOIIeHMe 1) BEJINKO, a r masio (| r|<0,5); 5) rpynnossie cpennne j,;
6) auauenne §j — A KOHTPOs (110 yPABHEHMIO PETPECCHH B TEX ke

Toukax). PeayabrarTel sanummTe B Buje Tabaumb:

= %
Y Uy
12 is

Hauecure Ha rpadmke sKCIepAMEHTAIbHBIE TOYKH (X;3Y; ), (X5315),
(x3,3),(x4,44), (x5,45) ¥ KpUBYIO perpeccun. 3nauenus k u a yka-
BaHBI VIS KaXKA0M 3aflaun caeaylomeil rabanueii:

Banasa k [ a
1

J 13 | 13 l
2 14 4
3 15 15|
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KOHTPOJSIbHBIE BOMNPOCHI

N

Kakoe COBbITWE Ha3bIBAIOT JOCTOBEPHbIM; HEBO3MOXHBIM; Clyan-
HbIM?

Kakve 488 COGBITUR ABNAIOTCS COBMECTHBIMM, HECOBMECTHBIMN?
[lanTe OnpeaeneHue 1 yKaxure rpaHnLibl NPUMEHEHUA KNaccue-
ckov hopMynbl BEPOSTHOCTU.

MpueeauTe OPMYNbI BLIMMCNIEHNA OCHOBHBIX KOMGUHATOPHBIX
COOTHOLLEHW (Pa3MELLIEHNS, NEPECTAHOBKM, COMETaHNA).

[lanTe onpeaeneHue yCnoBHOM BEPOATHOCTM.

Banuwwre thopmyny Beneca n chopmynupyiTe TEOpeMy runotes.
Tyt KaKuX YCOBUSX BO3MOXHO NPUMEHEeHME (hopMynb! Beprynnu?
Kakue pacnpegeneHus HenpepbLiBHON CNy4anHon Benv4vHb! Bam
u3secTHbl? KpaTko oxapakTepusynre ux.

B 4em reomMeTputeckmit CMbICN HepaseHcTea Hebbilesa?

O MepeuncnuTe OCHOBHBIE 384841 MAaTEMATUHECKON CTATUCTUKK

> wp

2o oNOO

KNHYEBBLIE CNOBA

CobbiTHe, BEPOSITHOCTL, BbIGOPKA, KOMBMHATOPUKE, (hopmyna
Beneca, hopmyna Beprynnm, NoTok CoBbITURA, CyyanHas Benv-mn-
Ha, HOpMarnbHoe pacnpefesneHme, NOKasaTensHoe pacnpeaeneHue,
NPaBMNO TPEX CUrM, COBOKYNHOCTb, CTATUCTUHECKWI PAA.
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TBETbI

IVIABA 1

o L1 1) D7) = (o3 2) U (25 +o0); 2) D(f) = (- 03-2) U (~2; +o0);
3) D(f) = (~oo; +o2); 4) D(f) = (= =3-2) U (-2; 2) U (; +0); 5) D(f) =

= (=003 +22); 6) D(f ) = (= o23-3] U [3; +e2); T) D(f)=[

=(-1; 1) U (1; +=); 9) D(f) = [ 2]. 10) D(f) = [-2; 0) U (05 1);

11

11) D) = [0 4); 12) D() =[-1-V2i~1+2]; 13) D(f) = [7_ _],

2
14) D(f) = (0; 2]; 15) uernas; 16) uernas; 17) uernas; 18) un uer-
Has, HM HeueTHan; 19) neuernas; 20) vernas; 21) uernas; 22) neuer-
Has; 23) neuerTHas; 24) HU UeTHas, HU HeueTHas; 25) HeueTHasn;

13
26)y:(x;4' ; 27) y=Y1-x%; 28) y = 2arcsin x; 29;,,:%,‘7%;
2x+1 bx+3
30) y=5" a1 y=

® 1.2. 1) a) p € [0; 37,5], g€ (05 30]; 6) ¢, = 6, g.= 4,4, B) p=

80
:q+2—5‘ r) py=2,5, u;= 35 Teic. py6.;
2)a) pel5; =), g € [0; =); 6) ¢, =4, 2= 5; B) p=¢* + 2q + 5; 1) p, = 85,
uy = 680 Tric. py6.; p, = 148, u, = 1618 Thic. py6.; 3) a) p[4; 15];
6) po= 6 py6., go= 1 Thic. WT.; B) Ug= 6 ThiC. pY6.; ) npy p = 9 u3-
JIMIIKK TOBapa 2 ThiC. WIT., npy p = 5 geduuur rosapa 0,75 Thic. WT.;

2= 1,5, uy= 27 teic. py6.;

A)’I*—P -p‘,~5 32 py6.; qo = 1,16 Thic.wrT.; uy = 6,17 ThIC. PY6.;

BBIPYYKa NPOAABIIOB PU HOBOH 1eHe Ha 170 py6. Gosbiie, yem BbI-
PYUKa IPH NepBOHAYAILHOIl DABHOBECHOIT IIeHe; 7K) TOCYAapPCTEO 3a-
kynaer 0,7 Teic. mt. 3a 4,9 ThiC. py6.
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3
o L3.4)055) 45 6) 0,55 T) 53 8) 2 9) V3; 10) - 4;11) 0,5;
1
12) -2,5; 13) 0,55 14) +=; 15) 53 16) ~0,5.
7 3 5 .1 1
~:6) 43 B) =3 2) 0; 3) +e=34) 23 5) ——3 6) 3; T) ~158) 3
-1.4.1)3)3,5)4,.,) §2)058) 43 4) 155) 5 )3 D -18) 4
02 10) %: 11) 53 12) ,13)2 14) 6; 15) €% 16) e 17) e
bl

18) e % 19) JZ.; 20) % 21) e‘i; 22) e'i; 23) e 2; 24) ~: 25)°
27In3

2
26) Je; 27)e i ;28) 05 29) —— ; 33) er;

A
2?3 "

= 105 ; 30) e; 31)— 32)

34)
® 1.5. 6) x,=3 — Touxa paspbisa I poaa; 'l: xo=0 — Touka paa-

puiea 11 poaa; 8) x, =g — Touka paspsisa I poja; 9) x; = -2 — Tou-

ka paapeisa I posa, x, = 2 — rouka paspeisa Il poza; 10) x, = -1,
x,=0, x3 =1 — Touxu paspsisa Il poaa; 11) x, = -5 — TouKa paa-
puiBa I poaa, x, = 0 — rouxa paspsisa Il poaa; 12) x; = 0 — rouka
paapeia I poja, x; = 1 — Touka paspsisa [ poxa; 13) x, =0 — Tou-
ka paapsisa II poga; 14) xo = -1 — Touxa paapeisa I pona; 15) x; = —
x,=0 — Touxu paspsiBa I popa; 16) x, = -1, x,==1 — ToukH pas-
puisa I poaa; 17) x; = —4 — Touka paapsisa II posa, x, = 0 — Touka
paapsisa I posa; 18) x, =1, x,=0, x3=1 — Touxu paspeisa I pona;
19) x, = 0 — Touka paapsisa Il poana; 20) xp = 0 — TouKa paspeisa
11 pona.

4 4 1

e 1.6.1) x(1- 3:‘)2 2) 3)—(x+x*)5(3+4x4),
2xsinln(l-x?) _ sinbx 6) i 7 - 15arcsin® V4 -5x |
1-x% P eos?6x’ | 21-cos8x) 2J-25x2 +35x-12

220, g Vx(430) (o) 244 2 g L,
x'+16 x(9x*+1)" x+1 (x+1) cosx

4)

8) -

3 9)

~12sin4xIn®(1 + cos4x) xt —¢ .
3 13 5 14, = -
%) 1+ cosdx ) x2-2 ) V1-e? arcsiny1-e*
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45 306p
.= _ 45 5 B )=
upn p, =15 E,(q) 29° ) E,(q)= @ri3@p-150)

P p
; 5) a) E,(q)=
" 2625+ p(60- (625 + p) ) @) By 0= =650

15) —2e * cos?(2x + 3)(3sin(2x + 3) + cos(2x + 3));

]’ 17) YAE2 & +16),
i 6x° 8

s 4)a) Efq) =

4
1+4x*

x
1
16) eﬁarctgﬁx( —=arctg2x +
1 \/5

18) %(\/x_“ctgx— 2Insinyx JsinV; 19) 19" ¥ In19 +1);

3 6) a) Ey(q) =

P 6p
s T E, =——=——-—; 8) B
2ntg™ 2/p-15(-2+p-15) )a) B@)= oy pog) B) BupyRa

g | Inctgx 4L 1 .
20) (ctgx)" "1 m"m ; 21) e 22) In7T; 23) 12; 24) 1. pacTaeT NpuGANaHTeNBHO Ha 3 % .
n X
1 : L guinsx 15 s
i ] ©1.12. 1. —(3-4cos3x)6 +C; 2. e +C;38.-—(3-2x*)5 +C;
25) . 14 3 32
5In10
3
; L 3+xz +C; 5. Loresin®2e+C; 6. Lintx-2imzxec
s 28 12 |3-x ¥ 4 3
o L7. 1. V2(1-2¢%)2dx; 3. 75 4 Ax=lLay=-2.dy=—4,
1 4x+5+73 i i B 2_ i
A= 2, £=100%; Ax=0.5‘Ay:~4,dy:—2.A:§.£:50%;Ax:0,2 bt ey - R Y - L ek M
Ay =-0,8, dy=-1,A=0,2,£=25%. 1 4 |2x-1+V11
~=In|-2x? + 2x + 5[+ In| +C; 10. xIn(x?+x)-2x+
4 ‘ 5| ;11 2;—1—311 ( )

12 4 3 *
. 1.8. 1. 1"2’(::“ »;]-—(3”2;, 2. e'2(9cos(2 + Bx) + |x+11+C;11.%(21n2x721nx# D+C; 12.4sin%(2x’ +4x-65)+
+46sin(2+ 3x)); 3) ~864sin12x; 4) smx( -6)+ 3°°”( 2_9)., cos%(xﬂhc; 13. e (x? + x - 1)+ C; 14. —/1-2xarccos2x—

x
V1+2x+C;15. :—;ei(sinax + %cos.'}x) +C;16. %[(1 +4x*)arctg2x—

e 1.9. 1. KagpaT co cTOpoHO# i 2, R=31, H=3£;
o4 2n n

tf

2
)+C; 17. %+x—ln|x|+2]n‘x—-1|+€; 18. 3x—%]n|x+2|+

3. H="3: 4. = 2(pan); 5. 2:6. 8) Y= 4(2)= 2, Yuo= ¥(-1)
=y(M)= 3 ) Yuuwu= U2) = 4, Y= U(8) = 4. Infx - 2|~2Infx -1/ +C; 19, 2Ind-— L +c; 20, ——2—
2Ax+1)* (x+2)

xT;lJrC; 21. i—+%ln|x41|—%ln|x2 +x+1|-

e 111 1) a) E,,(q)—»iL 6) wpm p, = 10 E,(q) =25 upw

100 |:"+2t+3|+%arctg

e +x+1]+ —arctgi:%l ¢ 22, Ji-2x-2y1-2x+

- il __6p .
P2 =20 Ey(q)=-4;2) a) E,(q)~m. npu p, =8 E,(q)=-0,48;
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+2In|#1-2x-1|+C; 23) -3V-x*+6x-8+13arcsin(x-3)+C;

L

4. 2. .23
*2.4. 2.2)5,2 |és|<625

3 6)1,002; 3] <4-107%; ) 0,125; |5|<$;

24y Il X VT 22045 o) 1ot Loosi2x 4 C; 26) Lsingx= 3.0,484; 6) 1,799; ) 0,098; 1) 0,842; 1) 0,250; €) 0,199; ) 7,620;
x 2 6 3 ) 0,105; u) 1,059; ) 0,516; 1) 0,822; ) 0,540.
2in33x+ Laintgx+C; 27) Lx-Lsinl2e+C; 28) —xa IJIABA 3
9 15 8" 96 16

©3.1.9. Vu = (2x44"); H(x;y) :(2

5 12,,21: Vu, =(0;0); H(A)=

| : 3 .1 1. 3
——sin4x + —sin®2x + C; 29) —x + —sin4x + —sin8x + C; 30) =
sindx sin® 2x )8 3 indx 64“ x )82

2 0\ — 2 0
. = ; H(B)= 8
-[0 0]. Vi, = (2 4); H(B) [0 12)

—Lsin 6x + Lsianx +C.
2 96

©1.13.1) 10_52;;2) g; 3)-2; 4) 2e(e - 1); 5) 0; 6) éﬂ) InV3 * 3.2. 1) B rouke M(0; 0) — nokanbubiit Mmunumym; f(M )= 0;

8) 2 2) B Touxe M,(3; 0; A, = ~g) — nokanbubI Makcumym; f (M) = 9.
3

1
°1.14. 1) % KB. ex.; 2) (7,5-8In2) kB. ex.; 3) 20% KB. efl. Touke My(-1; 0; Ay :*5) — sokanbHbli MuEEMYM; f (M) = 1;

')M,(l: 5 Ay =—1) — nokanbubiii Makeumynm; f (M) = 1. My(-1; 0;

2
4) 2g KB. ea.; 5) 2 k8. ex.; 6) = ky6. ex.; T) §£ Ky6. en.
3 2 3 =-1) — nokanbulii Makcumym; f(M,) = 1. My(0; 15 k3 = 1) — J1o-

8) 7% Ky6. ex.; 9) % Ky6. ex.; 10) 3.287(10\/5_1) en. AbHBLA MEEEMYM; f(M3) = — 1. M(0; 15 &, = 1) — noKanbHBIH
mEamyMm; f(M)=-1;4) M,(151; 2; A =—2—:|-l = -E) — JIOKAJbHBIA
TJIABA 2 3 3

20 68

e 2.1. 1) mer; 2) na; 3) aa; 4) aa; 5) cxoaures; 6) pacxoxmn wamayns; F(M,) = 63 My(— 2; - 2; 8; A= _?'u _ >?)  oxans-

T) pacxoaurcs; 8) cxoxures; 9) exonures; 10) exoaures; 11) pacx
nures; 12) pacxogures; 13) exogures; 14) exogures; 15) exoaw:

it makcumym; f(M;) = 725 5) M(-2; -2) — i ~
16) cxoauresi; 17) cxoaures; 18) pacxoanres; 19) pacxoxures. umyn; f (M) ) M( ) — JoKaABHbLE MHHK

ym; f(M,)=— 4; My(2; 2) — noxanbubiit Mmakcumym; f (M) = 4;
® 2.2, 1) cxoauTCA YCJAOBHO; 2) CXOAMTCA a6COMIOTHO; 3) CXOM! M ,(0; —2) — nokanvublii MmunumMyw™; f (M) = 4; M,(0; 2) — no-

cs yeaoBHO; 4) exoaures abeonmorOuHo; 5) pacxoaures; 6) exoan’

yeaoBHO; 7) exoauTes abeoaoTHo; 8) exoauTes abCoTIOTHO.

©23.1) -5<x<3; 2) ‘\/35'515‘/25; 3)R=e;4) -15x<38

5)-3<x<1;6)-2<x<2; 7)-%sx<%: 8)-5<x<5;9)—$5x<

bHBI MuHUMYM; f (M) =4; T) M (0; 0) — J0KAIbHBI MEHEMYM;

510 ey JIOKaJbHBI MHHUMYM;
3 3" e

(M)=0; 8) M(

M)=94%; 9) M (2,25; -1,5; L = 11) — NOKaNBHBIK MAKCUMYM;

4 4 3 3 y
ega: Lozl M)=-485.
10) 5 x 5 11) 1 x< 1
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TJIABA 4. 1 4 23 1 55 1
—x? y — — = e™*| —cos3x + —sin3x | + — x
*5T tas T MY [13 156 ) 13

2 e
© 4.2.1) y=In(e* +C); 2) y=e? 3 3) ly+ |y

3
—Cx-1(x+2)%; 4) ez"(y+%)=0e“‘(x—l)‘ i 2y+ln{y+%) "[“"52"‘53’"2’}
,

—8r+dln(x-D+C; 5) y=e™1; 6) (y-De'  =Clx+1 A

*5.1. 1.a){b, p}; 6)@; ) A; 1) Us n) {a, b, d, [, p, g}s e) {a, c, d,
e 1, p, ak; %) {d, 1, p}; 3) {b}; w) {d, 1, p}; x) @; 1) ne Bepuo; M) ne
wepro. 2. a) A\B; 6) U; B) A N B; r) @. 3. Hu ognoro npeamera He
yuaior 36 crysentos. May4aior pUHAHCH], HO He N3YYAIOT MaTe-
ATHKY ¥ ipaBo — 79 cryaenTos. 4. ToJbKO OfHY 3asa4y pelrnin
#80 crynentos. 5. Ha kadeape paboraior 46 npenoaasaresneii. Toan-
Ha ofiHOM (aKyabTeTe paboraloT 29 YesoBeK.

artg!
T e¥(y+1)=e*+C; 8) (y*+4)e 2 =Carctg’x.
©4.3. 1) 2x2+10xy+3y* =C; 2) 3xy* +x%y-y* =C; 3) x*

=Cyy? +x%; 4) y+Jxt+y? =CxP.

1
e44. 1) In|1+4yl=2x2+Ind; 2) y=§e"""(5*00821): 3y
= IJIABA 6

“(x2+5); 4) y=e*(arctgx+2); 5) y=x%e"; 6) y=
©6.3.1.5,=0,6%;8,=1%;9.=0,7%. 2. a) x = 6,785(+0,075);
) x = 0,246(+0,001); B) x = 2,013(+0,009); 1) x = 0,809(+0,001).

1, [1+x 2sinx+3
Dy=in| F gy y = 2R, 8)0,59; 6) 0,92; 1) 1,998; 1) 1,21; 1) 2,00; e) 0,486; 4. a) 0,65;
) 1,45; B) 0,445; 1) 1,249; 1) 1,999; e) 1,86. 5. a) 0,50; 6) 3,63;
- )3,00; 1) 0,696; x) 1,17; ) 1,339. 6. ) 3,107; 6) 1,303. 7. a) 1,117;
X+
5. _ x| ekl g ) 2,117; 8) 0,1659; r) ~1,317; 1) 1,89.
slB: D e e oz D Y T am
1 (e* +1)* (e* -3)° x-1 TJIABA 7
By s B) = = 2 6) y= :
Vi mme D ¥ s mmy=T Oy

© 7.2, 1.0,0029. 2. 0,1655. 3. 0,000018. 4. 0,476. 5. 0,25.
0,5142. 7.0,3853. 8. 0,1998.

©4.6.1) y=e>(C +Cyx); 2) y=Cie* +Cpe**; 3) y=C, +Coe
*7.3. 1.0,9428. 2. 0,9855. 3. 0,0167. 4. 0,05. 5. 0,0046.
0,625. 7. Ha Jlioniona. 8. 0,3. 9. 0,188. 10. 0,0161. 11. 0,1667.
. 0,9865. 13. 0,44. 14.0,5716. 15. 0,902. 16. 0,0455. 17. 0,954.
0,000007. 19. 0,9837. 20. 0,9985.

4) y=e*(Cycosx +C,sinx); 5) y =C;sin2x +C,co82x; 6) y = Cre*

+Cype " A%xe*’; T) y=Ce ™ +Cpe’ — %cosx—%sinx; 8) y

*7.4.1.0,998. 2. 0,28. 3. 0,425. 4. 0,4146. 5. 0,952. 6. 0,86.
. 0,31. 8.a) 0,1725; 6) 0,3172. 9. 0,091; 0,9091. 10. 0,1034.
.0,4037.12.0,1602. 13. 0,7231. 14. 0,91. 15. 0,7565. 16. 0,0031.
. 0,84, 18. 0,085. 19. 0,0345. 20. 0,0244. 21. 0,015. 22. 0,4286.
0,5842. 24.0,1667. 25. 0,3125. 26. 0,3453. 27. 0,3226. 28. 0,4545.
. 0,4857. 30. 0,4615.

=e ¥ (C, +xC,) + %x: 9) y=C, +Che” —%x” ~%x‘ -x; 10) y=e2*

X(Cycosx +Cysinx)+x* —8x+7;  11)  y=Ce® +Cye ™ — xe”

103 .
12) y=—%’e‘2’(l+3x)+§e‘; 13) y:e’[ 31—22%0032191%5“12: i
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e 7.5. 1. a) 0,2013; 6) 0,6778. 2. 0,32. 3. 0,016. 4. 0,9274.
5.a)0,32768; 6) 0,999936. 6. a) 0,32768; 6) 0,2048; ) 0,99328.

8.0,041. 9. 0,837. 10. 0,88448.
©7.6. 1. a) 0,111; 6) 0,191; B) 0,809. 2. a) 0,577; 6) 0,168;

8) 0,199. 3. a) 0,195; 6) 0,908; 8) 0,433. 4. a) 0,089; 6) 0,062;
8) 0,998. 5. He menee 4606. 6. 0,449. 7. a) 0,938; 6) 0,062; 8) 0,134,
8.0,1396. 9. a) 0,195; 6) 0,433; 5) 0,018. 10. 0,00014. 11. 0,9596.
12. a) 0,0122; 6) 0,9084; 8) 0,336. 13. a) 0,0255; 6) 0,0005;
1) 0,998. 14. a) 0,061; 6) 0,8843; B) 0,9999. 15. a) 0,0183; 6) 0,865;

8) 0,938.
©7.7.1. 9. 2.0,0504. 3. 0,0997. 4. 0,04565. 5. 43. 6. 0,04565.

7.0,017. 8. 0,039789. 9. 30. 10. 0,35.
« 7.8. 1. a) 0,0054; 6) 0,0228. 2. 128. 3. 180. 4. 1. 5. 0,9736.

6.0,803.7.0,999. 8.0,033. 9. 1. 10. 0,7888. 11. 0,8943. 12. 0,999.
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Kpuruueckue Touku pacnpeaenequs X2 (Mupcona)

0,001 0,005 0,01 0,025 0,05 0,1 0,2 03 0.7 0.8 0.9 0,95 0,975 0,99 0,995 0,999
1| 1083 | 7879 | 6.635 | 5024 | 3801 | 2706 | 1642 | 1,074 0,148 | 0,061 | 0,016 | 0,004 | 0,001 | 1571E04 | 5,0276:05 | 1,570806
2 | 1382 | 1060 | 9210 | 7378 | 5001 | 4.605 | 3.210 | 2408 0.713 | 0,446 | 0,211 | 0,103 | 0,051 | 0,020 0,010 0,002
3 | 16,27 | 1284 | 1134 | 9348 | 7.815 | 6251 | 4,642 | 3,665 | 1424 | 1,005 | 0584 | 0,352 | 0,216 | 0115 0,072 0,024
4 | 1847 | 1486 | 1328 | 1104 | o488 | 7779 | 5989 | 4,878 2195 | 1649 | 1,064 | 0,711 | 0,484 | 0,207 0,207 0,001
5 20,51 16,75 15.09 12,83 11,07 9,24 7,29 6,06 8,000 | 2,343 | 1,610 | 1,145 | 0,831 0,554 0,412 0,210
6 22,46 18,55 16,81 14,45 12,59 10,64 8,56 7,23 8,828 | 3,070 | 2,204 1,635 | 1,237 0,872 0,676 0,381 7
| 7 24,32 20,28 18,48 16,01 14,07 12,02 9,80 8,38 4,671 | 3,822 | 2,833 | 2,167 | 1,690 1,239 0,989 0,599
h 26,12 21,95 20,09 17,53 15,51 13,36 11,03 9,52 5,527 | 4,594 | 3,490 | 2,733 | 2,180 1,647 1,344 0,857
9 | 27,88 | 2350 | 2167 | 1902 | 1692 | 14.68 | 12.24 | 10,66 6,303 | 5,380 | 4,168 | 3,325 | 2,700 | 2,088 1,735 L5z
7‘0 29,59 25,19 23,21 20,48 18,31 15,99 13,44 11,78 1,267 | 6,179 | 4,865 | 3,940 | 3,247 2,558 5 2,156 1,479
11 31,26 26,76 24,73 21,92 19,68 17,28 14,63 12, 8,148 | 6,989 | 5,578 | 4,575 | 3,816 3,053 2,603 1,834
12 32,91 28,30 26,22 23,34 21,03 18,556 14,01 034 | 7,807 | 6,304 | 5,226 | 4,404 3,571 3,074 2,214
13 | 3458 | 2082 | 2760 | 2474 | 2236 | 1981 | 1698 | 1512 926 | 8,634 | 7,041 | 5,892 | 5,009 | 4,107 3,565 2,617
14 36,12 31,32 20,14 26,12 23,68 21,06 \ﬂ.l? 16,22 0,82 | 9,467 | 7,790 | 6,571 | 5,629 4,660 4,075 3,041
15 | 8770 | 3280 | 3058 | 2749 | 2500 | 2231 | 1931 | 178 172 | 1031 | 8,547 | 7,261 | 6,262 | 5,220 4601 | 3483
16 39,25 34,27 32,00 28,85 26,30 23,64 20,47 18,42 2,62 | 11,15 | 9,312 | 7,962 | 6,908 5,812 5,142 3,942 B
[ 17 | 1079 | 3572 | 33,41 | 3019 | 2159 | 2477 | 2161 | 195 8,58 | 12,00 | 10,00 | 8,672 | 7.564 | 6,408 5,607 1,416
7[3 42,31 37,16 34,81 31,53 28,87 25,99 22,76 20, 44 | 12,86 | 10,86 | 9,390 | 8,231 7015 6,265 4,905
19 | 4382 | 38,58 | 36,19 | 32.85 | 3004 | 27.20 | 23,90 | 21. 35 | 13,72 | 11,65 | 10,12 | 8,907 | 7,633 6844 5407 |
20 | 4531 | 40,00 | 37.57 | 3417 | 31,41 | 2841 | 25,04 | 22,7 .27 | 14,58 | 12,44 | 10,85 | 9,591 | 8,260 7,434 5,921
21 | 4680 | 41,40 | 38,93 | 3548 | 3267 | 20,62 | 2617 | 23, 8 | 1544 | 13,24 | 11,59 | 10,28 | 8,807 8,084 6,447
22 48,27 42,80 40,29 36,78 33,92 30,81 217,30 24, 10 | 16,31 | 14,04 | 12,34 | 10,98 9,542 8,643 6,983
23 49,73 44,18 41,64 38,08 35,17 32,01 28,43 26.0; 02 | 17,19 | 14,85 | 13,09 | 11,69 10,20 9,260 7,529
24 51,18 45,56 42,98 39,36 36,42 33,20 29,55 27,1 94 | 18,06 | 15,66 | 13,85 | 12,40 10,86 9,886 8,085
25 | 5262 | 4693 | 44,31 | 4065 | 37.65 | 34,38 | 30,68 | 28.1 7 [ 18,94 | 16,47 | 1461 [ 1302 | 1152 10,52 8,649
26 54,05 48,29 45,64 41,92 38,89 35,56 31,79 29,2 79 | 19,82 | 17,29 | 15,38 | 13,84 12,20 11,16 9,222
27 | 5548 | 49.65 | 4696 | 4319 | 40.11 | 36,74 | 3291 | 30,8 72 | 20,70 | 1811 | 16,15 | 14,57 | 12,88 11,81 9,803
28 | 56,89 | 50,99 | 48,28 | 44,46 | 4134 | 3792 | 31,08 | 31, 5 | 21,59 | 1894 | 16,93 | 15,31 | 13,56 12,46 10,39
29 58,30 52,34 49,59 45,72 42,56 39,09 35,14 32, 22,48 | 19,77 | 17,71 | 16,05 14,26 13,12 10,99
30 | 50.70 | 53.67 | 50,89 | 46,98 | 43.77 | 10,26 | 36,25 | 33, 1| 23,36 | 20,60 | 18,49 [ 16,79 | 14,05 13,79 11,59
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1.2.4. MNpou3sopcTeHHblE (yHKUUN

TIpouseoacTeennbie pyuknun (I1P) orpaxaior 3aBHCUMOCTE pe-
ayasTaTa ﬂpOﬂaEOnCTBeHHOﬁ AeATEJIbHOCTH OT OGYCJIOBHBXIIHX ero
daxTopos. JlaguM JBa BIAUMOCBA3AHHBIX OTIPe/IeIeHU OAHOPAKTOP-
uoit [P, T.e. [P oaHOM nepeMeHHOM.

[LTL] MYHKIMIO, BBIPAYKAIOLIYIO 3aBUCHMOCTH MEXK/Y 00BEMOM ¥ Bbi-
nycKaeMoli NPOAYKIMH ¥ 00beMOM X nepepabaThiBaeMoro pecypea,
HA3LIBAIOT 0dnoPpaxmoprou 1D,

DYHKIHIO, BHIPAXKAIONIYIO 3aBUCHMOCTD MEXKAY CyMMapHOit
CTOMMOCTBIO § BBIYCKAEMOMN NPOAYKIIMH U CTOMMOCTRIO X CyMMap-
HBIX 3aTPAT HA ee IPOUIBO/ICTBO, HABBIBAIOT 0dHopakmoprot [Td.

W3 oTux onpeaenenuii caeayer, 4To JaHHbIe QYHKIMHE MOTYT 3a-
AaBaThCA Kak B 00beMHOM (TOHHBI, KMJIOBATT-YaChl M T.I.), TAK ¥
CTOMMOCTHOM (py6Jib, 0JJIAD, €BPO M T.11.) BRIDAYKEHUH.

Hapsaay ¢ auneiinpiMn [ID ucnonbayiores HeJnHeHHbIe QYHK-
MK, TAKAE, KAK JPOOHO-PAMOHAbHBIC, CTeNeHnble (KBaApaTHA,
KyOGHueckas u Ap.), nokasaTesJbHbie (IKCIOHEHIMAIbHBIE), JOra-
pudmuueckne. IlepuoguunocTs (KoaebseMocTs) psija 9KOHOMHIYe-
CKMX IPOIECCOB O3BOJIACT TAKIKE HCTIONB3OBATH TPHIOHOMETPHYE-
ckue I1d.

Hpumep. Ilpu crarncrudeckom obcaegopannn GpepMepeknx Xo-
3alcTB 6BINA YCTAHOBJIEHA CAEAYIONAA 3ABMCHMOCTE YPOXKAKHOCTH Kap-
TOdeNs ¢ OAHOrO reKTApPa OT KONMUECTBA BHECEHHBIX OPraHNUECKUX YA00-
pennii:

a) Gea BHecenus yao6pennit ypoxaiinocTs cocrasuna 30 1;

6) npu BHecenun 5 T yAo6penuit ypoxaiinocts coctanmia 50 T;

B) npn BHecenun 10 T yrobpennii ypoxkaiinocrs cocrasuia 45 1.

C nomomsio TI® supa y = ax? + bx + ¢ Tpebyercs:

1) yCTAHOBHTH AHAJIMTHYECKYIO 3aBUCHMOCTh yPOXKaHHOCTH Y (TOHH)
KapTOdes C OAHOTO NeKTAPA OT KOMMUECTBA X (TOHH) BHECEHHBIX HA OTOT
reKTap OpraHudecKux yaobpemnuii; &

2) no rpapuky 1P HaiiTh MAKCHMAIBHOE 3HAYEHHE YPOIKARHOCTH § ¥ CO-
OTBeTCTBYIOMNH emy pacxoa yaobpenns.

Pewenue. 1) U3 ycnosus 3afauu MOKHO 3aKIOYMTH, 4TO OPH X = 0:
y=30; npu x = 5: y = 50; upn x = 10: y = 45.

Toacrasnsas aru anavenns 8 [1P y = ax” + bx + ¢, nonyun™ cucremy
ypaBHeHwmit:

a-0+b-0+c=30; c=30; c=30;
a5’ +b-5+c=50; =25a+5b+30=50; = ba+b=4;
a-10* +b-10+c=45 |[100a+10b+30=45 |20a+2b=3.

32

of 1 5 65 10 : x

Puc. 1.18

Bripajkas u3 BTOPOro ypaBHeHUs b 1 NOACTABISASA NONTYUeHHBIH peayin-
TAT B TPeThe ypaBHenue, OyeM MMeTs:

¢=30; c=30; |7
b=4-5a; ={b=4-5a;=> b:l—&[—

20a +2(4~5a) =3; u=~l; 1
2 a=-—.
2

1,13 1 1 13Y

=X+ "x 480 = ——(x*-18x-60) = ——[ x——> | -

Hrak, ¥y ZI + 2 x+3 2(x 13x - 60) 2[[:: 2]

1( 13]’ 409 1
b -
2

2 e 2 (x-6,5)" +51,125.
7))t 2(: )" +51,125

2) Haueprum rpaduk pynkunn y= »%x’ + %x +30. On npoxoaut ue-

pea Touxu A (0; 30); B (5; 50); C (10; 45) n umeeT MaKCHMATbHOE 3HAYE-
une B rouke D (6,5; 51,125) (puc. 1.18).

Taxum 06pasoM, MAKCHMAIbHAS YPOKANHOCTE KapTodens pasna 51 125 kr
npu srecennu 6,5 T opraruyeckux yaobpenuii.
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O.Wﬁﬂ.mb E,av 0,025 5 | 0,1 0,95 0,995 0,999
35 | 66,62 | 60,27 | 57,34 | 53,20 16,06 22 1719 14,69
|40 | 7340 | 66,77 | 63.60 | 59.34 51.81 20,11
| 45 | 8008 | 7317 | 69,96 | 65,41 57,51 rﬁ?{i
50 86,66 79,49 76,15 71,42 63,17 27,99
55 93,17 85,75 82,29 71,38 68,80 §7r-4
99.61 91,95 88,38 83,30 74,40 35,53
sd 105,99 | 98.10 | 9442 | 89.18 7997 | 1 39.38
70 | 11232 10421 | 10043 9502 85,53 13,28
75 | 118,60 | 110,20 | 106,39 | 100,84 91,06 | 85,07 50,79 ar.21
80 124,84 | 116,32 | 112,33 | 106,63 90,41 64,28 7;].17
[ 85 | 131,04 12232 118,24 | 11230 95,73 68,78 517
[“90 | 137.21| 12830 | 124.12| 118,14 | 113.15 | 107,67 | 101,05 [73.20 | 69.13 | 50,20
95 143,34 134,25 | 129,97 r‘lza.ﬂs 118,1; r 113,04 106,36 77,82 | 73,52 63,25
100 | 149.45 | 140,17 | 135,81 | 129,56 | 124,34 | 118,50 | 111,67 82,36 | 77,93 67,33

ITpunoxenue 3

YcnoeHbie 0603Ha4eHns

© — BrumOUeHMe; — smdbepesnuax dyakann f;
€ — NPHMHAJJIEIKHOCTH JIEMEHTA K MHOMKECTBY; = ‘nporasonEaK QY. B TORREL:
€ — HeIpPHHALJIENKHOCTH HIEMEHTA K MHOKECTBY;
U — ofbeauHEeHME MHOKECTE; — MHOXECTBO MepBoOGPa3HLIX, MM HeonpeeNeHHbI HHTerpaj
M — mepeceuenne MHOKECTB; ynxuun f;
¥ — cymmuposanmue; (x)dx — onpepenenHbiit uaTerpan Gynkuun f or a a0 b;
3 — KBAHTOP CYIIECTBOBAHMA; 4 — orpunamme a;
la] — aBconornoe snauenue (MoaysIk) uuCHA @3 A — KOSBIOHIIHER;
= — paBuo; V — AMIBIOHKIUSA;
= — npHGIMIKEHHO PABHO; @ — nyeroe MHONECTBO;
> — Goxsme; A}l — umcno pasmemmenwnii ua n no m;
< — MeHbIIe; €7 — umeno couerannii u3 n no m;
J — xopems kBaapaTHiii; P, — 4HMCIIO NEPECTAHOBOK W3 NI 2EMEHTOB;
¢~ — xopenb n-ii crenenu; N — MHOMECTBO HATYPANBHBIX YHCEI;
= — caejoBaTeNbH Z — MHOXKeCTBO LeJBIX YHCe;
&5 — pPABHOCHJIBHO, TOT/IA M TOJBKO TOT/AA, KOTAa; Q — MHOXECTBO PALMOHANLHBIX YHCEJ;
{a,} — mocnepoBaTenbHOCTB; R — MHOXeCTBO [efCTBHTENbHBIX YHCEN;
Af — npupamenue Gynkunun f; € — MHOXKECTBO KOMIUIEKCHBIX YHCEN.
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45, Vpasrerve Beprynnu .
A6. Nuxeansie puddepeHunansHbie ypasHeHns BTOPOro nopsaka
C MOCTORHHBLIMK KO3(dMUMeHTaMMY ....

fnasa 5. OCHOBbI AUCKPETHON MaTEMaTUKK

85.1. MHoxecTsa 1 0nepaumm Hag HIMK
’.2. BNEMEHTHI MATEMATUYECKON NOTUK

6. YucneHHbie MeToabl anrebps! .

6.1, A6CONIOTHARA W OTHOCUTENLHAR NOFPELIHOCTY ...
2. Okpyrnenue sucen. MorpewHocTy NPoCTeALwnX

Mpeaucnoene

nasa 1. AuddepeHunancHoe n MHTErpanbHoe NCHUCHEHN -
MCTBAN
1.1. ®ynkumum onHon nepemenHon. OCHOBHbIE 3neMEHTapHBIE (hyHKLMK PAUPMETUNBCKMX eX . o
" oyHKLM OFFOM NBPEMErHON B SKOHOMIKE . MCNeHHOE peLLeHre ypaBHEHNIA C OHON NEPeMeHHON
. Yucnosbie NocnNeaoBaTenbHOCTH 7. OcHoBbI TEOpUM BEPOATHOCTER
. Npepen tyHkumm ... \aTMHECKON CTaTUCTHKKN
- HenpepuiBHOCTS thyHKuUu. TokKM pa3peiea (yHKUMM 11, CobbiTvn 1 ux Knaccuaukaums. Knaccueckoe v CTatcTuseckoe

4
5.
. MponssogHas HyHKLMA ...
. ONPEAENEHNR BEPOATHOCTY CAYMaWHOMO COBLITH..
; Nonstne pudceperumana yHKUMM U €ro CBOUCTBA .. 2. Ko‘:ﬁunampmxapgmﬁopm gl pipienley
9

RN

. Mpon3BofHbIe BbICIMX NOPAAKOB. OCHOBHbIE TEOPEMBI Cymma v nponasepenue CoBbITA. BEPOATHOCTL NOABNEHUS
AMDPEPEHUMANEHOTO NCHMCTIEHMR XOTS 66 OAHOr0 COBLITUS

. YCNoBUA MOHOTOHHOCTH (hyHKLMK. Heobxoaumoe 1 focTaToyHoe @opmyna nonHon BeposTHocT. Mopmyna Beneca
YCNOBME IKCTPEMYMA . - . MOBTOpHbBIE HE3EBUCUMBIE UCMBITAHUS
1.10. Uccneposanme (hyHKUMIA OAHOM NEPEMEHHON W NOCTPOEHNE [POCTEMWINI NOTOK CRYHaItHbIX COBLITU M PACNPEENEHM
rpacuka. ACUMNTOThI rpacnka hyHKLMN ..... ! Nyaccoxa
1.11. 3nacTUYHOCTL (HYHKLMN KaK OANH U3 NPUMEPOB UCNONL30BaHNA NokansHan Teopema lannaca

112 :.0":""" :ﬁmsc‘;nuou B:SHOHOM| . WhTerpansHan Teopema f1annaca v ee npuMeHeHne
1 '1 3' 090 'PEABNEHHLIA UHTErpan : . JIMCKpeTHan ¥ HENPEPbLIBHAS CNYYaMHLIE BENMYMHDI.
1 '1 4' rnpenenemhm werterpan Cnocob 3aaaHns AUCKPETHON CNYYaNHON BENUYUHD
.14. TEOMETPUHECKME NPUNOXKEHNA ONPEAENEHHONO MHTErpana YHCrOBLIG XaPaKTERMCTUK QHCKPETHON CIyHBAHOM BENMHLA
Inasa 2. Pagw! . . HenpepobisHan cryyanHan BenuuuHa
2.1. Yvcnossie paas! , PABHOMEDHOE, NOKA3ETENbHOE U HOPMANLHOE PacnpeaeneHns

2.2. 3HaKONepeMeHHbIE YUCNOBbLIE PAfb! d JRPPSOLIEHON CIYHEMHON BRNk:isHbi

1

renes 8. MomeHTbI Criy4aiHoR BENv4MHb. 3aKoH BONbLUMX Yucen
£3.0 0 DAL Co " npennnmu\é Teopembl. HepaseHcTso Yebbiwesa

2.4. Paanoxenve yHKUMit B CTENeHHbIe Ps| i i :

tynku ep m" Bapaum mMatemaTuieckon cratucTukm. leHepansHan

naea 3. AudpeperumnansHoe ncuucnexne hyHKumi W BLIGOPOYHAA CTATUCTUYECKWUE COBOKYNHOCTY ..
HECKONbKMX NEPeMEeHHbIX BuiboposHbin MeTop, BbluncneHue YUCNoBbIX Xap: P

3.1, YaCTHbie NPON3BORHLIE. TTPOMIBORHAS N0 HANPABNEHIO. JlosepuTensHas BEPOATHOCTb, AOBEPUTENBHBIE UHTEPBAND! .

I ' CratvcTuyeckan Nposepka runoTes 0 BEPORTHOCTAX, CPeAHNX,
3.2. HeobxonuMbie 1 I0CTATONHBIE YCOBUA KCTPEMYMa (yHKLIMM fmcnepcunx. Kputepua cornacua Mupcona

HECKONMbKUX NEpPeMeHHbIX Bapaun Teopum Koppensuun

3.3. YCnoBHbIin 3KCTPEMYM (DYHKLIMK HECKONBKUX NEPEMEHHBIX ..

nasa 4. O6bikHOBEHHbIE AMddEpeHLManbHLIE ypaBHEHNs N "
4.1. Onpepenenve audhepeHumanbHoro ypasHeHus. 3apaqa Koum........ eHme 1. Dynkums Nannaca ®(x) .
4.2. 06bikHOBEHHBIE ANHEPEHLIMENBHBIE YPEBHEHUA NEPBOTO eHue 2. KpUTu4eckue ToUKu pacnpeaeneHus '
NOPSAKE C PasAEnsIOLIMMUCS NEPEMEHHBIMU i ] eHme 3. YCnosHbie 0603HaueHNA

4.3. OpHopoaHble 06bIKHOBEHHbIE nnq:(bepenuwanwme YPEBHEHWA
NepBoro nopsaka
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Saaa-m ANsi CAMOCTOATENLHOIO peleHns

160
2p+5°
TAe ¢ — KOAMYECTBO TOBapa (ThiC. IMIT.); p — eAMHMIA ToBapa (py6.).
Haiigure:

a) obnacTh onpezeseHNs U MHOKECTBO 3HAYCHHH oTO PyHKINM;

6) o6bem cripoca IpH LEHAX HA TOBap P, = 7,5; p,= 10;

B) bynKuMIO Nensl B Buge p = f(q);

T) eHy 3a eIMHUILY TOBApA, ecin ¢, = 14; ¢,= 18, u BHIpyUKy npo-
JIABIIOB B KAYKJ0M M3 9THX CJIy4Yaes.

Tocrpoiite rpaduk Gpyuknuu cnpoca.

2. OyHKUMA TPe/JI0IKEeHNSA HEKOTOPOTO TOBAPA HA PHIHKE MMeeT
BUA ¢ =-1+\p-4, re ¢ — KOJIMYECTBO NPEAIATaeMOro TOBapa (Thic.
1IT.); p — 1eHa 38 eAuHUIY ToBapa (py6.). Haiigure:

a) obnacTh OupeeseHNs U MHOYKECTBO 3HAYCHUH 5TOi DyHKIMH;

6) o6beM npeasokeHus NPH LeHe 3a eAUHUILY TOBapa p; = 29;
Pp2=40;

B) GYHKIMIO ensl B Buje p = [ '(q);

T) IeHy 3a eAMHUILY TOBAPA, ecau ¢; = 8; ¢,= 11, n BEIpyuKy npo-
ZIaBIOB B KAKCIOM U3 9THX CJIYYaeB.

Tocrpoiite rpaduk GYHKIHA OPEAIOKEHUA.

1. ®yHKIMA CIPOCA HA HEKOTOPKIIl TOBAP HMEeT BUA: ¢ = -2+

15-p

3. OYHKIHUA CIPOCA HA JAHHBIA TOBAD MMeeT BUA: ¢ = 3’
P+

a QYHKUMA NpPeIOKeHHs ¢ = %p —2, rae ¢ — obbem cripoca (npes-
JNOMEeRUA) (ThIC. WIT.); p — IeHa 3a eAUHUIY ToBapa (py0.).

Haiaure:

B) B KAKOM IMAaNa30He MOT'YT U3MEHATHCH IeHbl Ha paccMmarpuBa-
eMblit ToBap;

6) peIHOUHOE paBHOBECHE;

B) BRIPYUKY IPO/IABIA 1Y IIPOJIajke TOBAPA 110 PABHOBECHOM 1eHe;

T) BeJIMYNHY U3JTUIIKOB TOBapa npu p = 9 py6. u Benuuny aedu-
uuTa npu p = 5 pyb.; ‘

/) HOBYI0 QYHKIMIO NPEIOKEHIS X HOBOE PRIHOYHOE PABHOBECHe
nocJie BBeJIeHUA rocylapcTBOM HAJIOra Ha KaMayio €JIMHUILY ToBapa
B pasmepe 1 py6. CpaBHuTE CyMMBI, OJyYeHHbIE IIPOAABLOM A0 H
nocJie BBeleHUA HaJiora;

€) HOBYI0 (PYHKILMIO NPE/IJIOJKeHNs: H HOBOE PHIHOYHOE PABHOBECHE,
€CJIM 3a KAXLYIO IPOAAHHYIO eJHHHILY TOBAPA [IPOUBBOAMTENH 10Ty~
ualor ua 6lo/pKera JoTanuio B pasmepe 1 py6. CpaBauTe cyMMBl, 110-
Jiy4aeMbie NPOJABUAMHM 0 ¥ NOCJIe BBEJEHUA JOTALUN;
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K) KOJIMYeCTBO TOBapa (M3JIMIIKHA NPOAYKTA), 3aKyNaeMoro ro-
CY/APCTBOM, M CYMMY, B KOTOPYIO €My 9TO 0GXOJAMTCS, €CJIH OHO /st
N0J/lepKaHNs TPON3BOAUTE A PEIIHIIO YCTAHOBUTH TBEPAYIO IleHY
B 7 py6. 3a Kakaylo eAuHMIy ToBapa. CrenaiiTe cXeMaTHUYeCKHit
uepTemx.

YUCOBbIE NOCNEAOBATENLHOCTN

1.3.1. MoHsTHe YNCNOBON NOCNEA0BATENLHOCTY

@ ToBopsaT, uTO 3ajaHa GECKOHEUHAR HUCAO6aA NOCAeD06a-
MenbHOCMb, eClM BCSIKOMY HATYPAJBLHOMY YHCIY (HOMepy mecra)
110 KaKOMy—HUOY/(b 3AKOHY OJIHO3HAYHO NIOCTABJIEHO B COOTBETCTBHE
onpefeseHHOe YHCIIO (YIeH IOCHe0BATeIbHOCTH).

0603HAYMM YJIEHBI TI0CJIEJ0BATENBHOCTH Xy, X3, Xy

Toraa x ,, = f(n) (KaxaAbIA YJeH NOCTEA0BATEILHOCTH €CTh HEKO-
Topasi GyHKIMSA CBOEro HOMepa).

TocneaosaTenbHOCTD CTH YACTHBIN cayuail pynknun. Ee obaac-
THIO ONIPEJIe/ICEHUS ABIACTCH MHOMKECTBO HATYPANILHBIX YHCeN.

Yucna xy, Xz, cny Xy, .. HASBIBAIOTCA YACHAMU YUCLO60U nOCIE-
doeamenvrocmu: X, — NepPBLIA YieH, X, — BTOPO WieH, X, — n-i
YNeH, WAM 00Ul Y AeH, TOCAe0BATEeIbHOCTH.

OCHOBHBIM €1IOCOGOM 3aIAHUS YNCIIOBOI TOCIEJOBATEILHOCTH AB-
JIieTcs AHAMUTHYECKHH, TPH KOTOPOM NOCJIE/0BATEbHOCTh BBIPA-
skaeTcs (popmyioit obmero uneHa.

Mpumepsi. 1. x,=2n - 1in=1:x,=1; n =2 x,=3; ...

@ TocnenosarensrocTs {x,} (n € N) HasbiBaeTcs 603pacmaroue,
ecJin 1 1106010 HATYPAJbHOTO /1 BBINOJHAETCH HePABEHCTBO X\, 4 >
> x,, n ybwearowed, ecan A5 1060r0 HATYPAJBLHOTO N BBITOJIHA-
eTCA HePaBeHCTBO X, < X,.

Bo:spac'rnmume n yGuBammue TMOCHeAOBATEILHOCTH HA3BIBAIOTCH
MOHOMOHHBIMU,
3n+2
4n+3

Mpumepui. 1. Vice1ea0BaTs NOCIEAOBATENLHOCTS X, Ha Mowo-

TOHHOCTD.
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Pewenue. Nmeen x,,, = j"‘;. Ilpusesem apotu k obuemy auamenare-
n

io:

 _(Bni2(An+T) 12074200414

B e :(3n+5)(4n+3):12n2+29n+15
Ant3)An+T) (4n+3)4n+7)" """ (4n+Tyan+3) (4n+7)4n+3)"

M3 cpasrenns arux Apobeii caeayer, uro Xn41> Xy, CAEAOBATENBHO, AAH-

3n+2
HAs HOCIeROBATENLHOCTS X, ABARETCA BOIPACTAIOME.
+3
6-n
2. Hoxasars, 4to noczeaosaresHOCTS ¥, - a1 ABAACTCH yOMBAIOME,
P

6-(n+l)  5-n

P . ot = === ’
ewenue. Umeem y,., B+ D) -1 5nsq" CPABHMM oTH xpobu. Jlnn

ATOr0 NpHBeJeM MX K 06IeMy 3HAMEeHATeI0;

_(6-n)5n+4) _26n+24-5n° _(B-n)5n-1) _ 26n-5-5n?
(5n-1)5n+4) (5n-1)5n+4)" /1 (Bn+4)5n-1)  (5n+4)5n-1)"

260+ 24 - 50 26n -5 5p
Bouncnnm pasnocrs y, - y,,, = 2on + 24 — 5o —_—2 o
i M e T R e )

= 26n:+24-5n" - 26n +5+ 5n* 290, rax kax n € N, Hrax
-2 e 26nibebnt 29 . Mrax,
(5n—1)bn + 4) (5n~1)(5n + 4)

Yn=Yni1>0,0mkyR8 Y, <y,, CJIE/OBATENLHO, IAHHAS 10CIeOBATETLHOCTE
ABAseTCA yohIBaoWei.

@ Tocnenoparensnocrs {x,} nasuiBaerca 0ZParuUMeRnod, ecu cy-

IECTBYIOT ABA uncaa m u M takue, uro Ana Beex n € N Buinosus-
ETCH HepaBeHCTBO m < x, < M.

Hpumepw. 1. x, =2 0Ly o ar-q.
n n

2 x 2n+1‘ 2<2n¢l

1.3.2. Mpegen yncnosoin nocneposartensHocTH

Pacemorpum TOCJIeA0BATEILHOCTS {X,,) U BBestem AJIs1 Hee OHATHe
npejena.

Tyers nomep n HEOrPAHUYEHHO yBeJIHYNBALTCH, T, 0. emy npuga-
10TCH CKOMb yroAHo Gosbime 3Hauenus. Dro B3anyChIBAETCH B BUJe
7t —>+co M YUTACTCH: «n CTPEMUTCS K BeckoneunocTH» . ITpn arom mo-
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ET OKa3aThes, UTO COOTBETCTBYIOUIHE 3HAYCHUA nocJae0BaTebHO-
eri {x,} HEOTPAHMYEHHO NPHOAMKAIOTCS K HEKOTOPOMY YHCIY a.
Toraa a1o uncno a HaspiBaeTca npedenom nocredosamenvrocmu
{x,} u sanuCchIBaeTCA KAK X, — @ IPH 1 —> +o0, WK B BHUJIe CAMBOJIH-

weckoro paBencrsa limx, =a.
Rt

Hpeau.\e YeM JaTh TOUHOEe onpejeseHne npejesia nocjaeAoBaTeNb-
HOCTH, HADOMHUM NOHATHE aBCOMIOTHOrO 3HAYCHN A (monyns) uncaa.

1.3.3. A6conioTHoe 3HauYeHne Yucna

Onpezeserne a6CONIOTHOrO 3HAYECHHSA THCJA MOIKHO BHIPAIHTE
(opmyioit

Hanpumep, |-5| = 5; [3| = 3; |-x| = |x|.

Hepasencrsa Buna | x - x,| < a (< a), rae a > 0. Teomerpuuecku
OHM O3HAYAIOT, UTO JHAYCHMS EPEMEHHON BeTUYHHBI X ONALAIOT B
OTKPBHITYIO HJIH 3AMKHYTYI0 OKPECTHOCTh TOUKH X, PAANYCOM @, T. e.
PACCTOAHMS OT TOUEK X JI0 TOUKH X He IPEBOCXOAAT a: | X — xo| <a =
= Xg-a<x<x,+a (puc. 1.19).

IMpumep. |x +1/<83=-1-3<x<-1+3=-4<x<2(puc. 1.20).

Hepasencrsa Bupa | x - x| > a (> a), rae a > 0. Teomerpuueckn
OHHM 03HAYAIOT, YTO 3HAYEHU A nepeuel-moﬁ BEJIMYMHBI X ONAAAI0T 38
npejiesibl OTKPBITOM MM 3AMKHYTON OKPECTHOCTH TOUKH Xo paauy-
COM @, T.e. PACCTOAHUSA OT TOYEK X A0 TOYKH X Gosbie nan PpaBHBbI
a (puc. 1.21).

npunep.lx—l|22=xsl-2ux21+2:xs-lnx23(puc.1.22).

%-a xota 4 :
L . h + =
N NN x i
%o
Puc. 1.19 Pue. 1.20
S e = - .
A\\§ % T % B g b T x
Puc. 1.21 Puc. 1.22
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a-¢ a a+e

A . ; R et
+—+ - i —( )
n on x % . ONTONRNGN =
Puc. 1.23

Buinosssaiores cieayonme COOTHOMeHUs
berolspedslul fe-ylsiel+lob e-ulzlel-lol.

@ Yucno a naswiBaetcs npedenom nocaedosamenvnocmulx,),
€CJIM L1 JTI06OT0 CKOJIb YTOAHO MAJIOTO OO HTENLHOTO umuca € > 0
Halisercs HatTypaabHoe uncao N(€) Takoe, 4ro upu Beex n > N Bul-
nosHseTes HepaseHeTso [x, — al <€, T.e. ;s M06Oro BEIGPAHHOrO 110
HAUIeMY KeJaHNI0 CKOJb YTOAHO MAIOro MOJIONKHTENLHOrO YHeTa
&> 0 naiizieres rakoii Homep n = N (1 COOTBETCTBYIOIMIT €My UJIeH
TIOCJIEJOBATEILHOCTH Xy), UTO BCE IIOCIEAYIONIHe YIeHb] HOCe40Ba-
TEJILHOCTH ¢ HOMepamu 1 > N (Xy,;, Xy, 2, -..) HONAAYT B £-0KpecT-
HOCTh TOUKH @ (MX PACCTOAHMA OT TOUKH a OyayT < €), puc. 1.23.

W3 onpejesienns ciefyer, 4TO BHe £-OKPECTHOCTH TOUKH @ OKa-
IKETCH KOHEUHOe YUCAO YIeHOB II0CHe/I0BATENBHOCTH (MOKeT GhiTh
TOJIBKO YJIEHBI Xy, X3, X3, wny Xy)o

@ Ecaiu nocsieioBaTebHOCTD {X,,} MMeeT KOHeUHbI Ipeje, To OHa
HA3BIBACTCH cx0dAueiicn, €y pejesa He umeer (Jub0 OH paBen
+20), TO OHA HA3BIBACTCH pacxodauyelcn.

Hpumep. Tloxasats, uro limx, = %, rae x, =

n
2n+1°

Pewenue. 1) TIpu yBeaudeHU n PasHocTh

orpanuvenno ymenbmaercs. Tak, nanpumep: n = 3:

Ql’l

21 2| 12’ 100'

201

2) Jlna Toro uTobe nokasatk, 4ro li

1
Xp = 7 HYHO JOKA3aTh, 4TO
HAYHMHAS C HEKOTOPOTO HOMepa 72 = N WJeHbl NOCeI0BATENBHOCTH Xy, 1,

1
Xy, 2y - TONAAYT B £-0KPECTHOCTH TOYKH X = 3 (umeno € BeIGupaeTcs npo-
M3BONBHO).

PaceMoTpuM paasocTs

_[2n-2n- 1| -1 [ 1
22n+1) | [22n+D)| 22n+1)

|38

——

Iorpebyem, uTobn

<€:242n+l)c>l:2n+l>i:>2n>

X, *l <Eﬁ;
"2 22n+1)

B peaysibTaTe NOJYYHIN 3aBUCHMOCTD MEK/Y HOMEPOM, HAUHHAR C KO-

< £, ¥ unCAOM E (KoTOpOe

10poro GyAeT BHIIONHATHCA HEPABEHCTRO (X,

2|
A0/18EM IPOH3BONBHO).
1-2
Hanpumep, BosbMeM € “% n >_L0. 2, T.e. HauMHAA ¢ 3-TO HOMEpa
10

1
WJeHBI OCAEI0BATENLHOCTH X3, Xy, ... OYAYT OTKIOHATHCH OT 2 MeHee Y4eM

2

na L Boabmewm, HATpUMED, €= iﬁ: n >-—41m:23.5, T.e. HAYMHAS

100

© 25-r0 HOMepa WIeHBI MOCAENOBATENBHOCTH X5, X6, «. OYAYT OTKIOHATE-

MeHee YeM Ha l-(lld TIponasoabHO 3agaBas €, 6yeM noayuaTsb aHa-

WEeHUS HOMEPOB NOCAEJOBATENLHOCTH, HAYMHASA € KOTOPHIX BHIIONHSACTCH

or c
eaor o

HEePABEHCTBO

X, ,% <g. Tem caMbIM MBI IOKA3aJH, 4TO BITOJHEHO ONpe-

JAenenne npejena, T.e. }imx,, =

1.3.4. Kputepuit Kowwu

JLi1st TOrO 9TOOKI MOCTEA0BATEILHOCTD (IepeMeHHas BeNINHA) X1,
Xy, ey Xpy oo IMEJIA TIPEJEJ, HEODXOAMMO ¥ IOCTATOYHO, arobb A
BCAKOTO CKOJIb YTOAHO MAJIOTO NI0JI0KHUTEIBHOTO Unca € > 0 MOKHO
6BLI0 yKasaTh HaTYpaIbHOoe uncio N(g) rakoe, 4To npu m > Nun>N
BBINIOJNHSAETCS HEPABEHCTBO |x, — X,/ < €.

1.3.5. CBOACTBA CXOARALUMXCH NOCNEAOBATeNbHOCTEN

Croiicrso 1. Ecau nocsiefoBaTelbHOCTh CXOAUTCSH (T. €. eciiun OHa
MMeeT pejieN), TO OHA OrpAHMYEHA (T.e. OrPAHMYEHHOCTH HOCIeN0
BaTEJIbHOCTH ABJAETCH Heoﬁxo)muhlu ycaosuem ee CXO}IHMOCT").
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Horasamenvcmeo. lyers limx, =a, Torna Ye>0 I N:n> N
R

W —al<e.

Boabmem, nanpumep, € = 1, Toraa HauMHas ¢ HEKOTOPOTO HOMepa
nlx,-al<1=|x,|-lal<|x,-al<1=|x,)|-la| <1=|x,|<|a|+ 1.
Pacemorpum max {|xy, [xy], ..., |x, 4|, la| +1} = k. Toraa Bee wnens:
A@HHOH MOCJIeA0BATENBHOCTH 110 ABCOMOTHOMY 3HAYEHHIO GYAYT
MenbIe aroro uncaa k (|x,| < k), T.e. nocaegoBarenpnocTs apaser-
csi orpanndenHoii. Takoe sHauenue k MOKHO HalTH ANA NI06Or0
CKOJIb YPO/IHO Masioro € > 0. L]

3amewanue 1. He Besikas orpaHuyueHHas m0C/1e10BATENLHOCTD
umeer npeaen. Hanpumep, nocnegosarensnocts x, = (~1)" orpann-
YeHa, HO npejeJia He uMeeT.

3amevwanue 2. Ecam 110c1e10BaTeIbHOCTS He OPPAHHYEHA, TO OHA
npezesa ne umeer. Hanpuwmep, x, = n?

CroficTso 2. HeorpannuenHocTh NOCI€A0BATENLHOCTH ABJSAETCS
AOCTATOYHBIM IIPU3HAKOM €€ PACXOJAHMOCTH.

CgoiicTeo 3 (meopema Beiiepwumpacca). Ecin niocsenosarens-
HOCTH MOHOTOHHA M OTPAHMYEHA, TO OHA MMEeT NpeJeN, T.e. ARJA-
ercs CXoAsueiicsa nocueoBaTebHOCTHI0. (Bripaskaer gocraTounoe
YCIAOBHE CXOAUMOCTH HDCJIEEOBHTEJIBHOCTM.)

CroiictBo 4. [Toc/1e10BATEILHOCTS MOYKET HMETh JIHIITh O/IMH npenes.

Horasamenvemeo. lpegnonosxum nporusroe. Ilycrs nocienoba-
TeabHOCTE {X,} MMeeT ABa npesena a u b, upuuem a # b.

Torxa Ve >0 3IN,:n>N, |x, —a|<§“3N2; n>N, |x, "’|<§-

Boabmem N > max (N,; N,). Toraa ana n > N oba HepaBeHCTBA
GyayT BhInosHATHES. Byaem umers:

la—bl=|(a~2x,)+(x, - b)| <la - x| +|x, - b| < §+§

T.e.nipun>N |a-b|<e.
Ho pasmocTh ABYX NOCTOSIHHBIX YHCEJ He MOYKeT GbITh MeHbIe
1106010 Hanepe/ 3aIaHHOTO MOJOKATENBHOTO Yncia. ClaefoBaTenb-

HO, NPeAnosioxkenne a # b HepepHo. -
CroitcTo 5. Ecaiy 00C/Ie0BATENBHOCTD Xy, Xy, woey Xy <o CXOANT-
cd, To jgobas ee NOATIOCIeIOBATEIBHOCT b X,n 5 X,,} 9 ey X,,‘ 5. TAKIKE

CXOAMTCHA U IPUTOM K TOMY K€ YHCIY, 4TO U niepBoHavYaJbHas 1noc-
J1el0BaTeNbHOCTh. OGpaTHOE YTBEPIK/ACHNE HEBEPHO.

Csoiictso 6. Ecau limx, =a, limy, =b u a < b, 1o, naunnas c
e nose

HEKOTOPOro HoMepa 7, Gy/leT BLINOJIHEHO HEPABEHCTBO: X, < Y/,,.
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CaoitcTso 7. Eciiu 3nauenns nepeMeHHOM BeJIMUUHbI Z,, HAYMHAS
€ HEKOTOPOI'O HOMEpA 71, 3aKJIIOYEeHbI MeXAY COOTBETCTBEHHbLIMM 3HA~
MeHMAMM ABYX APYTUX NEPEMEHHBIX X, ¥ Y, T.€. C YKa3aHHOTO HO-
Mepa BBITIOJIHAETCH COOTHOLIEHNE X, < Z, < Y,y X,y Y, AMEIOT 001mii
npejes a, To NepeMEeHHAsN Z, MMEeeT TOT JKe npeieJi.

1.3.6. BeckoHe4Ho Manble Benu4uHbl

@ TlepemMeHHAsA BeJIHYHMHA X,, MMEIOLIAs CBOMM IPEJEIOM HYJIb,

7.e. limx, =0, HasnBaeTCH GECKONEUHO MANOU 6€AUNUROW, NI
o

npocto Geckonewno manod (6/m) (Ve >0 IN: n>N = |x,|<g, r.e.

HAYMHAA C HEKOTOPOrO HOMEpa NepeMeHHas BeJMYNHA CTAHOBUTCH
10 abCoNOTHOMY 3HAYEHMIO MeHbIIIe JII000ro Hanepe/ 3a/JaHHOTO 110~
JIOIKUTENILHOTO YHUCIIa €).

m ITepeMmeHRYI0 6eAUNURY X, UMEIOWYIO NPEIEL A, MONCHO nped
cmasump 6 8ude cymMmbi c60€20 npedena u HeKOmopoi 6eCKOHeLHO
MAnOlU BEAUNUHBL Oy, M.€. X, = A + O,

Joxasameascmeo. Ve >0 3N: n > N = |x, —d|<e, crenosarens-
HO, X, — a ABasercsa GeckoHeuHo Manoii. Obosnaunm

X,—A=0,2X,=a+0Q, -

CrpaseaJnBa 1 06PATHAS TEOPEMA: €CU NEPEHEHHYI0 6eLULUNY

X, MOXCHO NPedcmasumo 6 6U0e CYMMbL 08YX CAAZACMBLY X, = A + O,

20¢ a ecmb HeKOMOPOe Yucro, a o, — 0/M, mo a ecmy npeden nepe
MEHHOU BeAUNUHBL X .

1
1, Tak KaKk — — GECKOHEWHO Majas.
n

- 1
Mpumep. Iim"—l:lim( A
U ===lim| 1

1.3.7. BeckoHeyHo Gonblune BENU4UHbI

TlepeMeHHAs BeIMYMHA X, HASbIBaeTCA BECKONEUNO BorbwLOl,
ecsin i m06oro Hanepes 3alaHHoOro Yncia M MOXKHO yKasaTh Ha-
TypanbHoe 4ucyo N Takoe, 4To npy Beex n > N 6y/eT BbIOJHATLCH
HepasencTso |x,[> M.

@ [lepeMeHHAS BEJINUMHA X,, HMEIOMIAA CBOMM IIPE/IesIoM GecKo-
HeuHOCTh (limx, = +), HasbIBaeTcs Geckoneno Gorbuoil.
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1.3.8. OcHoBHblE TEOPEMbI
0 npepenax nocnefoBaTenbHoCcTen

Aunzebpauueckan cymma 1106020 (HO 02pAHULEHHO20) wucaa Gec-

KOHeUHO ManbIX 6eaunun (o, —B, +Y, —..+[1,) ecmb makwe eru
- =
m

YUHa 6ECKOHEYHO MANAA.
Jlokasameavcmeo.

a,-6/m= Ve>0 3N,;: n>N.|

[m3|m

B, —6/M = Ve >0 IN,: n> NylBu|=
H,-6/Mm= Ve>03N,:n >N,,,|lln|:
Boabmem N = max (N,, N,

B

» N,,), Torna upu n > N :

i, sy lu"|<i: [0t |+ [Ba + oo pta| < £ [

@ ITpouseedenue 02parHuyeHHOI nepemMerHHoll 6euvunbL X, Ha Gec-
KOHEYHO MARYIO BEAUNUHY (L, €CMb 6eAUNUNHG 6eCKOHEYHO MANAA.

Jloxasameascmeo. Ilyers x,, — OrpaHMueHHAs BeJMYNHA, CJE/0-
Batesno Vn = x| < k.

a,-6/Mm= Ve>03N,;:n>N, |o

£
k

Ho |x,0,

,x,,“u,,l = npun>N lx,,u,, < k~€— => BeJIMYMHA X0, —
K

GeckoHeuHO Masas. L]

Cnepnyer 3aMeTuTB, 4TO HacTHOe ABYX 6/M He obasaresbHO Gy et 6/m.

Ilpeden nocmoAHHOU 6eAUNUHbL PABEH CAMOU NOCTMOAHHOUL,

m.e. ecau x, = a, mo limx, =a.

nses

HOKGJEM?}IMMBO. Ha onpejieleHUdA npejesaa ciaeayer, 4To ecau
limx, =a, To Ve>0 3N(¢) > 0: anascexn>N = |x, —a|<e.
v

O<e

PaccMoTpuM B Hamewm ciyuae passocts | x, —a|=|a-a
upu ao6om N. CiegoBaresbno, ecin x, = a, To limx, =a. -
o
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[T2] Ecau nepemennvie x,u y, umerom npedensi, coomeememeenmno
pasuvie a u b, mo ux cymma (pasnocms) marxice umeem npeden,

npuvem lim(x, ty,)=a+tb.
o
Hoxasamenvemeo.
limx, =a=x,=a+a,
o

=x,ty, =(atb)+(a, +B,).
limy, =b=y, =b+p, =S ( B,
R

Ho no nemme 1 (cu.@ ) BesimunHa o, + B, ects 6/M, caenosaresn-
HO, IIepeMeHHAs BeJIMUMHa (X, y,) eCTh CyMMa OCTOAHHOM BeJum-
we(@atb)u6/m (o, tB,) = lim(x, ty,)=atb=limx, tlimy,. @&

oo no e

JlanHYIo TEOpeMy MOKHO IIepeHecTH Ha cayuail mo6oro Gpukxcupo-

BAHHOI'O YHUCJIA CoaraemMbix.

@ Ecau nepemennvie X, u y, umeom npedeivi, COOMEEMCMECHHO
paenvie a u b, mo npouseedenue ux maxxce umeem npede, npuiem

lim(x,y,) =ab =limx,limy,.
e e " moyen

@ TlocToAHHBIN MHOMKHTENb MOJKHO BHIHOCHTE 38 3HAK Npejesa:

lim(Cx,) =1limClimx, = Climx,.
B B mom Py
[€2) lim(x,)* = (limx,)*
e s

lim(x,x,...x,) =limx, -
Pl Siiet L )
k

-limx, = (limx,)*
s s

*

(DCJIH nepeMeHHas X, HMeeT npejej u k— neJioe IoJIOKHTeJIbHOe
9MeN0).

Ecau nepemennbie 6e1UNUHbL X, U Y, umMelom npedenvt, coom-

semcmeenno paenvie a u b, npuuem b # 0, mo u wvacmnoe smux ne-

i X @
pemennbix marxe umeem npeden, npuvem lim—== >
" Yy

Ecan limx, = a, npuuem a # 0 u k — HeKoTOpOE 1eJI0e OTPHILA-
v
TensHoe uncio, To lim(x,)" =a*.
e

m] Ecau limx, =a, npuuem x, 2 0 u k — nexcomopoe namypans-
v

Hoe yucao, mo lim{'/z = {/_
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n Ecau limx, =a, npuyem a >0 n k — moboe panuoHanbHOe Ync-

10, To lim(x,)* =
sy
[T6] Ecau limx, =a, mo lim|x,|=|al.
oy e
Joxasameavemeo. Ecan limx, =a, o Ve>0 IN: n > N =
s
|x, —a| <& Ho rak kax |x,| - |a| < |x, - al, To upu Tex e amauennax
n u nozasro Bemonnntes | x,| - laf < € u, crenosarensno, lim|x, | =|al. m
e
OGparnoe yrBepsaenue Hesepno, T.e. ecau lim|x,|=|a|, To

limx, =a — HeBepHO.

Ry

Hpumep. x,=(-1)""" = |x,/=1u lim|x,| =1, no limx, ne cymecrayer.

1.3.8. Mpumepsb! BoIMUCIEHUR NPeenos
4UCNOBbIX NOCNEAOBATENbHOCTEN

Heo6X0AnMO BEIYHCINTE CENYIOmAe Ipe/iebl:

3n-1 n*-1 3n
Dl 3 2)lim——; 3)lil ;
)nlmn2+1 )nljvr-:nli»l )nml~2n
) 2 _ 4\®
4lim 2n’ +1: 5)lim5" 3n+2: 6)lim 2+3n :
ns= 2n-1 n=2n®+4n+1 no= n—6nt

7 lim(s]n’ +3n - n); 8)lim(VnZ +n+1-n? —n);
9) lim (Jn? +1-n? —4n); 10)lim(n—Yn®—n?J;

1)1im 2220 1) i 2210
nm 141071 a2 4 1077 :

Pewenue. 1) Ilpu n — +eo 4HCAUTENb U 3HAMEHATENb APOOH HEO-
TPAHUYEHHO BOIPACTAIOT, CJIEIOBATEILHO, HEJIb3A IPUMEHHTD Teope-
My 0 IpeieJie YACTHOTO IBYX I10CJIe/I0BATeNbHOCTE .

Pagjie1uB 4MCINTE]h M 3HAMEHATE b HA CTAPUIYIO CTEIIeHb 1, T. €.

3 1
2 . 8n-1_.. p p2
Ha n®# 0 npu n — +eo, monyunm: lim =lim . YunrniBas,
n—=n? 4+ e 3
2

a4

2
M MCIOJB3YA CBOifCTBA GECKOHEYHO MaJbIX IOCJHeJ0BaTebHOCTeil,
OKOHYATEJIBHO Oy/ieM UMeTh:

3 1
4TO MOCJAEAOBATENBHOCTH — W — ABJIAIOTCHA GECKOHEUHO MaJbIMH,
n n

2) Pasjie/iuB uncauTeNIb ¥ 3HAMEHATEIb APOOH HA CTAPLIYIO CTe-
nensb n, T.e. Ha n®# 0 npu n — +oo, NOAYUUM

1
TIpu n — +e0 HOCJAE0BATEIBHOCTE (l——3 ABAACTCH CXOAALLLH-
n

1.1
CsA ¥ MMeeT npejiesi, PaBHBI 1, a mocsie0BaTeIbHOCTL (— +—5 | aB-
non

JasieTca GeCKOHeYHO MAJIOi 1 MMeeT Tpejies1, pasBHbli 0, ciegoBaTesb-

.
sy 3 _
%0, lime—I = tou, Hrax, Hm 1 = +eo,
R 1 n—sen? +1
1,1
n n*

3) PaasienB unucauTe b M 3HAMEHATEJIb IpOOM HA 1, OJYyUUM

lim3
lim =lim—=—22=__=-—
‘ wiol=tn el g lim[l—2)
n nose\ 0

4) B uncaurene Apo6yu BhIHECeM M3-TI0/l 3HAKA KOPHA n°, a B 3Ha-
MenareJsie 1pobu — n. Y4uThIBaA, 4TO \ln =n (rak kak ne N), no-

JIYUUM
1 1 . 1
N n,f2+— 2+—  limj2+—
lim 2n +1=lim =lim e i n :Q.
ns= 2n-1 n—ee 2

n
n 2—1] == gl lim(2—l]
. n n nsee) n
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3

5n® -3n+2 _ n
ot TR A
n

5
= =—==25.
lim[2+i+-12-) &
noveo n n

3amevwanue. Ecnu n — +eo, TO NPU BBIYHCICHUH HECJIOKHBIX
Tpe/iesioB OT Apo6H, B YHCINTENIe W 3HAMeHATeJe KOTOPO CTOAT 110
O/{HOMY MHOTOUJIEHY, MOYKHO [OJIb30BATLCS CJAEAYIOMUM IPABHIOM:

a) eCJIM CTAPIIAS CTENeHb YHCIUTEs MeHbIIe cTapiieil cTenenyn
JHAMEHATeJs, TO pe/ie)l paBeH HYJIO;

6) ecau crapimias crenenn yHcanTeNs Gonbuie crapmeii crenenn
3HaMeHarelf, TO upejell paBeH ﬁeCKOHEHHMTH;

B) €CJIM CTAPIIASA CTENEHb UMCINTENs PABHA CTAPIIEH CTeNeHN 3Ha-
MEeHATeIsl, TO pe/ieJl PABEH OTHOUICHHIO Ko UIMEHTOB IPH CTap-
MINX CTeNneHAx.

Tlpesennt 1...5 yA0BAETBOPAIOT JAHHOMY PABHILY.

o
6) lim Ll lim
n= n—6n*

2 (5342
v e )
1

w

(‘/n +3n— n)(Jn +3n+n) n?+3n—- "z
=lim

- Jn +3n+n

) !,“,“_‘,(‘/"2 +3n —n):lim

i Jn*+3n+n

<l . SN TN, — X

mJ =lim
It Bn €1 n[‘/l+§+1] [J1+§+1J
n n

[3neck neppoHAYANBHO YHCANTENb M JHAMEHATENb APOGH YMHOMH-

JIM Ha HEHYJIEBOE CONPAKEHHOe Bhlpajkenue (\an +3n +n) o |

8) yln(m—.jﬁ——n):
" lim(J" *"*1*\/;—_'1)(\1132'”141 +\n? ,,.)

L ‘ln +n+1+Jn -n

n?+n+1-(n® -n) _
""‘Jn +n+1+Jn -n

|

1
2n+1
=lim

=lim
n=Jn? tn+1+nt-n " [ 3 ¢7+ 177]

1 1
+;] LT(% ] 240

(2
Sl 1 - {__ i T1e1
1+l+l+ 1—1 lim| [1+=+-—= + l—l *
n n* n) o= n n? n

9) BaGeras Buepes, PACCMOTPUM CAYUAN 11— —oo:

tim (Va2 31 ~Va? —n)=lim (\/n”+1—\/n2-4n)(\[n’~+1+\/n2f4n)=

Vn+1+n? —4n

n®+1-(n%- 4n) 4n+1 B

s =
"'“\/n +1+Vn? —4n

"“‘\/n +1+Vn? -

YuurhiBas, 4T0 Vn® =-n UPH 1 — —o0, OKOHYATEIbHO NOJYUMM:

. - I -
R
11@_[+1) _av0_

1+1
hm( +~—+ 1——]
Wrax, l:xm(\lnz+l—\/nz—4n)=-—2.

a7




image26.jpeg
n’+ n{‘/rﬁ+ ?/(n3 -—n’)z

[uucaurens U 3HAMEHATENb APOOH YMHOMKHIIIM HA HENIOJNHBIR KBAAPAT
cymmer a’+ ab + b? ps Toro, uTo6eI ucoNb30BATE hopMyy @’ — b® =
=(a-b)(a*+ab+b?)]

Syl WP~

¢ Jpon TR, | 2
¢ n®—(n’ —n’ n
=lim ( )

“—n“+n€/n3—n’+€j(n3—n’)2 nz*m]"‘n’ n? + ‘/ "2)

2
=lim n i )

[IP‘/(IAJ}'"ZPJ[,

11) PasziennB uncaurenb 1 3HaMenaTes b 1pobu Ha 10", nonyuum

1 1 lim[i~ )
lim 15107 =1im-10" L ¢ L =01 =~l=v01
nae1410" e 1 1 0+10 10 T
i +10 llm(iﬁ + 10]

12) Iyers n =k, rae k € N. Torpa k= —n. lpu n — —ce, k — oo,
[Monyunum

1 . 1
1 lim|3-—
3-100 . 3-10* 3 g .L‘E[ 10»)
lim =lim =lim = =
ns=2 410" k=24 10741 m..2+ 10 lim{ 2+ 10
10* k=" 10%

0
Mrae, tim 220 g5 ’

2 $1077

38“8‘1“ AN CaMOCTOATENLHOMO pelweHns

1. TokaxuTe, HCHONB3YA ONpeJieieHne Npeena, YTo:

. 4n+2 2n+5 2 3
11 =4; 2) lim == 3) li =0.
)nl»*"l n+2 )’-%3" 3 )!.lﬂ,“,z 0
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2. Boiuuc/anTe npeesibi YMCI0BBIX NOC/eN0BaTe IbHOCTe:

2
B 2n*+3 : 5) limzn +n+l
e y2n-1 now p+2

3 4on2_
6) .,mM"_*Z 7) lim 3n+2

32+ 20+ — 60 e 2n? 43

8) lim 4n*+3n-2 9) lim 3n+1 |
nv= 2n2 —n+1° n ~~:}3,,2 1

21
10) hm( bn +2" ] 11) Lill_l(n—\/nz—n-*l);

12) lim(‘/n(nfﬁ) ~n);
14) lim(nvn — Jn(n+ Din+2)); 15) Liﬂ—u;

Coy g

13) LgrgJZ(JrT—JZ):

2 2
16) lim kot

4
e 52717" +n

NPEAEN DYHKLAN

1.4.1. NonsaTne npepena yHKUUM

Pacemorpes nonsitHe npejesia NIpuUMeHNTENBHO K YHCIIOBO# 110C-
JIeJI0BATeJILHOCTH, T. €. K (DYHKILMH HATYPaJbHOIO apryMeHTa, nepei-
JieM K BBIAICHEHHMIO 9TOTO NOHATUSA A1 (PYHKILMIA IIPOM3BOJIBHOTO Al -
CTBUTEILHOTO ApryMeHTa.

Ilo Ieiine. Ecin ans 11060t nocsie10BaTebHOCTH 3HAYEHAH X' ¢
X1y X3, ceey Xpy eory BXOASAIIMX B 06JIACTD ONIPE/iC/IeHUS QYHKIHH H CXO-
JSINAXCSA K @, HO OTJIMYHBIX OT @, COOTBETCTBYIONIAs 110CIe/I0BATE b
HoCTh 3HaYeHni GyHkuun f(x): f1(x), fo(x), ..., f,(X), .. cXOnHTCA B
TPUTOM BCEr/ia K OAHOMY M TOMY e YHCJIy A, TO TOBOPAT, 4TO (hyHK-
uus f(x) cTpeMuTes K A NpU X, CTPeMAIIEMCS K @, 8 YHcJI0 A Hasbl-
BAIOT npedenom pynryuu f(x) B TOUKe @ UK ee Ipe/le/IbHBIM 3HA~
YeHuem B oTol Touke. (Uncio A nasmiBaeTcs npenesioM QyHKIUH

f(x) npu x — a, ecin u3 yeaosus limx, =a (x,+# a) Bceraa caeayer

pasencTBo limf(x,) = A.)
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3amenanue. [IoCKONBKY NpeleIbHAS TOYKA @ MOMKET U He Ipu-
HaJIeKATH obaacTh onpegenenus Gyukuun f(x), yakuus f(x) npn
9TOM MOXKeT GBITh M He OlpejiesieHa B caMoii TouKe a.

Jansoe onpezesenne npejgesna GyHKIHA 4aCTO HABBIBAIOT ONpe-
JAesieHneM npejena pyakuun no leifne. OHO OCHOBaAHO HA MOHATHYN
npejena YHCI0BOH MOCe0BATENHHOCTH .

To Komm. Yucno A naseiBaercanpedenom gpynrxyuu f(x) npu
X, CTPeMSIeMes K @ (WM B TOUKe a), ecau s o0oro Hanepes 3a-
JIHHOTO CKOJIb YFOJHO MAJIOTO NOJIOMUTELHOTO YHCIIA € MOYKHO Hall-
TH TAKOE IIOJIOKUTENbHOe YHCIIO §, UTO /15 BeeX 3HAYEHHI X, BXOAA-
mux B 067aCTH ONpejeNenus GYHKIMK, OTAMUHEIX oT a (|x — a| > 0)
M Y/I0BIETBOPSIONINX YCIOBHIO | x — a| < §, MMeeT MecTo HepaBeHCTBO:
| f(x) - Al < €. (Uneno A naswiBaercs npejesiom dbyskmm f(x) npu x — a,
ecau BeImoHenMe HepasercTsa 0 < |x — a| < & Beuer 3a coboit BeImON-
Henue Hepasenctsa | f(x) — Al < g, rae € > 0 nanepey sagauo, a § > 0
COOTBETCTBYIOIMM 06pa3oM 1oA00paso no Hemy.)

3amewanue. Cresyer o6paTuTh BHUMAHKE HA TO, YTO B OIpese-
nennn npenena ynkunn no Peitne n no Komu ne rpebyercsa, uro-
661 yuknua f(x) 6bia onpejenena B rouke a. Ho B 06oux onpese-
JeHusx Tpebyercs, yTobbl Touka a Gblia NpeAesbHON A obaacTh
onpezenenns GyHkuun f(x). BHAYHT, /M HEKOTOPAsA TOYKA HE AB-
JAETCH TAKOBOH, TO HEJIb3st M CTABHUTE BOIPOC O Npejiesie (GyHKINH B
BTOM TOYKE (B CMBICJIE YKA3AHHBIX ONpPeJlesIeHui).

1.4.2. TeomeTpuyeckas WHTEpNpeTauns
NOHATUA npeaena

Tloctponm rpaduk Gyskumn y = f(x) 1 Hanecem Ha HeM TOuKy M
¢ koopauHarami (a; A). IIpoBesieM npsiMble ¢ ypaBHEHUAMN y = A — €
MY =A + & ITH IpAMbIE OIPAHMYAT HA IVIOCKOCTH HEKOTOPYIO 110710~
cy MMPHHOI 2€, BHYTPb KOTOPO# nonazer Touka M (a; A) (puc. 1.24).
Hannume y dyukunu f(x) npu x — a npejiena A reoMeTpPHYECKH HH-
TepupeTHpyeTcsa Tak: Kak Gbl y3Ka HH GBLIA 10J0CA MEKAY IPAMBI-
MHY=A-€ny=A +E¢ (a0 cooTBeTcTBYeT (hpasde «kak 61 HH GbIIO
MaJio € > 0»), BCera BOKPYT TOYKH @ MOYKHO CO3/IaTh TAKYIO OKPeCT-
HOCTh (a — 8; a + 8) (310 cooTBeTCTBYET (hpase «MOKHO HANTH COOTBET-
crayomee § > 0»), 4To BCe TOUKM KPUBOii Y = f (X) (3a HCKIIOYeHNEM,
OBITH MOeT, TOUKH ¢ abcLuccoit a, T.e. f(a), eciu Takas TOUKa eCTh
y rpaduka), abeumcebl KOTOPbIX NPHHAAJIEKAT OKpecTHOCTH (a — 8
a +8), monagyr B noJocy, OrPAHMYEHHYIO IPAMBIMU J = A —ER Y =
= A +¢. Pasymeercs, 4To KpOMe YKA3AHHBIX TOYEK, B IAHHON 1ojioce

50

Puc. 1.24

MOTYT OKA3aThCsl M APYIHe TOUKHM, B TOM uHcJe H Touka M'(a; f(a)),
ecau f(a) cymecrsyer. Ionager nu BHYTPb 9TOi 110J10CHI Touka M’

WM HET, 5T0 AJIA OupejeeHus npeaena GpyHKIHN 3HAYCHNA He
umeer.

Ipumep. Tpebyerca nokasars, uto lin?(dx +2)=6.

Hokasamervcmeo. Ve >0 38(e) > 0: | x — 1] < § = |4x + 2 - 6|
4lx -1 <e, mm|x- 1)< i

<& wim

Cpasrusas asa nepasencrsa: [x 1| <du | x - 1| < £, saxmouaen, uro s
H A

KavecTse § MOKHO BaATE 2

Hanpuwmep, npu e = 1: §=0,25; npie=0,1:5=0,025, r.e. Ve >0 3e) >0.m

1.4.3. OcHoeHsle cBOACTBA Npeaenos thyHkumu

CaojicTa pee1oB BRIpAKAIOT MpaBHIIa, 0 KOTOPBIM MOKHO Ha-

XOAMTH npeaensl pyukunit. OHu HasbIBaOTCSH npaeunamu npedens-
HO020 nepexoda.

Paccmorpum dyskmun y=Ffix)my=fyx), KOTOpbIe IpH X — X,
HMeloT npesensl, r.e. lim fi(x) = A,, lim f(x)=A,.
Xz e
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(0 npedene anzebpauueckoi cymmut). IIpeden arzeGpaue-
CKOlL cyMMbL 08YX PYHKYUIL, UMCIOULUX NPedeNbl NPU X — X, PAGEH
anzebpauyeckoii cymme npedesos 3mux GyHKyuiL, m.e.

1 ()£ () = lim £, £ lim ) = A4, £ 4,.

(0 npedene npouseedenusn). Illpedenr npouseedenun deyx
PyHKYUL, uMeIOWUX npedenb NPu X — Xg, PABEH NPOUIEGEIEHUIO npe-
deno6 smux pyHKyuiL, m.e.

}if:(ﬁ(x)&(x)) = Jil:ﬁ(x)firg f(x) = 4,4,

lim(Cf(x)) = Clim f(x), C — const.
X% Xz

(0 npedene wacmunozo). Ilpeden wacmnozo d6yx Yynryuil, ume-
0WuUx npedenvl npu X — Xo, PAGEH NPOUIBEOCHUIO NPEOCN0E IMUX

Tim £, (x)
AX) _xox, A,
pyHKyul, ecau llm fz(x)— A,#0, m.e. xl{_x:: ) —‘!LT ) _Az‘

ITpumeprt. Borancauts npeeas GyHKimi:

x4 62245
= 4x' —5x% +3x"

3. x-14
lim ————0;
B 71 Bx+12

3) hmj‘r_-‘/T‘-—:, 4) lim{x(/a? + 1),

x5 \x

1) lim

Pewenue. 1) Tlpn x — +eo YnCANTENb U JHAMEHATEb HEOIPAHHYEHHO

YBEIMUMBAIOTCH, CIIEA0BATENBHO, NOJIYYAEM HEONDE/IeNeHHOCTS BUAA {—} 5

Jlns BeIumMCIenus npejesa npeobpasyeM AaHHYIO Apo6b, pasfenus uuc-
JMTeNh M 3HAMEHATENh HA CTAPIIYIO CTeNeHb IepeMeHHol, T.e. Ha x* # 0
npE X — +oo.

Tlonbaysice CBOMCTBAMM NIPE/IEJIOB, NONYYUM

6 5 . 6 5
s 40805 te(re8e3)
e s h 5 8 5 _3)
o TTa- im| 4>+
ol l‘ﬂ( x’+x"]
i 6.5
lim(-1)+lim % e lm S o0 1
lim4 - E;fhmi A0l A
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—x4 +6x2
Hom, ..,,.L{Hﬁ: 1
+=4x!-5x2+3x 4

2)Tlpu x = -2 unMcaANTENh K JHAMEHATENE obpamaiores B 0, cneposatenn-

HO, TI0JIy4aeM HeONpeeeHHOCTE BHa {0} TpeoGpasyem nanmnyio apo6s,

PA3NONKHUB YHCAUTENb M JHAMEHATe b HA MHOMKHTENH 10 Ghopmyne paszno-
HEHUS KBAAPATHOTO TPeXwiena:

T
i 322214 3(’”2)["’5]

—-— 3x-7 _lim@x-7)
T Br 12 Ak (xr6)xT2)

=2 x+6 lim(x+6) -

_3-2-7_ 13
-246 4~

Hiras, Jim 2 X113
x-2x? +8x+12 kS

3) [pu x = 5 uncanrens u anamenatenn obpamatorcs B 0, creR0Ba-

TeJIbHO, MOJYYAeM HeolpeAeJeHHOCTs BUAA {g} IpeoGpasyem apo6n.

JLnst 3TOrO YMHOMHM YHCANTENL U 3HAMEHATENb ApoGu Ha npousBeneHue
(Jx +4 +3)(\/x -1+ 2) #0 npu x — 5 (ConpaMKenHbIe BHPAKeHHA):

limYXt4-3_ lim YEH-3)Va 4+ B)x—1+2)
o fx-1-2 "‘(\/x 1-2)x—1+2)Jx+4+8)

_“m(("‘*")’a?J(m*Z) m EIET42) |y
,‘.-.( J—) 21](‘/;—“3) xv-"(x Wxrd+3) *oyxide3

th -1+2) “1+2 4 2
nm(7x+4+a 35;“3 6 3
Hrax, lim¥<t4-3_2
ofx-1-2 3

1) llm[x{m x)]: X +1 -+ 1+x)
e Ve +l+x
x(x’+l ) .

x . x . 1
im =lim = =
o Ve tlex o= il4x o \/ 1 l‘ﬂ‘/ 1

x1+—+x 1+—+1
x* x?

'-::

o=
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PaceMoTpuM TOT ske camutit mpiMep, 1o mpi x — —=. Torxa

)

—le +2 npux<o.
P

Hween: lim ——"—— = lim ——~ lim A —=
Vealex —le Lix 1-J1+_1
x X

1.4.4. NepBbin 3ameyaTensHeln npepen
(npepen oTHOWweHWA cuHyca yrna
K papnaHHoi mepe 3toro yrna)

sinx
Pacemompum pynryuio f(x) = ——. Ima QpynKkyua 6 mouke
x

x =0 ne onpedenena, mem ne menee ee npeden npu x — 0 cyuecmey-
sinx

x
Jlokazameavcmeo (puc. 1.25).

em, npuyen lim =1.
x50

v

|AB|< ACB <|AD|+|BD|

2sinx<2x <2tgx = sinx<x<tgx :1<—<L:
sinx cosx

sinx
= cosx<——<1.
x

sinx

Ho rak kak limcosx =1(cosx — 1 npu x — 0) u liml=1=lim =1.m
40 0 0 x
sinax . sinax _a
li =1 lim ==;
=0 ax ’ 0 bx b
smax _a, limtgax “lim-%_-1 lim tgax _a,
+osinbx b +0 ax = tgax =0 bx b
D
Puc. 1.25

ti tgax = g_ lim arcsinax _ a, im ax _a
wotgbx b x0  bx b’ x0arcsinbx b
2sin?X sin® sinX
Mpuseps. 1. hm‘ €082 _ lim———2 = lim—&.—2.2.1 -1,
x2 0 x? 0 X x 4 2
2 2
2. limetg2x-tg3x = lim E3X 3 g 1, tEOX _;,, tedx 3
x50 0 tg2x 2 xs0ctgdx x0tghxr 5
4, limCosx—cos'x _ moosx( —cos’x) _ lim. cosx-sin®x _
"0 4x-sinx 0 4x.sinx 0 4x-sinx
_limeosx sinx 1 sinx

. . 1 1
==l 0 ==.11==,
4x 4X)mcosx ] x 4 i kS

1.4.5. Bropoi 3amevaTensHei npeaen [4ucno e)

1
m Bupaxcenue (h—;) , 20 n — HaAMYpaibHOe YUca0, cmpemum-

CA K 8noaHe onpedesenHoMY npedeny, K0z0a UCAO N — +oo. Dmom
npeden Gonvure 2 u menvute 3.

Joraszameavcmeo. Pacemorpum 6unom Heorona:

(@a+b)y" =a"+ %a""b +L"2]_ﬂa”"bz + wa””b’ ot

31
R 1)...[n—(k-1)]

P a" ot b

B namem cayuae: a=1u b= —, Honyunm
n

.
(ul) _ppnl -1 n-De-2) 1
n in 21 n? 3! n?

+"("'1)"‘(”_‘”1)L4.__ 1
k! n* % 2
1

N )

C oaHO# cTOPOHBI: (14—) >0; [l~g]>0: (1~u
n
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QueBuAHO, 4TO [1 +1J >2.
n

C Apyroii CTOPOHBI, YHCJIO B Kask/0i u3 Ckobok Menbre 1 u, cie-
JIOBATEJILHO,

1) L 1 11 11 1 1
I+= | <141+ —+ =+t —+—<1+l+—+ =+ +—+
n 2t 3! k! n" 2 22 2*

Pacemorpum cymmy: l+l+i+ +L+ +i — 8T0 GECKOHEeUHO
Tae T T e

1
yObIBalOIas reoMeTpudecKas nporpeccus (a,; =1; ¢ = E ); 8= L .
-q
1 1Y i
:—1=2. Wmeem: | 1+— | <3. Oxonuarensno: 2 <|1+—| <3 nua
1-1 n n
2

11060r0 HATYPAILHOTO YUCJIA 1.
(o] VBeJIMUEeHHeM 4Yucja 71 YHCJIO B Kamaon ckobke BO3pacraer,
cTpemMsch K eAHHHIle, CJeL0BATe]IbHO, epeMeHHAs BeJIHIHHA

n
[1 + —) MOHOTOHHO BO3PACTAET, OCTABASACH OTPAHWYEHHOMN. A TaKas
n

n
nepeMeHHas BeJnuHHA nmeer npexesn. O6osmauum lim (1 + l] =e
sl Gl
(e=2,718281828459045).
17
JlokaskeM Tenepb, 4TO BhIpaKeHHe [1 + —) GyaeT CTPeMUTHCA K
x

TOMY 2Ke Ipe/iey €, eciii X GyIleT CTPeMHTBCS K +oo, IPUHUMAS JIIO-
Gble 3HAYEHUSA.
TlycTs n — HAUGOIbIIEE [eJI0e YHCI0, BAKTI0UAIONIeecs B X, T. €.

1y 17 1y
n <x<n+1.Toraa: [“ﬁ] <(1+;J <(1+;], (y6enurech B aTOM

CaMOCTOATEJILHO).

ant
1Y (” 11)

Ho lim[1+—} =limsntll _€ ..
n+

norten
n+l n 1
lim(l+1J =lim[1+l] [l+l) =e-l=e.
npbeo n L n n

x
CnenoBarensno, lim (1 + l) =e.

Xt x

Hawm ocraercs pacemorpers sumn cayuail, korga x — —oo,
Iycrs x = -1 - y. Torpa y = -1 “XHMIOPH X — —c0o =3 § — +oo

2 15 T 16k
1im[1+1) =lim[1+ L ) = lim|—¥ =im[12¥) o
Xl x Yt -1-y yre\~1-y |y

1oy v 1
:lim(nl) =1im(1+lJ [1+1] .
Gl R (g P

x
OkoHuaTenbno, lim[l + l) =e. ™
x

X

[c1 lim(l +£] —ek

Xteo x

@ Cnenaem sameny:

R (=

=y:x:l. Torga npp x > o y - 0u
Yy

xen

lim| 1 1y’ lim(1 1
lm( +;] ‘,,'ﬂ( +y)y =e.

2wt ans swis
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1.4.6. BeckoHe4Ho Mansie
1 GeckoHe4yHo Gonblune yHKLUUM

@ Dynknus ox) HasuiBaercs 6ECKOKEYNO maroll hyHkuneit npu

X — a (MM B OKPECTHOCTH TOUKH a), ecan limo(x) =0.
xa

@ @yukiua ox) HassiBaercs 6ecKOHEwHO 6o bw ol hyHKumeit

npu X — a (MM B OKPECTHOCTH TOYKH a), ecan limo(x) = +eo.

1.4.7. CpaeHeHne 6ECKOHEYHO Manbix

Iyers dynknuu ofx) n P(x) asasores 6eCKOHEUHO MAaJIBIMU
npu x — a. Xapakrep npubanmkenns K Hyio Gyl ofx) u f(x)
Mo3KeT GBITh PasinyeH, T.e. O/IHA U3 HUX MOYKeT CTPEMHUTLCHA K HYII0
GBICTpee, ueM Apyras.

B psifie uccaeoBaHMii BOSHUKAET HEOOXOAMMOCTH CPABHATS Gec-
KoHewHO Masble ox) u f(x) Mexcay coboit B OTHOMEHUH GBICTPOTHI
CTPeMJIEHUS K HYJII0 B OKPECTHOCTH JaHHOi Touku. B ocHOBe Tako-
'O CPABHEHMS PACCMATPHBAIOT Iimu’(—x:, npeanosiaras, 4to 6/M, cTo-

xoa Bl
Amas B 3HaMeHaTeJe, He ofpallaeTcs B HyJb B HEKOTOPOii OKpecT-
HOCTH TOYKH a. [IpH 9TOM BO3MOKHBI YeThIpe ciyvas.

Cayuait 1. Ecan limg&—t—) =A (A#0), ro rosopar, uro ofx) —

a B(x)

B6eCKOHEYHO MaJIasl TOro e MOPAJKA MAJIOCTH, 4TO i GECKOHEeUHO Ma-
nas f(x) npu x — a.

Mpumeps. 1. a(x) = sin 2x; B(x) = sin 3x: lim 502X _ 2,
*0sin3x 3

3 2
B et 1. lim Xl X x4+l 38
2. a(x)=x*-1; B(x) = x*-1: l.‘f:‘x?q 71:!5‘—x+l =7
" a(x)
Cayuaii 2. Ecan lim—— =0, To a(x) HaspiBaeTca GeCKOHEUHO
xa B(x)

MaJIoif BRICIIEro OPs/IKa MAJIOCTH 110 CPABHEHMIO ¢ GECKOHEUHO Ma-
ot B(x) npu x — a. Hanporus, B(x) naseiaerca npu aTom Gecko-
HEYHO MaJION HH3IIEro MOPSAKA MAJIOCTH 110 CPABHEHHIO ¢ GecKoHeu-
HO MaJIoif o(X) Ipu X — a.
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Ipumepwi. 1. a(x) = 5x*; f(x) = x*: limE
=0 x2

2. afx) =

3. alx) = x5 P(x) =V 1in37x-:o.
w0 Jx

1-cos
2x

4. a(x) = 1-cosx; P(x)=2x: lir:l
0

Cayuaii 3. Ecan nopsok 6eckoneuno manoii o(x) BbimIe nopsij-

g(a Geckoneuno manoii B(x), To ox) CTPEMHUTCA K HYJIIO GbicTpee, yem
x).

3 x
Ecnu we cymecrsyer npegena hm%, T0.6eCKOHEYHO Masble
xva B

o(x) 1 B(x) Henb3s CpABHUTE.

Mpumep. a(x) = x*sin L; B(x) = x%. He cymecrsyer 1im %),
x x40 B(x)

Cayuaiit 4. Besikas GeckoHeuno manas B(x), nopsinox xoropoit
OAAMHAKOB € NIOPAAKOM GECKOHEUHO MAJION [a(x)]" , rae k — nonosxn-
TEJBHOE UMCII0, HA3kiBaeTCA GecKoHeuHo Manoil k-To mopsaka no
CPaBHEHMIO ¢ GECKOHeYHO Maoi 0(x) pu X - a.

Mpumep. (x) = tg x - sinx; a(x) = 2x.

. tgx-sinx 1
lllm—(axT -3 = P(x) — Geckoneuno Manas 3-ro nopaAKa 1o cpas-

HEHMIO ¢ GeCKOREuHO Ma0ii ((x) mpy x — 0.
1.4.8. 3kBuBaneHTHbIe GECKOHEYHO Manble
[0] Itse Geckoneuno mansie Beamummn o(x) u P(x) maswiBaoTCH

IKeuUGanrenmu bt mu(PaBHOCHILHBIMY) DU X — @, €N lim%v2
o plx)

B arom cayuae mumyr, uro a(x) ~ f(x).
Ecan a(x) - 0 npu x — a, To
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1) sino(x) ~ ofx), tgofx) ~ ax), arcsin o(x) ~ o x), arctg ofx) ~ ofx);

2)Inl1 + o) - a(a); log[1 + o) - 22,

3)a" - 1+a(x)-Ina; e™ ~ 1+ u(x).

1
DL+ P = 1 note) Traln) 1+ Loy V7 -1+ Jaty
5) cos ax) ~ 1 - %la(x)ﬁ

Coorromenus 1...5 06pasyior Tabinily SKBUBATEHTHBIX 6ECKO-
HEUHO MAJIBIX BeJHUNH.

ITycmv npu x — a 6/m ofx) sxeusarenmna 6/m 0,(x), a 6/m

B(x) ~ By(x). Tozda hm ([:((x)) l,i': ‘;:( )(ec.w OHU cywecmayom).

ox) _ ofx) Bi(x) %),
Bx)  04(x) B(x) By(x)

o ) ) | B,(x)lA a®) .
e " @ S e

Hoxaszameavcmeo.

@) @)
e @

Taknum 06pasoM, NPy BEIYMCIEHHN NPeeSoB GeCKOHeUHO Maibie
npU X — @ PYHKIUY MOKHO 3AMEHATH DKBMBAJICHTHBIMU MM.

. osin2x . 2x
Mpumepw. 1. lﬂ—\/.xr = mT

X Bxi6 | x-bre6_  (x-2(x-3) _ x-3_1
.1 = -1 —lim*3_1
) e ey a1
@ aeab . av-1
i =li =a"lim =
S =

{aamena: x -b=y = x=y+b. lpux —>b=y -0}

ﬂlbhmlﬂ;lna 1
oy

=a’Ina.

(3""‘9"‘"U=x+8=’=y~8.ﬂpux—>~a=_,,_)0,

5. lim¥X*+2-¥x+20 —limYY*t9-Yy+27 _
=1 Yxr9-2 v y+16-2

{samena: x — 7= y;

X=y+THpux 7=y 0

211 2812

38”‘1" Aans camocTosTensHoro peweHns

e

1. Mcnonnays onpegenenye npenena dynxmuu,

TOKaxKuTe, uro
llm(3x 2)=4.

2. Boruncoure npenesnsr

byrKOMit, nenonsays nupaBuaa -
HOTO nepexoza: e fpenen

. 8x2-2x-1 2 _ 9y
1) a) lim =X~ ; 6) lim3¥ -2x-1 8x2-2x-1
gl U ladenr Y mgsTo
2) lim 5o Xxtl 4 -1000 -1
P ] )Jﬂ'ﬂm 4)1::“,’:‘ T
2 _
5 limVitxvai-z o .
= —— Fey
P L R e Sy | v
7)1,13-‘:‘#31:; 8) hn?*/_l 5 i a+x)a_].
. =1 p- x50

3. Brraucanre npegesn: bynKnmMii, ncnonbays Tabauny skeuBa-

JICHTHBIX GecKoHeuno MAaJbIX, mepBuIi 1 BTOPOIt 3aMeuaTenbubie
npeaens:

o |
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V1+2x -1,

sin2x - | lim
im—————; lim—————; 12)
10) L ey D Mnamany 1P 0 wes
2x
- 1+ 3xsin2x; o (248,
18) 1im 128084 ; 14 11+ B28iN20) ) l‘ﬂ[ =
x-0 arcsin® 2x X0 tgx

3\ i i -
-1] 3 17) lim, ] 3 18) lim(1-3x)~;

x-3e0

x*+b5x+4
x*+3x-17

a1 _x " 4 ein®ax
19) lim(1-+tg*Vx)?; 20) lim(7-62)33; 21) ‘,‘5‘;(5‘m“] g

cosx |

; Y AP 7, 24) lim
22) l}ﬂ(ﬁ_ﬁ) ; 23) l}g(cosx) H ,ﬁnA2x

=
503 _ goxt _ (6-x\*C
31) lim—28=29) _ 39, i 3 ; 33) um[ = ] ;
210-3x -2 ol tgmx 3
34) limln(2+ws:()

xon (3.‘:.:;1)"’ :

HEMPEPLIBHOCTb ®YHKLMW.
TOYKM PA3PBIBA ®YHKLIAN

1.5.1. MoHaTHe HenpepLIBHOCTU (hyHKUUN

@ @ynknus f(X) HA3BIBAETCA HEMPEPBLEROLL 6 MOUKE X = X, eCIIHN:
1) oHa OmpesiesieHa B TOYKe X = X, T.€. CYIIECTBYET ee 3HAYeHHe
B TOUKe X = X, paBHOe f(xg);
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2) cymecTByeT KoHeuHbIi npeses QYHKIUM B TOUKe X = Xo, T.e.
lim f(x) = A;
xxg

3) aTOT Npesen paBen aHaYEHMIO byHKUME UDH X = X, T.e.
lim f(x) = f(x,) = A.
Xz

Hubivu ciopamm, Ve > 0 38(e)>0: 0<|x —xg| <=5 | f(x) - f(xo)| <e.

DyHKIUA Henpepviena na npomexncymue, eciu OHA Henpe-
PLIBHA BO BCEX TOYKAX HTOIO IPOMEKYTKA.

ITpumepu. Ucenenosars na nenpepusnocts B Touke xo= 0 saxanmse
byakunn:

2

x+1npux>0; {x’npuxtfr. Hy=at.

l)y:l: 2)1/:{ 3 y=
x

x-lnpux<0; 1 npux=0;

Peusenue. 1) Dynxuns y =L 5 rouxe x = 0 ne annercs nenpepano,
= s

TaK KAK He BRINONHAETCH NePBOE YCIOBHE HENPEPLIBHOCTH — CYIIeCTBOBA-
nue y(0) (puc. 1.26).
x+1lupux=0

B TouKe X = 0 TakxKe He ABAAETCH He-
x-lopnx<0

2) ®ynkuns y ={

TPEPLIBHO! (IIePBOE YCI0BHE HENPePLIBHOCTH BLITONHACTCS f(0)=1, no Bro-
Poe yCJI0BMe He BBINOJHACTCH, TAK KAK B TOYKe xo= 0 He cymecrsyer ko-
HEeYHOro npezena), puc. 1.27.

x’mpux#0

4 ”={1 npux =0

B TOUKe X = 0 He ABJACTCA HEMPEPLIBHOM, TAK KAK

TIEPBLIE IBA YCIOBHS HENPEPHIBHOCTH BLINOJIHAIOTCH, & TPEThe YCIOBHE He
BBLIIOJHACTCS, T. €. Ii?;flx) #/(0), puc. 1.28.

Y

Puc. 1.26

Puc. 1.27
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Puc. 1.28 Puc. 1.29

4) @ysKnuA Y = X° B TOUKe Xy = () ABNAETCA HENPEPHIBHOI, TAK KaK Bee
TPH YCJOBMSA HENPEPLIBHOCTH B TOUKe X, Bhinoaaaores (limf(x)=£(0)=0),
puc. 1.29. o0

3ameuanue. leoMeTPUUECKN HENIPEPBIBHOCTH DYHKIMH B TOUKE
X 0O3HAYAET, YTO ee TPAQHK He PA3PBIBAETCA B TOUKE X, T. €. COCTO-
UT U3 OJIHOM HeNpepbIBHOM (CNJIOMHON) THHUH.

Tlepenuiem onpeaesenne HenpepsiBHEOCTY B Buge lim f(x)=1(x).
x-xg
Tycrs Ax = x — X9 = X = Xo + Ax :Erﬂ)f(x‘,JrAx):f(xn):
= li +Ax) - =limAy =0.
Lim[f(x +A%) = f(%0)] = lim Ay
W3 mociefHero COOTHOEHUs BRITEKAET IPYToe Onpeseenne He-
TPepbIBHOCTH QYHKIMA B TOUKE Xo.

@ DyHKnus Y = f(X) HA3BIBAETCA HENPEPBLEK O 6 MOUKE X, €CTH
OHa onpejieieHa B 9TOM ToUKe U HECKOHEUHO MAJIOMY NMPUPAIIEHHIO
aprymenTa Ax cOOTBeTCTBYeT 6eCKOHeUHO MaJjioe npupalnieHne QyHK-

uuu Ay, T.e. glﬂ)Ay =0.

HenpepriBHOCT PYHKIMM B JAHHOM TOUKE X 1aeT rapaHTHIO TOrO,
9TO €CJIM HEMHOI'O CABHHYTHCH M3 3TOM TOYKH, TO 3HAYEHHE PYHK-
IHH UBMEHHUTCH TOXe COBCeM HeMHOIo. L4

C moMOmIBIO JAHHOTO ONPe/iesIeHNs HA NPAKTHKE MPOU3BOLHTCS
uccsaenoBanue QYHKIMA HA HENPEPBIBHOCTD.

Hpumepse. 1. Tlokasats, 4To GYHKIMA Y = X° ABNIAETCH HENPEPHIBHOMN
B KAXKAO0MH TOUKE YMCIOBON NPAMO.
Pewenue. Boruncanm npupamenne QyHKIMH NP 3aJaHHOM NIpHpanie-
HHM apryMenTa Ax = X — X, B IPOM3BOJILHON TOUKe X, € R:
Af(x0) = f(xo+ Ax) ~ [(x0) = (x9+ Ax) * — xo* =
=202+ 2xAx + Ax % — x0% = 22y Ax + Ax®.
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Jlanee Berumcaum

i yo 4 B iy : -
Jim Af(o) = lim (2x)Ax + Ax?) = 2x, lim Ax + lim Ax? = 2x,-04 07 = 0.

Hrax, EﬂA/(x‘,)zO. A 910 0O3Hauaer, 4T0 GyHKIMA y = x° aBasercs

HeNpepLIBHOI B 11060/ TOUKe YHCAOBOH TPAMOIL.

2. TloxasaTs, 4T0 GYHKIUSA y = COS X ABAACTCH HeNpepbiBHON B KaXA0#
TOuKe UMCAOBOH NPAMOiL.

Pewenue. Af(x0) = f(xo+ Ax) - f(xy) = cos(xy+ Ax) — cos x, =

Xo+tAx+xy . Xy +AxX-x
o 0 gin X0 o _

2 —Zsin[x,, + —Azf

i B AN o A% T
l:n‘:.AI(x.,)— Zl:n:)sm(xn+?)vAl:n’10mn7-72smx‘, 0=0.

Hrak, Li{n‘}’A[(xﬂ): 0. A 570 o3Hauaer, 4T0 GYHKIMA Y = COSX ABAACT-

©3 HenpepLIBHOI B 11060ii TOUKe YHCIOBOH NPAMOIi .

ITyemo ¢pynryus y = ¢(x) nenpepvina 6 moure x,, a Qynryusn
f(y) nenpepwiena 6 mouxe y, = ¢(x,). Tozda caonnas Qynryusa

fl9(x)] Henpepvina 6 mouke x,u lim fl(x)] = f[lim @(x)], m.e. one-
Xz, Xz

Payus npedenviozo nepexoda nepecmano8oUHa ¢ ONepayuei 63amus
HenpepviLeHOll pyHKyUU.

23
o xP42r-1 Ve (. x242x-1 Jmea (1)
Mpumepw. 1. 1i ( i =[1 =(1] -
o\ 227 —3r-2 27 3r-2

Pacemorpum lim f(x)*®), npuuem lim f(x)=1;
Xz ey

}1n:'40(x)= teo . Tak Kak JHP f(x)=1, 10 f(x)=1+0(x)=>

L e800) | Jlim e
= lim (1 + o)™ =lim[(l+a)u] :|:lim“+|1);:| =
xxg a—0 a0

lim ag(x) lim (f(x)-1)g(x)
= pa-0 =e* " .

2. (i N0+ )
P

:
timLin(1 + x) = limIn(1 + 1) =
= b
i
=1In| lim(1 ¢x)':| Ine=1.
oo

6s |
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c(1ex-2)E
& I}E(u»a‘) .

ltiﬂf(x)zl; l'iﬂw(x)u-w:

Cl4x2t 14x20-1-x3°_x(2°-3)

s ™ 1exs dexs
_x@ -3y 1 2 -3
0= @ xrx 8
27-3 . l+xIn2-1-xIn3_,. = In2-n3 _, 2
1 . = =In2-In3=InZ.
Mrarxan ’l*x[l+x(l4xln3n 01+ x+x'In3 3
w: 2
Oxonyarensso, e 3 =3
L y : y . y
= =1 =Ina-lim =In
Ly ‘Vlmloxathy) % Tn(1+y) v-0In(1+y)
Ina
(Bamena: a*— 1=y = a*=y+1 = x =log,(1 +y).}
x
Tt S
P
e o= a‘a’ —a’(1+4)"
OO0 T 20, i CLd) ISR a+hye
xa x-a v v PE)
{samena: x —a=y = x=y+a}
=i I’ - ¥ L
=a"lim“" a+45 :n"limhuh‘" (Ha")=n'liml*m““ 1-y _
-0 y ¥=0 y y0 v
~a“(Ina-1).

1.5.2. ConcTBa HenpepbiBHbIX hyHKUMIA

IIpuBeeM OCHOBHbIE CBOMCTBA HENIPEPLIBHBIX DYHKIMI (cBoiicTBa
1...3 onpesensAIoT HeNpephIBHOCTh (GYHKIAM B TOUKE, cBoiicTBO 4 —
Ha IPOMENYTKeE).

CaoiicTso 1. CyMMa AByX HenpephIBHBIX QYHKIMI B TOUKE Xo AB

nsieTcs pyHKIMEH HeNPePBIBHOM B 9TO! TOUKe, T. €. eClHu }Lm,ﬂ filx) =

= hi(xo), lim fu(x) = f2 (o), 10
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jlnx:(fl(x) + fx)) = f1(xo) + f2 (x0)-

Cpoiictso 2. [IpousBe/ienue JBYX HelPephIBHBIX HDYHKIMI B TOU-
Ke X, aBifgercs QyHKIueil, HenpepbIBHON B TOUKe X, T.e.

1 (£1(x) £20x)) = F1(xo)oxo)-

CaoiictBo 3. YacTHoe IBYX HeNpepbiBHBIX (DYHKIMIT B TOUKe X AB-
JIfieTCs HelpephIBHON (GyHKIMel B TOUKe X, ecan fu(xy) # 0, T.e.

lim A=) = _f,(xn).
=3 f(x) (%)

CsoiicTso 4. Bee ocnoBHble a1emenTapubie pynkimm (y = x°, y =a*,
y=e*,y=log,x,y=Inx, y=sinx, y =cosx, y = tgx, y = ctgx,
Y =arcsinx, y = arccosx, y = arctg x, y = arcetg x) ABAsIOTCA Henpe-
PHIBHBIMH B MX 00JIACTH ONIpeJieJIeHNns.

1.5.3. OcHOBHbIE TEOPEMbI
0 HenpepbiBHbIX (hyHKUMAX (Ha oTpeske)

ITepesasn meopema Kowu. ITycmv pynryus y = f(x) onpedene-
Ha u HenpepvieHa 6 3amKHymom npomexcymre [a; b] u na Konyax
IMO20 NPOMENYMKA NPUHUMAEM SHAYeHUS PASHbLY 3HaKos. Toz
Oda mewdy aub naitdemes moura ¢, 8 kKomopoit pynKyus obpamum-
eca 6 nyas (puc. 1.30, 1.31).

Bmopas meopema Kowu. ITycmv pynryus y = f (x) onpede-
A€HA U HENPEPbIBHA 6 HEKOMOPOM NPoMeNcymie (KoHeuHOM Uunu Oec-
KOHEYHOM, 3AMKHYMOM uiu Hesamknymom). Ecau 6 deyx moukax

Yy
a ¢ 5
/t 0 ' [ b x
,,,,,,,,, f(a)<0 Touxa ¢ ne
cymecrayer
Puc. 1.30 Py 1531
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Puc. 1.32

x=au x=b(a<b)smozo npomexymra GyHKYUL npunuUMAem He-
pasuwvte snavenus f(a)= A u [ (b) = B, mo kaxo6o 6bt Hu 6bi10 wuc-
20 C, nexwcawee mewdy A u B, naiidemesa mouka x = ¢, 1exmausan
Mmenwdy a u b, makas, umo f(c) = C (nepexods om 001020 SHAUCHUR
K Opyzomy, pynKuus Xoms vl pas npoxodum yepes kaxdoe npome-
HYMOUHOE SHAUCHUP).

Teopema Beiepumpacca. Ecau ¢pynxyus onpedenena u ne-
npepuleHa 6 HeKomopom 3amknymom npomexcymre [a; b, mo ona
OZPpAHUYeHa, M.e. CYWEeCmayom nocmoiHHbie U KOHeYHble Hucaa
m u M makue, umo m < f(x) <M npu a < x < b (puc. 1.32).

1.5.4. Touku pa3pbiBa yHKUUM
W ux Kknaccucpukaumus

@ Ecan B xakoil-aubo Touke x, Gynkuus y = f(x) He sBagercH
HenpepsiBHOM, T.e. lim f(x)# f(x,), TO TouKa X = X, HA3BIBAETCA
Xz

moukou paspeiéa aroit yHKIUM, a pyrKyus y = f(x) HazpiBaet-
cHl paspuléHoLl B 9TOM TOUKe. !
3ameuwanue. B janHoM onpejieJieHHMH IPEANIOJIAraeTcs, 4To QyHK-
M olpe/ieieHa B HeKOTOPOil OKPECTHOCTH TOUYKH X, & B CAMOI TOY-
Ke Xo PyHKIMA MosceT GBITh KAK ONpe/iesiena, TaK U He Onpe/iesiena.
Bregem onpejesenne 0OJHOCTOPOHHUX NpefesoB HYHKIHU y =
= f(x) B TOUKE X{.

[0] Tyers apryment x — x, ocraercs Bce Bpemsi caieBa OT X, T.e.
x < xo. Ecaim npu a1om yeaosun dyHKnns f(x) uMeeT npejges — unc-
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JI0 A, TO DTO YMCIIO HASBIBACTCA OOHOCMOPOHHUM npedenom DYHK-
ILMH CJIeBa B TOUKe X, M obosHauaerca: lim f(x)= lim f(x)=A,.
= xxg-0
e N
AHaJIOrHYHO ONpe/iesifeTcs OAHOCTOPOHHMIL npexesn GyHKIuM

cnpaga, T.e. lim f(x)= lim f(x)=A,.

xxg xoaxg+0

(xxg)
Touka X, HasbIBaeTCA mouxoi paspwiéa I poda dynxunm f(x),

ecan B 9TOM Touke QyHKIMA [ (X) UMEeT KOHeYHBIe OJHOCTOPOHHUE
npejiesibl CIeBa U CIPaBa, T.e. CylecTBYIOT

lim f(x)=A li =A,.
Jim f(x) =4, m m f(¥) =4,
TIpy 9TOM BO3MOJKHBI JIBA CJyUas.
Cayuaii 1. A, = A, B TakoMm ciyuae TOUKa X, HAIBIBACTCH Mo w-
KO yempanumozo paspuviéa.

x+l, x<0;

ITpumep (puc. 1.33). y:{x” it

Cayuaii 2. A, # A,. Botom cayuae Benunna A =|A, - A,|nasni-
Baetcs ckawkom pynrxyuu f(x) B TOUKe X,

Hpumep (puc. 1.34). y=Ji|=+_l' xel
£ 1, x>0.
A=|-1-1|=2.
y v
L i
-1
0] x 0] x
S
Puc. 1.33 Puc. 1.34
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@ Touka xo GyHKIHK f(X) HA3BIBAEGTCH MOUKOL paspvieéa
11 poda, ecin HeT 110 KpaifHeii Mepe 0{HOr0 KOHEYHOTO OJIHOCTOPOH-
Hero npejiesa QYHKIMHA B 9TOM TOUYKe.

|-

Mpumep (puc. 1.35). y=——.

-

PaccMOTpUM NpHMephl MccaeloBaHus QYHKIUIA Ha Henpepbis-
HOCTh M TOUYKH PaspbiBa.

x

Hpumepwi. 1. y= Fry

Pewenue. Jlannas QyHKuMA ONpejieseHa Npu Beex X # 2, T.e. onpeje-
NleHa Ha npoMexmyTKax (—o=32) U (2;+=). B obnacTu onpeseseHun naHHAA
DYHKIHA ABAAETCH HENPEPHIBHON KAK YACTHOE OT ABYX HelpephiBHBIX

ynxunii.
Toukoil paspsiBa QYHKIMH ABAAETCA €AMHCTBEHHAA TOUKA Xo = 2.

Jlna neenepoBaHUsA THIA PA3PLIBA BRIYHCIHM OHOCTOPOHHME NpeAeibl

S ] i, X
npu x - 2: lim ——— = e, lim ——— = +eo, CJIeIOBATENBHO, Xo = 2 — TOYU-
r20x-2 20X -2

ka paspsisa II pona (puc. 1.36).
3
2. y=3.

Pewenue. DynKuns onpejesieHa U HenpepsiBHA Ha NPOMEXYTKax
(-3;0) U (0;+=). Touka x, = 0 ABAAETCH TOYKON PA3pLIBA, TAK KaK

1
nn;a? # y(0) . BEIYMCAMM OAHOCTOPOHHME Npefesl GyHKIIy mpy X — 0:

R 1 L
lim 3* =0, rak kak npu x - 0 - 0: — =~ 3xr 50 ;
x40-0 x

1 1 1
lim 3% =400, TAK KAK npux~;0+0:;—>+m' 3 > +oo,
29040

Puc. 1.35 Puc. 1.36
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Puc. 1.37 Puc. 1.38

Touxka xo = 0 aBasercs Toukoit paspwisa I1 poxa (puc. 1.37).

3. y=arctg——.
x-1 .
Pewenue. ®ynxuus onpesenena u HeNpephBHA HA TPOMEKYTKAX
(=3 1)U(1; +=). B Touke xo =1 mmeer paspms I poaa, Tak Kak

— xomewnaii npezex,  lim arctg—1— =§ — Komeu-
i ot

Huif mpeses. Tak Kak 5TH 0AHOCTOPOHHME NPe/iesbl PASIMYHEL i KOHEUHEI,
TouKa X = 1 ABAseTcs Toukoit paspuisa I poaa (puc. 1.38).

2 E!
.
2

3apauu ANA CaMOCTORTENLHOMO peleHus

Cxauok yHkuun B rouke x, = 1 pasen:

1. Mcxoasn u3 onpe/iesieRUs HeNPePLIBHON QYHKIMN, Z0KAKATE
HeNpepbIBHOCTD JAHHBIX (DYHKIMIH B YKABAHHBIX TOUKAX:

1) y=3x-1 B Touke x=-1; 2) y=x*+3 BTouke x =

3) y=-1- BTOYKe X=3;
x

4) y=|x| B TOYKe X =0;

5) y= B TOYKe X=2.

2. Hccnenyiite yHKIMM Ha HenpepbiBHOCTH. Haiignre Toukn
paspbiBa 1 onpejennte ux Tam. B cayuae yerpanumoro paspisa 10-
onpejeauTe (HYyHKIHIO 0 HeNPePbIBHOI:
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1
~(2x?+3), x<1;
5(x ), x

5x2-3x [2x-3|
=16-b5x, 3 B =70
6) y=16-bx, 1<x<3; Ty PR s vy
x-8, x23;
|x+2|' <
x+2 | 5
|x + 5
=1 fa-x?, —2<x<2; 10) y= = =
9) y={4-x?, -2<x 10) y 235 %
-1—. x>2;
x-2
Jx+1
x-1, ecn x #-1; B i 1.1 1
1) y={x+1 By y="3,,'
1, ecau x =-1;
x—1+|x-1]| x%+| x| +x
16) y=————; 17 y=—"—"
)y x*-1 Vi x? —|x]+3x
1
2x - x| x - 23| 2% —1 e’ -1
18)y= : 19)y = s 20)y = S
Vv 2(x-x*)-|x-x*| )y 1 d x
1+2x

NPON3BOAHAA ®YHKLN

1.6.1. O6wwe noHATUA '

Ilyers y = f(x) — HenpepbiBHAsi PyHKIUSA B CBOel obaacTy onpe-
nenenus D(f ). Paccmorpum npoussonbHyio Touky xe D(f ). agnm
aprymenTy x npupamenne Ax. [lonyuum Touky (x + Ax) € D(f ). 3na-
uenue QyHKIUY B Heil f(x+Ax). CocraBum pasuocTs Ay = f (x + Ax) —

Al
— f(x). PaccMOTpuM OTHOIIEHUE Ey DTO OTHOIIEHHE NOKA3bIBALT,

BO CKOJILKO Pa3 Ha AaHHOM IPOMEKYTKe (X; X + Ax) npmpamenne
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(pyHKIMHK y GosbIIe NPUPAIIEHNS APTYMEHTA X; MHBIMH CIOBAMH,
OHO JIAeT CPeAHIOI0 CKOPOCTh H3AMEHEHN (DYHKIIMHA Y OTHOCHTEILHO
aprymenta x. Yem menbie 6yzer Ax, Tem jyuiie Gyger oTHOIIeHHE

A
EII OIMCHIBATL OTHOCHTEJILHOE NOBe/Ienye GYHKIMM § B HenoCpes-

crBeHHO# 6amsocTn Touku x. [lepexoas k npeaeny npu Ax — 0 (npu
9TOM B CHJIY HempephIBHOCTH GYHKIMM y npupamenue Ay Takxe
byaer crpemurbes K 0) M npeAnonaras, YTo COOTBETCTBYIOLIHI Ipe~

. Al
JeJIbHBIN IePEX0Jl MMEeT CMBICII, TOJIYIHM BeTHUNHY lm’:)z"‘!1 , XapaK-
Ax

TepU3YIONLYIO NoBeJileHne (DYHKIMM B CAMOIT TOUKe X. DTOT npeaes u

HOCHT Ha3BaHMe NPOM3BOAHON y' = f'(x) = lim L

A0 Ax
@ I pou3600noi QyH Ky UL HAIBIBAETCH TIPEIeJ OTHOIIEHHs NP~
pauenns GyHKIUH K IPUPAIIEHUIO APTYMEHTA, KOT/ia PpUpalieHue
APryMeHTA CTPEMUTCH K HYJIIO.

MoscHO cKasaTh, YTO NpousBoAHasn ¥ QyHKIMM y = f(x) B AaHHOMK
TOUKe X TIpejicTaBaseT coboit omHuocumenbHyio (10 OTHOMEHMIO K ap-
PYMEHTY X) CKOPOCMb USMEHEHUA PYHKYUY B TOUKE X, HOHUMASsN 0]
9THM, UTO Y’ ¢ 05O CTENeHBIO TOYHOCTH AAET OTHOCHTENBHYIO CPe/l-
HIOI0 CKOPOCTh M3MeHeHus QYHKUMKM y B Gumkaiimem cocejcTse ¢
rouxoit x. Hanpumep, eciu B HeKOTOPOii TouKe X umeeres y' = 2, To
BT0 0O3HAYAET, YTO HA yuacTKe (X; X +Ax) QYyHKIUA i BO3paCTAET MPU-

Ay
GaM3NTeNBHO B iBa pasa GpicTpee, 4eM apryMeHT X, T.e. E =2.Ilpn
BTOM JaHHOE NPUOINIKEHHOe COOTHOIIeHne OyAeT TeM TouHee, YeM
MeHbIIe AX.
DopmyJry ISt TPOUBBOAHOM MOMKHO BAIIMCATD B IPYTOM BHJe:

f'(x) = lim 1At (€218
Ax—0 Ax

Hpumep. Toasaysck onpeaeienneM, HAWTH MPOUZBOAHYIO DYHKIMK
y=x"(f(x) = x*).
Pewenue. f(x +Ax) = (x +Ax)* = x* + 2 xAx + (Ax)’;
f(x +Ax) - f(x) = x* + 2 xAx + (Ax)*— x%= 2 xAx + (Ax)’;
[+ A0 [(x) _ - 2xAx +(Ax)*
Ax ar0 Ax

f(x) = lim = lim (2x + Ax) = 2x.
aro )
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1.6.2. MexaHn4yeckuit CMbICN NPOU3BOAHON

OcobeHHO HAIJISAAHBIA CMBICJ TTOJIyYaeT NPOU3BOAHASA (DYHKIIHH

y = f(x), ecam noa aprymenToM noHumars spemsa t (y = f(t)).Toraa
Ay

OTHOIIeHHe vy npejcraBiger coboil cpeIHIOI0 CKOPOCTh N3MEeHEHH A

GYHKIMK y 38 NIPOMEIKYTOK BpeMeHH (¢; ¢ + At), a npejes sToro or-

Ay

HOmeHus y' = limA—t €cTh CKOPOCTb H3MEHeHNA MYHKIMA J B MO~
A0

MEHT BpeMeHH 1, T.e. MCTUHHASA (MPHOBEHHASA) CKOPOCTh M3MEHEeH U
(YHKIMK Y B JAHHBIH MOMEHT BpeMeHH f.

1.6.3. NeomeTpu4eckni CMbICN NPON3BOAHOM
W3 rpaduxa (puc. 1.39) Bugso, uro % =tgg.lpuAx > 0=¢ -

oAy
—So=tgeotga= EE}'AX =tgo.

Taxum obpasom, f'(x)=tga, rae tgo ects yraosoi koadpuunent
KacaTeapHON K KpuBoit y = f(x) B TodKe X (T.e. B TeX TOUKAX, rie
CyHIeCTBYeT NPOU3BOAHASA, rpaduK QYHKIMM UMeeT KacaTelbHYI0).

Hanuimem ypaBHeHne KacaTeJbHON ¥ HOPMAJN K IJIOCKOH Kpu-
BOit y = f(x) B nanHO# TouKe A(X o; Y o)-

Puc. 1.39
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Puc. 1.40 Puc. 1.41

Vpasnenue KacaTeapHoi. PaccMOTpUM BHAYAC yPABHeHUE IPS-
MO¥, npoxoasmed yepes JaHHYIO TOUYKY A(Xg; Yo) U MMEIOLIYIO AaH-
HBIH yraoBoi koadpdunuent k (puc. 1.40). OHO 3anucsiBaeTcs B
Buze: y — yo=k(x - x;).

TIoCKONBKY NpsIMAS ABJIAETCA KACATEJNBHON K IJIOCKONW KPHBOM
v =f(x) B Touke A(xg; Yp), MOMKHO BAKIIOUNTE, 4TO k = y'(X,) u, cae-
JIOBATEIbHO, HCKOMOE YDaBHeHHe KACATeILHOI MMeeT BUL:

Y= Yo =Y (x)x - x).

IMpumep. Hanucars ypasrenye kacaressnoi x kpusoii y = 2x* B Tou-
xe (=15 2).
Pewenue. y’' =4x; y'(-1)=-4 =2y -2=-4(x+1) > y=-4x- 2.

Ypasuenne mopmaau. PaccmoTpum BHauase BIBOJA HOPMYIBI,
BLIPAsKAIONIeH Yo MexAy ABYMA NPAMBIMA Y =k x + b, u y = kyx +
+ by (puc. 1.41).

TocKoMbKY 9= 93~ 1, T0 L §= tg (g~ @) = ~EP2—EP
L+tge tgg,
Ho tg ¢, = ky; tg @, = ky, cepoBaTensuo, tg@= k=R Y oot
1+
(DOPMYJIBL ClieIaeM ABA BAMKHBIX BEIBOAA: kiky

* eciu NpAMBIe NapajjlelbHbl, TO YrOJ MexAy HUMH ¢ = 0° =
= ky— k=0 = k, = ky (1po6b paBHA HYJII0, KOT/Ia YHCIANTENb pa-
BeH HYJIIO, 4 3HAMEHATe.Ib He PABeH HYJIIO).

Takum 06pasom, €cau NPAMbLe NAPALICIbHbL, MO UX Y2]06bLE KO-
appuyuenmor pasrvL mexdy coboit;

*  ecJM npAMbIe NepIeHAHKYIAPHbI, TO YI'OJ MeXAY HUMHU @=90° =

= tg @He cymecTByeT = 1+ kiky= 0= ky=— l (apobb He cyme-

CTByeT, KOT/la ee 3HAMeHATENb PABeH HYJI0).
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Takum 06pasom, eciu npamvie NepnenIUKYIAPHbL, MO UX Y210-
1
8ble KOIPPUYUEHMbL CEAIAHBL COOMHOULCHUEM Ry=———.

VpaBHeHHe HOPMAJH K IUI0CKO# KpuBoii y = f (x) (puc. 1.42) B Tou-
ke A(xg; Yo) mMeeT BUJ: Y — Yo = k (x — Xo). [lockonbKY HOpMAJL nep-

1
NeHAMKYIAPHA KAcaTeJbHOil, TO ee yrioBoil koabduiment k = —m.
0
OKOHUATEILHO YpaBHEHNe HOPMAJIN UMeeT BIJ
1
-Yo=——; (x = x0).
Y—Yo V) o)

Hpumep. Hauncars ypapHeHHe HOPMAIu K KPUBOH y = Inx B Touke
(1; 0).

!
Pewenue. y

3 y'(1) = 1. VickoMoe ypaBHeHHEe HODMAJIM MMeeT BUAL

x

y—sz%(x~l), iy =-x+1.

1.6.4. IKOHOMUYECKWA CMbICT NPOU3BOAHON

Ilycrs HenpepbiBHAas GyHKIMA ¥ = f(X) OMUCHIBaeT, HAPUMED, 38~
BHCHMOCTD M3/IePKeK TPOU3BO/ACTBA (CyMMapHbIX 3aTPAT) Y OT 00be-
Ma X BBIITYCKaeMO# MPOAYKIINHA.

Ecsin 06beM NPOU3BOACTBA YBEJIMYHTCSH € X JI0 X + AX, T.e. Ha Ax
e/IMHAIL, TO M3/IePKKH IPOM3BOICTBA BO3pacTyT Ha Ay = f(x + Ax) — f(x)
eINHNLL.

Al
Ornouenne Ey JlaeT cpejiHee IIpUpaleHne Ha/iepKekK NPOH3BOJL-

CTBa NpY M3MEHEHUH 00’beMa NPOU3BOJICTBA HAa AX eAWHMIL C HCXOJ1~
HOTO 3HAYEHHSA B X €JMHAUIL.
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=] ey s lim&Y
[peaen oTHOWeHUS ‘Ax 'IPH yesOBHE Ax—0,T.e. f'(x)= k“»"Ax

JlaeT HaM TAK Ha3biBAeMbIe npedenbHble U30epicKu npoussodcmea,
KOTOpBIE NOIBITAEMCA HHTEPIPEeTHPOBAT CJeAYIONUM 06pasoMm.

o Ay .
IIpn maneix Ax popmyay f(x)= ETO——AX MOKHO 3aIIMCATH B BU
Al 9

ne: ‘A.!: =f(x), orkyna Ay = f'(x) Ax wnn f (x + Ax) - f(x) = f(x) Ax.

Ecau x Besuko, a Ax masio u paBuo 1, 1o f(x + 1) - f(x) = f'(x)- 1
win f'(x) = f(x + 1) - f(x). Takum 06pa3om, npejenbubie N3ePKKI
NPOM3BOJACTBA PABHBI JONOJHHUTENIbHBIM 3aTPATAM HA [IPOU3BOACTBO
NPOAYKIMY NP YBeJUYeHuM 06'beMa IPOM3BO/ICTBA HA MAJIYIO eINHH-
1y Ax, ecau MCXOAHBIH 06eM IIPOMBBOJICTBA COCTABJISET X eAHHHMIL.

IMpumep. Ilycts HenpepsiBHas GyHKINA ¥ = [(X) BEIPAKAET 3ABHCHMOCTH
0BbeMa PON3BOAMMOi HEKOTOPO! (PUPMOIT 3a €AMHMILY BPEMEHU POAYKILIK
y ot of'beMa 3aTpPaueHHOTO pecypea X — UHCAEHHOCTH PAGOTHHKOB (GUPMBI.
TIpeAnonoxnm, 4To B HEKOTOPLI MOMERT BpeMeHyu Ha pupme 6u110 x pabor-
HHKOB (X I0OCTATOMHO BeJIMKO) M IpHHAIN eute oanoro. Toraa f(x) = f(x + 1) -
= f(x) ecTh He uTO MHOE, KAK KOINYECTBO eAMHMI 106ABOUHOM POAYKIMM,
NPON3BOANMOI HOBBIM COTPYAHMKOM (DHPMEI 38 €IHHUILY BDEMEHN.

Ecan C — eamnuua npoaykuum, a p — sapaborsas niata paGoTHHKa
3a equHMIY Bpemenu, To npu Cf(X) > p HyKHO HAHMMATE eIIle OJHOTO pa-
6GoTHMKA, TAK KAK OH NPHHOCHT GupMe Gosbie, yeM OHA eMy MAATHT. 10
COOTHOIIEHHE HASBIBACTCSH F0M0MbIM NPABUNOM IKOHOMUKU .

Takum 06pasom, ecan HenpepbiBHASA GYyHKIMS Y = f(X) Bepaxka-
eT 3aBUCHMOCTh ofbeMa ﬂpOMaBUﬂHMOﬁ NPOAYKIMH Y 38 eANHNILY
BpeMeHH oT 00beMa X YeI0Be4ecKoro TpyAa, To f’(x) MOMKHO HASBATH
npeAiesbHO TPOM3BOANTEIBHOCTBIO TPY/A B TOUKE X.

Pe3loMupys BBIIIEH3I0KEHHOE, MOXKHO CKA3ATh, YTO MHOTHE
Tipe/ieJIbHbIe 9KOHOMHUYECKHE NMOKa3aTesn BLIUNCIAAIOTCH Kak npo-
M3BOJHBIE COOTBETCTBYIOMMX dKOHOMHYeCKHX (yuknmii. K Hum
MOKHO OTHECTH PACCMOTPEeHHbIe Npejie/ibHble U3JIePIKKH TPOU3BOJL-
CTBAa, NpejleJIbHYI0 NPOU3BOANTEIBHOCTDL TPY/A, a TaKKe Npejelib-
HBIN cHpoc, npejesbHOe NPeAJoXKeHne, NpeJeJbHYI0 BHIPYUYKY U
T.1. B 9TOM H COCTOMT 9KOHOMUYECKUIA CMBICJ IPON3BOAHOM.

1.6.5. 3aBuUCUMOCTL MEXAY HENPEPLIBHOCTLIO
n andepeHunpyemMocTbio thyHKUMM

@ DyHKIHA HasbiBaeTCA Judepenyupyemol 6 HeKomopoi
mouxe (061aCTH), €CIIH OHA MMEeT B HTOH Touke (06aacTH) KoHew-
HY 10 IPOU3BOJIHYIO, T. €. €CJU CYIIECTBYeT KOHeYHBIN 1pe/es
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(O
ggzw(x).

3amewanue. B cryuasx, Korja B JaHHON TOuKe Iimﬂm»,
Ax0 Ax

HMHOTJa OBOPAT, 4T0 (yHKIUMAA f(X) MMeeT B 9T0i Touke GeckoHey-
HYI0 1POM3BOAHYI0. HeTPyAHO IOHATE, 4TO B 9TOM CJIyuae KacaTesb-
HasA K KPMBOJ B COOTBETCTBYIOIIEN TOUKe NeprnenAnKyaapaa ocn Ox.

B panbHeiimeM, orMedasi, 4T0O NPOM3BOJAHAS JAHHON QYHKIMH CY-
uecTByer, He GyjeM UMeTh B BUAY cayuas 6eCKOHEeYHOM ITPOM3BOI-
HOI.

Dynryua y = f(x), umeouwan 6 0aHHOlL MouKe X, nPou36o0onyi,
nenpepvi6na 6 amoit mource. (HHbiMU c1068aMU, PYHKYUA, PAIPbIG-
Has 6 JAHHOIL MOYKE Xo, He MONCEM UMEMY 6 IMOil MOUKe NPOU3IB00-
HYH0.)

T(xo + Ax) - f(xo)
Ax

Hoxaszameavemeo. I1o ycioBuio CyliecTsyeT lim

f(xo +Ax) ~ f(x0)
Ax

eii or Ax, umeer npu Ax — 0 npegex f'(x,). Ho dyuknmio, umeomyio

npejiesl B IAHHOMN TOUKe, MOYHO PECTABMTH KAK CYMMY 3TOTO Tpe-

Jlesia U HeKOTOPOo# 6/M B OKPECTHOCTH ITON TOUKH (PYHKIUH, OITO-

[t +A0) (%) _
Ax

a(Ax) = 0 npu Ax — 0. Orciona: f(xg+ Ax) — f(xo) = Ay = [ (xp)Ax +

+ o(Ax)Ax = Ay — 0 ipu Ax — 0, a 9T0 ¥ JOKA3LIBAET HENPEPLIBHOCTH

dyuxuuu y = f(x) B JaHHON TOUKe X;. -

= f(x,), T.e. oTHOWEHUE , ABAsIOmeecs GyHKIu-

My (aaa Ax # 0) nmeem: f’(xo) + 0(Ax), rae

O6paTHoe yTBepIK/IeHHe HeBePHO: M3 OJIHOrO TOJILKO (hakTa Herpe-
PBIBHOCTH QYHKIMM B JAHHOMN TOUKe (B JaHHOI 06J1acTH) erile He cJie-
JAYeT CYyHiecTBOBAHME Y Hee B 3T TouKe (B 9TON 06MACTH) NPOUBBOA-
Hoi. ITosicHMM 8TO Ha NpuMepax.

ITpumepot.
—x, x<0;
Ly 'M‘{ x, x20 (puc. 1.43).

Paccmotpum Toury xo= 0: Ay = [0 + Ax| - 0] = [Ax|.
Tpn Ax — 0 = Ay — 0 — dynKuus HenpepsiBHa B TouKe xo= 0. Cocra-

Ay _|ax_[-1, ax<0 Ay a_y
-

BHM OTHOWIEHWE — = , e, lim —=-1u lim
Ax Ar—0- Ax ax-0s
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of * of ¥

Puc. 1.43 Puc. 1.44

oA .
H, CIe0BATENLHO, HE CYIIECTRYeT Im:)Ey \ T.e. Ans anHO# GyRKIWHM He cy-
pe

ecTBYeT NPOM3BOAHOMN B TOUKe Xy = 0. C reoMeTpuueckoil TOUKn 3penns
970 0O3HAUAeT, YTo rpaduk Gyskunn y = f(x) ne umeer B Touke x, = 0 Kaca-
TeNBHOM.

2. y =¥ (puc. 1.44). )

Pacemorpim Touky xo= 0: Ay = Y0+ Ax)* - Y07 = (Ax)s.

TIpu Ax — 0 =5 Ay — 0 — dyHKIWA HenpepLBHA B TOuKe Xo= 0. Cocta-
2

Ay _(Axy 1
BHM OTHOLIEHHE —*- = ~—— =

Ax Ax ;le
umeeM GeCKOHEYHYIO IPOMBBOJAHYIO B TouKe X, = 0 (KacarenbHas K KPUBOK

v =¥x* B 1OUKE (= 0 nEpnenaMKyAPHA OCH OX, T.€. COBIAAALT C OCHIO OY).

— +oo IpH Ax — 0, T.€. B 1aHHOM cayuae

1.6.6. OcHogHble npaBuna auddepeHunpoBaHus

Hemnocpeacrsennoe BeIYHCIEHAE IPOMSBOAHON DYHKIMH C TIOMO-
1BIO Ipejiesia B GOIbIIMHCTBE cJIyYaeB mpejicTasisgeT coboii rpoMos-
JIKHe BHIYMCIeHUSA . SHAUMTENBHO IPOLe BHIYMCIATH IPOM3BOHBIE,
npuMeHad npaBusia AuddepeHInpPoBaAHUA.

Mpasnio 1. Jupgpepenyuposanue nocmosnnoil.

Ecan y = C = const, To y’ = 0.

Hoxasameavemeo. Ay=C — C=0, i-—i: 0,

y=1im2 1im % —1imo-=o, .
Ax0Ax Ax0AXx Ars0

Tipasuao 2. Juppepernyuposarue arzebpauieckoit cymmol.
Tlyers dyakuun u(x) u v(x) AuddepeHupyemsl, T. e.

roraa (u(x) + v(x)) = u'(x) + v'(x).
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Jorxasamenvemeo. Tokaxem, uro (u(x) + v(x)) = u'(x) + v'(x).
(AHazornuso nokaseBaercs, uto (u(x) — v(x)) = u'(x) - v'(x).)
O6osnaunm y(x) = u(x) + v(x). Jlagum aprymenTy X npupamieHue
Ax, Torfia QYHKIMHM TTOJy4YaT npupamenns Ay, Au, Av:
Au = u(x + Ax) - u(x), Av=v(x + Ax) - v(x),

Ay = ylx + Ax) = y(x) = u(x + Ax)H v(x + Ax) — u(x) - v(x) = Au + Av.

Ay Au+Av _ Au Av
CocraBum OTHOWEHAE —— yo

TAr AxA.r

Av Au
Boruncanm y'(x)=(u+v) = hm Ly _ = lim (— +—) = llm—+
—0Ax A0 Ax Ax Ax0Ax

i AU ” .
B 4 [
+»\l)‘rr27Ax u'(x) + v'(x)

Tpasuio 3. [luppepenyuposanue npouseedenus.
Iyers dynxinmu u(x) u v(x) iuddepesuupyems B ToUKe X, T. €.

Toraa (u(x)v(x)) = u’(x)v(x) + u(x)v'(x).
Joxasameavemeo. Ilyers y = u(x)v(x). llagum apryMeHTy X npu-
pamenne Ax. Torga pyaknun u(x), v(x) 1 y NOAYYAT HIpHPAITEHAA

Au = u(x + Ax) — u(x), Av=v(x+Ax)-v(x),
Ay = u(x + Ax)v(x + Ax) = u(x)v(x).
Orciofa HaxoauM: u(x + Ax) = u + Au, v(x + Ax)=v + Av, Ay = (u +

+ Au)(v + Av) ~ UL = uv + uAV + Auv + AuAv - uv = uAv + Auv + Audv.
CocTaBuM OTHOUIEHUE:

Ay _UAVHAUVHAUAV Au AV Au
Ax Ax Ax  Ax Ax
Au  Av  Au

-hm£=hm A, B0 B A = lim ~A—uv +
axs0Ax ax-0| Ax  Ax  Ax Ax-0\ Ax

Berumcaum

+lim (gu] + lim (EAU) =u'v+uv’ +u’-0, Tak kax limAv =0, no-
Ax—0\ Ax Ar-0\ Ax Ax—0

CKOJIBKY v(X) — HelnpepbIBHafA B Touke X QpyHkuusa. Urak,

Y =(uvy =u'v+uv. [ ]
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(Cu) =Cu’.

Heitcreurensuo, (Cu) =C'u+Cu’ =0 -u+Cu’' =Cu’.

TIpasuao 4. Juppepenyuposanue wvacmmnozo.

Iycrs dyrkuum u(x) n v(x) AnddepeHUPYEMBI B TOUKE X, T.e.

A 2 i .

lxml:u, Itm£=u no(x)0.
Ar-0 Ax

Toraa

( u(x) ] _ w@)o(x) - u(x)v'(x)
v(x) v¥(x) :

u(x)
Hoxaszamenvemao. Tlycrs y =—va . Jlazgum aprymMenty x npupa-
menune Ax. Toraa pyaxnun u(x), v(x) u y noaydar npUpamenns
Au = u(x + Ax) - u(x), Av = v(x + Ax) - v(x),
u(x+Ax) u(x)

Ay = y(x + Ax) - y(x) = ———= - ——.
v(x+Ax) v(x)

Orciona Haxomum: u(x + Ax) = u(x) + Au, v(x + Ax) = v(x) + Av,

utAu _u_uvtAuv-uv-ubv _ Auv- uAu

Ay = =
v+Av v v(v+ Av) u(u+Av)
Au Av
Cocrasnm orromrenne 2¥ = M . Boruneanm
Ax 24 pAv
UH,MAU lim(~u—u£
-llmf&i—hm Ax Az  t0\Ax = =u'v—uu
A0 Ax A0 0%+ pAY gino(v”+vAu) vt

TAK KaKk Al:rlnn Av = 0, 10CKOJIbKY V-(PYHKIMA — HenpepbiBHAS QYHK-
U, -

1.6.7. QvdbchepeHunposanne cnoxHon
n obpaTHOn hyHKUMN

Iponaroxuasn cioxuon pynxumn. [Tponssoanas ca0xuOM HyHK-
MK PABHA NIPOM3BOHON PYHKIMHM 1O IPOMEIYTOYHOMY APTYMEH-
TY, YMHOXEeHHO{i Ha NPOM3BOAHYIO APTYMEHTA 10 HE3aBUCHMOIL TIe-
PEeMEeHHOM.
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Jokazamenvcmeo. Iyers y = f (1), rae u = ¢(x). Ipeanosoxum,
9TO HTH (PYHKIHHA ABJIAIOTCA HENPEPHIBHEIMH ¥ MMEIOT IIPOM3BOJHEIE
f'(u) n ¢'(x). Torpa y = f(¢(x)) = ®(x) ABasercs caoxuON DyHKIHEH
or x.

Haiizem nponasoanyio aToii cnoxuoi dynkuun. [Lis aroro gaagum
aprymenTy x npupamenue Ax # 0, roraa GyHKus u = @(X) noay4uT
npupamenue Au, a yskuns y = f(u) — npupamenne Ay. Cocraum

Ay Ay Au

oTHOmeHue — =———— . Beruncanm
Ax  Aulx

l|mA—= l|m(AyAu] l\m llm =fu’.
ar20Ax  Ar-0\ Au Ax ) Ax-0 Au x40 Ax

HWrak, DPOUIBOAHASA CIOKHOM DYHKINH BHIYUCIACTCSA 110 GOP-
Myse:

v= . -

Ilponssoauas obpaTHoi pynkumun. PaccMOTPUM HenpepeiBHYIO
dynxnmo y = f (x) u nycTh ona nMeeT 06paTHYIO PYHKIMIO X = O(Y).

B 1L« pm-Los —L o1
LIYHCIIMM NMPOM3BOAHYIO Y, = lim = = lim A~ -3 = x;'
Ay aeody

Hrak, nponsBoAHble o6paTHbIX QYHKIMIA BerducasaioTea no Gop-
Mysam:

y;=_17,unn x,=
Xy

1.6.8. MNpon3ssoaHbIE OCHOBHbIX
3neMeHTapHbIX hyHKUWA

TIpoussonuas crenenHoNn QyHKmm. Bu’neneu Gdopmyny 4SS Tpo-
M3BOAHOM QyHKIMHM Yy = X",
Hmeem:
-1
Y+ )= G+ Ay ="+ Txt A +"‘"2—l)x~'2 (Ax)? + e+ (M)
(0 hopmyse 6uroma Hetorona).
~1
Ay = y(x + Ax) - y(x) = %x""Ax + %x"‘zmx)’ + . + (AX)".
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Ay

T "("_’-U

XL + o+ (A)T

y(x)= gﬂ% = lim (nxn+ % X"2AX + o+ (Ax)* ) = nx L,

Hrak, ‘(? = nx" T,

y=u", rae u=f(x), ¥ =nu""u =nlf()]"" f(x).
Mpusepn. 1.y =32 y'=3. 5. x* = 152",

=4l =My 4—x7 =32/

3.y= T_*_sx%' V= 5(—~]~ ?
4.y=V2-3x =232 =u¥%, rreu=2- 324

" yn , oA -
y'= u 12 3x') 2(2-3x%y = (-12x%) = —
7_, x%) = 2—3x‘

5.y= (2Vx-x*=u® raeu=2Vx-x*

¥ =5uty’ = 52x - x“)‘(z\/;ﬂ‘“)':5(2&—:”)‘{221 _w]:
r

=5(2&—x3)‘[7‘:~ax’J .

Iponssoausie Tpuronomerpuuecknx dynxumii. Boisesem dop-
MYJIbl 15t TPOU3BOAHBIX QYHKIMIA y = sinx, y = cosx, y = tgx,
y=ctgx.

* y=sinx. Umeem: y(x + Ax)=sin(x + Ax).

Ay = y(x +Ax) - y(x) = sin(x + Ax) - sinx =

X+Ax-x x+Axr+x

=28in———cos————— =
2 2
sinAx
Ax 9
'2sm7cos(x+—] Xx!{: gz cos(x+—é;—].
2
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. Ax
sin——
2

Ax

y'=lim Ey lim. Bgcos[x+%)=l-cosx=cosx.

2

Wrak, |(sinx)’

08 X..

y=sinu, rae u=f(x), y =cosu-u’=cosf(x) f(x).

Hpumep. y =sindx®=sinu, rne u =4x*
Y’ =cosu - u’ = cosdx® - (4x") = cosdx™ 12x*,

® y=cosx. (&?)Eﬂin.\‘.

y =cosu, rae u = f(x), y =-sinu-u’=-sinf(x) - f(x).

Hpumep. y = cosdx = cosu, rae u = Yx.

. 1 2 1 sindx
¢ =~ si ’=_si Yxy=- Y = & »
Yy =-sinu - u sin ¥ (¥xy =-sinYx 3 x3 3 7;;—
sinx
cosx

o y=tgx=

), {sinx ) _ (sinx)’cosx —sinx(cosx)’ _ cosxcosx —sinx(-sinx) _

cos?x cos?x

2 in2 -
LOERIENE L. v (g =L T
cos“x cos® x x B

e L
cos’u  cos®f(x)

cosx

y=tgu, rae u=f(x), y'= f(x)-

HMpumep. y = tg(4 - 2x) = tgu, rae u =4 - 2x.

b1 B o 1
= = 4-2x) = (-2).
V=i iz " ez D
. = ctgx.|(ctgx) 1
e sin’x
= ctgu, rae u = f(x) ’»—_l__u'—__l__r(x)
Y ’ YT iy sin®f(x) )

I84

Hpumep. y = ctghx = ctgu, rae u = 6x.

. 1, 1 %
=t = (6%) =———6
i P T

TIpou3Bonubie OGPATHBIX TPHIOHOMETPHYECKHX (DyHKIMI. Boine-

Aem GopMyJIbl )il IPOM3BOAHBIX (DYHKIME ¥ = arcsinx, y = arccosx,
y = arctgx, y = arcctgx.

n .3
* y=arcsinx (-1 <x<1; ~§S 5) Umeewm: x = siny. Torpa

X, =cosy, OTKyaa y;z%:ﬁ. Ho cosy = |1-sin’y=

’ n T
=/1-x? (Iepeji KOPHEM 3HAK «+», TAK KAk 2 <ys E) , OTKysa

7 1
Yem . Uraxk, (arcsinx)’
T -x?

y=arcsinu, rae u=f(x), y' = 2 e : f(x)
' Vi [ jreor

HMpumep. y = arcsinJx = arcsinu, rae u = Jx.

Pt X e L T
Nz i-x -x2ix -

* y=arccosu, rae u=f(x).

1 1
= Fx)
Vi-u ;}I—U(x)]z

1
Hpumep. y = arccos;~arccosu. rneu-;
PR ER I L Y
Jl—uz JI—L x JI—L x2 ).
a2 o

=; =__l_..'(x)
1+u? 1+

HMpumep. y = arctg x* = arctgu, rae u = x2

. 1
Y=

* y=arctgu, rae u=f(x), y

L)
Trut” l+x‘( Teain
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1

211 2
_ _ = 1--1 =0-211_
*  y=arcctgu, rae u =f(x), =@ ST 7). S A e e
HMpumep. y = arcctg®5x = (arcctghx)’ = u”, rae u = arcctg 5x. 2 x® 2-:‘5 1
2.yl [2“‘,] = 5[n@-) - In@+x%)] = Xinu - o],

1
' = 8uu’ = Barcctg?bx (arcetg 5x) = 3arcetg’bx [’W{?ﬁ% rreu=2-x% v=2+x%

arcctg?5x 1u' 2

N_1 i
-=v (-3x* =
T s v J 3[2 AR +2+x=]
] o
Tlpoussoanas sorapudmuveckoin pyaxuuu. [lna Gpynkunn =-‘7xx, @
y=Inx (x> 0) umeem: y(x +Ax)=In(x+Ax);
x4 Ax Ax IIponssonnasn nokasareasnoit pyaxuun. [lna ynknun y=a*,
Ay = y(x + Ax) - y(x) = In(x + Ax) - Inx = In = ln(l*j]. 3 .
% l’nea>0.a¢l,uueeu:lny:lna‘:x\na:x:]L]ny
na
Ay ln[1+A-{) 1ln(l+£] , 11 1
_ x)_1 x Xy =—— L, o —aF
o gl _x—A__x " " “Inay OTKyAa Yx x ylna=a*Ina.
* Hrax, [( Ina.
o 1ln(l+— [C1] y=a", rre u=f(x), y'=a*Ina-u’=a'na f(x).
y= lim2Y = lim=— %/
80Ax A0y Ax y=e", rae u=f(x), y'=eu =e/Of(x).
£
2350 u
1 1, Lg=(2] =2 —2- 32
(rak Kak liml“(l—+z) 1). Urak,| (Inx)'=— pumepu. 1.y (2] (2] el &
0z %
u -8
;1 (Y L s fIYP
=Inu, rae u=£(x), ¥ =—u =7(—)f’(x) Y _(ZJ ln2 v=3 lnz(—sz).
—log,,u, rae a>0, a#1, u=f(x). 2. y=30"=3 meu=v1-x.
1 1
L /=34In3-u’' =3V In3.(VI—x) =3/ In3- L(1- x) 2(-1) =
Y lnaf(x)f() Y n3-u'=3""*In3-(V1-x) =3/"*In3 310 D=
- i 2 3+ 1n3
Hpumepwi. 1. y=log, 3Vx* =log, 3 +log =-1+log, x* = . 3
3 i 3 2ix
2 2 B.y=e'"=¢" rpeu=4-5bx,
=-1+=log, x=-1-=logzx .
30 3

(4 - bx) = e' " 5(-5).
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Jlorapudmuveckoe nuddepennunposanne. Brisegem dopmyiy
ISl IPOMBBOHOM CTeNeHHO-TIOKa3aTeabHoi byrkunn y = [ f(x)]%*,
rae f(x)> 0.

Byzaem umerts: Iny = In[ f(x)]¢) = o(x)In[ f(x)].

BasiB IPOM3BOAHYIO OT 0GEHX UacTell, MONyIHM

vy q;(x)ln[f(x)]+q;(x)mf(x) A(x)

OxoHuYaTeNBHO:

V=A@ Y= [0’(xilnlf(x)] +«x)ﬁf’(x)}[f(x)*“] i

HMpumepot. 1. y=x".
f@=x=f(x)=1; gx)=x=¢x) =1

A(x)=1-Inx+x1l.1=lnx+l. y= A@)y =(nx+Dx*.
x

x* | 8-x
@B+a)’
x

Iny=In =In a +1 So% =Inx’—In(l-x)+
vetnl = (3+x)’ 1-x @iy

2,:

((3+x}2) =2Inx-In(1- x)+—-|ln(3 x)-2In(3+x)).
1, a1 3 1 1 ]2 1 19-&
dyugd ot gy EVE =2 - = A(x).
P e . ”3[3 0-257 ] P i
1 19-x]x* [3-x
V=AGw ["’17:'59-:2]14.#(3”)"

1.6.9. Mpumerenne npon3sopHoR
K Bbiyucnenuio npepenos. Mpasuno Nonurans*

ITycmoe pynryuu f(x) u §(x) npu x — xo (uru x — +e0) coemecm-
HO cmpemamca K HYa10 unu K Geckonewnocmu. Ecau omnouwenue ux

* .. ze Jlonurans (1661 — 1704) — pannyackuii MATEMATHK, ABTOP TepBO-
ro neuatHoro yueSuuka o AuddepeniuansrOMy Heuncienmio (1696).
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npou3eoonbLx umeem npeden (KOHeUHbLiL ULU BeCKOHEUHbLIL), MO om-
HOWEHUE CAMUX PYHKYUL maKice umeem npeden, pasuuviii npedeny

OMHOWEHUS NPOUIBOOHBLX, M..e. limM lim f(x)
2=z (X) Htutp(x)

JlokaskeM TOJIBKO, YTO eC/IM IIPH X — X, lim f(x) = lim ox)=0 n
Xz vy

MX IPOMBBOJHBIE B TOUKE X, CYLIECTBYIOT, npudeM ¢'(x) # 0, To

lim = = lim
@) @)

Ilpeanonaraercs, uro pyuxnmu f(x) u ¢(x) onpesenens: n Henpe-
PHIBHBI B HEKOTOPO# OKPeCTHOCTH TouKM X, (lim f (x) = f (x,) = 0:
X%
}!iy;n 9(x) = ¢(xy) = 0) u anamenarens ¢(x) ne obpaiaercs B HyIb B
~x

TOYKAX ITOH OKPECTHOCTH, 38 UCKIIOUEHNEM CAMOMK TOUKH X.
Hokxasameavcmeo. ockonbky f(xo) = ¢'(x,) = 0, T

16~ (x0)
1) _ [ -Tx) __ x-x,
0D 0~ 0(xe) KD = 0(xa)

x-xy
Torna
1)~ (xo)
F(x) _ f(x0)
e e O [
oz @(x) - @xg)
1
X Kad ; o 1
Mpumepw. 1. lim = =170 = lim =55 = lim -2 =0 (@>0),
8 [ . 3In3 _ 3*In?3 3%In3
2 s = {2 o 2 i 0.
2 Inx _fe %2
3. lim(x* 100 ={0 =} = i 5 = | = 1im e,
=) x0 0 2
&
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I T (R T A U MV{Q%
I:i?(x 1 ]nxj { 1 = (x-1)lnx |0 3)y=Yx+x¥x; 4) y = cos In(1 - x 2);

1 1
1 lnx+x>-1 b 1sin®3x lcos®dx
1 5) y =sinV3 + = Y5 -
= (- S g .2 Yy n 6 ct;
=lim 1n_ﬁ(171)1 1,15,‘.1 %, 3 cosbx ' v = 8 “sin8x ©
x aF

S x?-4
7) y = aresin® 4 - 5x ; 8)y= nrccosm ;

.
5. lim(cosx)#® ={1-
lim(cosx)<* ={1-}.  2x+4
\ , i 9Ny= nrctg 7—' 10) y = In sin 1
Tyers A =lim(cosx)s . Torza InA = limln(cosx) = lim %% _ R
e ] e
‘ ll)y—lntg( ] 12) y = In*(1 + cos 4x);
——(-sinx) 42
0 N . tgx * 1
{5} e i et 1 1yyess LipZiE, oo
¥ . y=x+ —=In +25°, 14)y = i T
1 . & TZ‘*’ 5 Jy=1In arcsm‘/lT,
lnA=—§=A=e"/‘=T_ i x
) 15) y = e * cos®(2x +3); 16) y = e arctg?2x;
6. lim(ctgax)ins = {=°} . ; ‘ '
o (x?-16)(4+ x?) o
, : 17y y = & 1O 18)y = (sind3 )"
Tyers A =lim(ctgx)ins . Torza InA = limIn(ctgx)ns = lim P 120x° )y = (sinx)
X0 X0 x0 Inx "
1 [__._J 19)y = (19)" «'% 20) y = (ctg x) ] .
oo 14 in? - x 1
= {:}z I}ECS’% = _E'EER =-1. 2. Berumcsure npesiensi, noasayscs npasniom Jomnuras:
* 31y i Y212 22) jim Tt
L e i s
lnA:—l:A:eui. =5 x-5 =% 2x
) ) 41 x-3) lgx-1
7. lime* ={0°]. 23) lim—er—;  24) i —E=3 im &
timx” ={or) e 2 ingG g 29 Im AT
Tycrs A = limx". Toraa InA =limlnx* —hm(xlnxplm%:
1 x [EEAl noHSTVE AMO®EPEHLIMANA ®YHKLUN
=lim—X-=limx=0=A=e’=1. » 1 Er0 CBOUCTBA
. o
=

1.7.1. Onpepenenve auddeperumnana hyHKUUN

3apaym Ans camMoCTOATENbHOMO pewenuns
Ha ocroBanuu caoiicrsa npezgena GpyHkuumn, d)opuyny AJA TIPO-

1. Haiiiure NponaBoiHbIe CAEAYIOMMX DYHKIMIT: Ay
Hu3BOAHOM f(x) = lun b Ay MOYKHO HAIKCATE B Buje: = f(x) + afx),
xz
y= H rae ox) — GeckoneuHo manas, T.e. lim a(x) = 0, MM MHaYe
2V1-3x a0
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Ay=f'(x)Ax + 0Ax, rae [’(x)Ax — raaBHAA JMHEHHAS YACTH IPUPA-
meHns GYHKIUH, TPONOPHHUOHATIBLHA AX; CAX — GECKOHEUHO MaJas
BGoJiee BHICOKOTO MOPAJKA MAJIOCTH, YeM Ax.

[0] Auppepenyuanom Gpynryuu y=f(x) naspBaerca rnappas
NuHelHAaA yacTh npupamenns Gynkmun f(x)Ax, KoTopas oTaHYa-
ercsi OT npupamenns Ay Ha 6eCKOHEYHO MAJYIO BeJIMYuHY OAX 60-
Jiee BBICOKOTO TIOPsAKa MaJoCTH, YeM Ax, u obosnauaercs dy.

Takum 06pasom, o onpegenenuio, dy = f'(x)Ax.

Bametnm, 4TO ecau y = x, 1o dy = dx = (x)'Ax = Ax. Orciona Ax =
=dx, T.e. IpUpaIeHHe apryMenTa u AnddepeHiuai apryMenTa co-
BHagaoT ¥ GOpMy.Ia Ans BeYucIenus And)epenuaia 3anumercs
B Buge dy = f'(x)dx.

Takum 06pa3om, 3HAsA NPOUIBOAHYIO GYHKIMM, MOIKHO HAlTH ee
auddepennuan no dopmyne dy = f'(x)dx u, obparno, suan audie-
peHIHAaN QYHKIUN, MOXHO HANTH ee NPOM3BOAHYIO 110 (hopmyse

oo dy
f(x)—yfdx~

Hpumep. Haiitu auddepentman Gysxuun y = x°, Munys Burancienye
TIPOM3BOAHOM.
Pewenue. Beraucaum npupamense GpyHKumn

Ay = (x +Ax)* - x= x+ 3x?Ax + x Ax? +Ax" - x¥= 3x”? Ax + Bx Ax" + Ax".

Hrax, Ay = 3x°A x + (3x Ax*+ Ax?).

TlepBoe ciaraemoe JMHEWHO 3ABUCUT OT AX, & BTOpoe — SIBJIfAeT-
cs1 GeckOHEUHO Masioii Gosiee BEICOKOro nopsaaka, dem Ax. Crezosa-
TEJBHO, O ONPejeNennio, uCKoMuill Auddepennuan pasen: dy =
=3x%dx.

1.7.2. leomeTpueckmnit cmbicn
navddeperymana yHkunmn

Paccmorpum rpadux auddepennnpyemoii pyaxnuu y = f(x)
(puc.1.45). BosbmeM kakylo-HuOYAb Touky M(x; y) Ha rpaduke u
npoBeJieM KacaTeJbHYIO K rpadMKy B 9Toi Touke. O603HAUMM Yepes
0L YroJI HAKJIOHA KACATEJIbHON K IOJI0KUTeIbHOMY HANIPABJIEHMIO OCH
Ox. Kax nasectHo, tgo = f'(x). [lanum apryMenTy X npupamenue Ax,
KOTOpOe HA pUCYHKe naobpaxaercs orpeskom AB = MC = Ax. Toraa
opauHaTa KpUBO# nosyunT npupamenne CM, = Ay = f (x + Ax) - f(x),
a opAMHATA KacaTeabHOH B Touke M — npupamenne CD. Onpeaennm
IJIMHY OTpe3Ka 'CD\ s
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Puc. 145 v

M,
Ay
v=1e/ 2rf]
3 |
v . I K
1 a ¢
1% Al B
ol x x+hx x

Us npamoyroaboro rpeyroasuuka MCD umeem: |CD| = | MC |x
xtgo=|MC [ f/(x) = f'(x)Ax = dy.

Hrak, |CD| = f(x)Ax = dy, T.e. nuddepennman yuxnun y =
= f’(x) reomerpuueckn naobpaxkaercs npupamennem CD OpAMHATHL
KacarteJbHON K rpaduky B rouke M(x; y) npu nepexoae ot rouku M
K Touke My (x + Ax; f(x + Ax)).

1.7.3. Mpumenenue auddepeHumana thyHkumm
K NPUBAVKEHHBIM BbIYUCNEHNAM

Caenaem BaxcHOe 3amMedyaHue: eCJy NpUpameHne AX apryMenTa
MAaJIo 10 MOAYJIIO, TO Anuddepenuuan GyHKuun dy U npupamieHue
DYHKIIM AY MOMKHO CUNTATH IPUOIMIKEHHO PABHBIMI Mexay coboii,
T.e.dy = Ay.

HeitcTBurennno, umeem Ay = f'(x)Ax + 0Ax win Ay=dy+oAx n,
cJIeloBaTeIbHO, KOraa le' Mauno, To Ay = dy. llepenumenm aro pa-
BEHCTBO B BuJe Ay = f(x + Ax) — f(x) = dy.

Orciona f(x + Ax) = f(x) + dy wim f(x + Ax) = f(x) + f(x)Ax.

ITo aroit opmysie MOKHO NPUOIUKEHHO BHIYHCIAATH 3HAYCHUS
GyBKIHHT.

HMpumeput. 1. Burnennts npubamsmsenso sin31°.
Pewenue. Paccmorpnm dynknmio y = sinx. Byaem umers:

sin(x + Ax) = sinx + (sinx)Ax wan sin(x + Ax) = sinx + cos xAx.
(n
Honaras x = 30 (E)' Ax=dx=1 (T:T)]‘ M3 nocneane GopMys Haxo-

AuM ucKoMoOe npubiukenHoe sHavenne sin31 = sin(30 + 1) = sin30 +

n
+ cos30 6 = %5+0,866-0,017 ~ 0,515. Mrax, sin31 =~ 0,515.
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2. BoluucauTh npubanKeHHOo ¢ noMombio Auddepennuana sHaueHue
GyHKnEM Y = %? B Touke x = 7,76.

Pewenue. Paccmorpum QyHKUMIO Y = ?/; Ilo popmysie HAXOANM:

Y+ Ax = Yx + (Yx)Ax, wm ﬂr+Ax=§/;+3{}_zAx.
*

Ionaras x = 8, Ax = dx = - 0,24, Gyaem umers:

0,24) =2-0,02=1,98.

Y776 ~Y8+ W‘s_g-(—o.zn. wn Y776 =2+
Hrax, 7,76 ~ 1,98.

3. Haiitu npupamenue Ay u anddepernnan dy dynxmun y = x*+ 3x*
Brouke x = 1 npu Ax = 1; 0,1 1 0,01. Haiitu Ans Kamaoro anavenusn Ax
abconioTHYI0 norpemHocTs A = | Ay — dy | m OTHOCHTENIBHYIO NOrPeIIHOCTH

Ay - dy|

2y | XOTOPHe AONYGKAlOTCR I 3aMere npupamenns anddepen-
Y

e=

nuanoM GQyHKIumM.
Pewenue.

1) Ay = y(x +Ax) - y(x) = (x +Ax)* + 3(x +Ax)* - x* -
— 3 x%=x%+ 3x?Ax + 3x (Ax)*+ (Ax)’ + 3 x* + 6xAx + 3(Ax)’ - x* - 3x?=
= (Ax)* + (3x + 3)(Ax)*+ (3x *+ 6x)Ax.
dy = y’Ax=(3x"+ 6x)A x.

2) Mpu x = 1: Ay = (Ax)* + 6(Ax)* + 9Ax, dy = 9Ax. X
A6comoraas norpemuocts A = [(Ax)® + 6(Ax)” + 9Ax — 9Ax| = [(Ax)’ +
+6(Ax)7.
_|_ax)’ +6(axy
OTHOCHTEeIbHASA NOTPEIHOCTD € = (Ax)' + 6(Ax)? +9Ax|"

7
3)mpu Ax=1:Ay=16;dy=9;A=T;¢e= EE‘=43.S%.

0,061

e e 0B A T ~6,3%.
4) npu Ax=0,1: Ay =0,961; dy = 0,9; A=0,061; ¢ 0.961 6,3%
5) Mpu Ax = 0,01: Ay = 0,090601; dy = 0,09; A =0,000601; ¢ =
= 000601, qoy,,
0,090601
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3apaun Ana camoCTOATENbHOrO pelseHus
1. Haiigure nuddepenuuandy dynkuun y = tg (arccos V1 -2x?).
2. Iokaxknre, 4ro QyHKIMA Y = tgIn 3X yA0BIETBOPSET YPABHEHHIO
(1+y?dx = xdy.
3. Buruncaure npubiamMKeHHO ¢ ToMombIo Auddepennnana aHa-

uenne GyHkuun y =\4x +1 B TouKe X = 2,56,
4. Haiizure npupamenne Ay n anddepenunan dy Gynkuun
x+2

y= 5 B TOUKe X =3 npu A x = 1; 0,5; 0,25.
x—

Haiianre s kaxa0ro sHauenns Ax abCoNTIOTHYIO NOTPEIIHOCTh

A =|Ay - dy | n orHOCHTENBLHYIO MOTrPeNIHOCTh € = A”A Y , KOTOpBIe
Y

JAONYCKAIOTCHA IPH 3aMeHe Npupaiesus Auddepenimanom QyHKIHA.

EEN nPov3BOAHLIE BbICLLMX
NOPSAKOB. OCHOBHbIE TEOPEMbI
ONODEPEHLNATIBHOTO UCHUCTEHNA

1.8.1. MNpou3BoaHbIe BLICLINX NOPSAKOB

Pacemorpum guddeperuupyemyio hyukumio y = f (x). Toraa npo-
uasoanan y’ = f’(x) HaspiBaeTcs NPoM3BOAHON 1-ro mopAAKa, MK
nepBoi NPON3BOAHOIM.

ITponaBoaHo# 2-ro nopsiaka (BTOPOil TPON3BOAHOI) HABKIBAETCSH
NPOM3BOAHASA OT ee NepBoil NPOM3BOAHOI 1 oBosnavaercs y”, T.e.
Y=Y mam f(x) = (f(x)).

AHAJIOTHYHO ONPe/IeNAIOTCA TPOU3BOHEIE 3-T0, 4-TO, ..., N-TO 110~
paaka:

Y=y =@ e Y=Y
Mpumepwi. 1. f(x)=x'—4x* + 3, f'(x)=4x* - 8x, f"(x)=12x* -8, ...

2.y=sinx= ain[x-{»O»g)

y'=(sinx)’=mx=xin[x+1~§);
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¥ =Y = (cosx) = -sinx = sin[x + zv;);
y”=(y") = (-sinx) = —cosx = siﬂ(x +3 ,—z()

y" =(y") =(~cosx) =sinx =A'm(x 4. g)

il =(yt~'”)’:sin(x+n %] raeneNuUO.

1.8.2. OcHoBHblE TEOPEMbI
AndepeHLNanbHOro NCHMCNERNs

Teopema Jlazpanxa o konewnom npupaugenuw. Ecru pynr-
yus y = f (x) duppepenyupyena na unmepsazre (a; b), onpederena
u Henpepviena na ompesxe [a; b], mo na ompeske [a; b] cywecmey-
em no kpaineit mepe odna mouka ¢ (a < ¢ < b) maxas, wmo
f(b)-f(a) = f'(c)(b—a), m.e. KoneuHOe npupawerue PYHKYUU PABHO
npoussedenHuI0 COOMBEMCMBYIOU4E20 NPUPAULCHUR APZYMEHMA HA
3HaueHUe NPOU3BOIHOUL PYHKUUU 6 HEKOMOPOU NPOMENYMOUHOUL
mouwxe.

Joxasamenvemeo. Pacemorpum Touxu M (a; f(a)) u My(b; f(b))

rpaduka dyuxuun y = f(x) 1 nposeseM depes HUX CEKYIIYIO MM,
(puc. 1.46). Byaem nepememars oty npsmyio M, M, ¢ nomMomso na-

Puc. 1.46
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PAJIIESTBHOTO NepeHoca 0 TeX Nnop, I0Ka OHAa He COBIAJIeT ¢ KACATe b~
HO# K rpadmKy B HeKoTOpoii Touke M(c; f(c)), rne a < c <b.

Tak kak npsamas M, M, napajieJbHa KACATEIbHOMN, TO YIIOBOMK
Kkoa(pUIMenT cekymeit k., paBeH yrioBoMy KoshdUIHeHTy Kaca-
TeABHOM Ryoes To €. Regy = Ryger

Ho yrnosoit koaduuuent kacarenbuoil COraacuo reomerpu-
YeCKOMY CMBICJIY IPOM3BOAHOM paBen: k. = f'(c), a yraosoit koad-

_ ¥a-b _[(b)-f(a)

= b— (13 ananuTH-
Xy X -a

4ecKOl reoMeTpum), rae x; = a, y, = f(a), x,=b, y, = f(b).
16) - f(a) _
b-a

unnent cexymein M, M,: k.,

YunreiBas, 4o k.. = k., 0oxyaam: f(c), orkyna

1(b) - f(a)=f'(c)(b - a). [ ]

W3 reopemsr Jlarpauska cieayer, uto Ha untepsane (a; b) cy-
mecTBYeT TOUKa ¢ TaKasd, 4TO KacaTeabHasd K rpaduKy B Touke
M(c; f(¢)) napannensna npamoit M, M,. Takux Touek MOMKeT GBITH
HECKOJIbKO, HO 10 KpaiiHeil Mepe ojHa uMeercs Beerja. B aTom 3ak-
JMOUATCH reOMeTPHUeCKMii cMbIC Teopembl Jlarpanska.

Teopema Ponrns o kopuax npouseodnoii. Ecau ynryus
v =[(x) dugpgpepernyupyema na unmepeare (a; b), onpederena u ne-
npepvléna na ompeske [a; b u na ezo Konyax npunumaem pasnoie
anavenus, m.e. f(a) = f(b), mo na unmepeaae (a; b) cyuwgecmsyem no
Kpainel mepe odna mouka ¢, 6 KOmopoit npouszeéodnas pasna 0:
1(c)=0, rae a < c < b (puc. 1.47).

Jlanuyio TeopeMy MOJKHO TAKIKEe MHTEPIDPETHPOBATE CJEAYIOUNM
06pasoM: MesKy ABYMS I10CJIeI0BATENLHBIME KOPHAMMU AuMdepesm-
pyeMoii GYHKIMH Beeria COAEPHMTCs 110 KpaiiHeil Mepe oMl KopeHb
e npousBoHOI (puc. 1.48).





image51.jpeg
Jorxasameavemeo. Tak kax y = f(x) auddepennupyemas GyHk-
nus u f(a) = f(b), rae a < b, To u3 reopemn Jlarparxa f(b) - f(a) =
=f'(¢) (b - a) noayuum 0 = f'(¢)(b - a). Tak kak b-a # 0, To f(¢) =0,
raea<c<b. -

Teomerpudecknii cMbica TeopeMbl PoJuisi sakiodaercs B ToMm,
o Ha KpuBoit MM, (dacTu rpaduka pyskuun y = f(x)) umeer-
cs 110 KpaiiHeil Mepe 0/iHA TOYKA ¢, B KOTOPOH KacaTebHAA Napas-
snenbHa ocu 0x.

Teopema Kowu — o606uenue meopemot lazpanxa. Ecau
pynkyuu f(x) u 9(x) Henpepvienvt na |a; b) u duppepenyupyemor
na (a; b), npuven ¢'(x) # 0, mo 6 (a; b) cywecmeyem no xKpainei
Mepe 00Ha MouKa ¢, maxas, 4mo

f(b)-1f(a@) _ f'(c) )

ob)- @) ¢e)’

Jorxazameavcmeo. Tlpex e Bcero aamernm, uto ¢(b) — ¢(a) # 0,
TAK KAK B IPOTUBHOM ciaydae 1o TeopeMe Posrst ua (a; b) mamace
6b1 TOUKA, B KOTOPOit '(x) = 0, HO HTO NPOTHBOPEUYHT YCIOBHIO TEO~
pembi. OG03HAYUM

1)~ 1@y _
ORI @

W BBE/IeM BCIIOMOTaTebHYIO QYHKIHIO
®(2) - 1) - Qot). @

®ynkuus ©(x) HenpepsiBHa u Anddepernnpyema Ha (a; b) Kax
passocTs Audrpepennnpyembix Gyuknuii. [lokakem, uro pynxknusa
@(x) yaosiaeTBopsieT yeaoBusam Teopemsbl Posuts. Jlna aToro Berauc-
JIaM

1) - f(a)
@b) - pla)

_ [(B)o(b) — [(b)p(a) ~ [(D)p(b) + (a)(b) _ F(@)g(b) — (b))
b) - 9(a) ob)-oa)

D(b) = f(b) - Qe(b) = [ (b) - ob) =

f(b)-f(a) =
DAY= P ay = 1(a)-10O)=1@) gy =
(a) = f(a) - Qo(a) = f(a) B —o@) ola)

1(@)o(b) - f(a)(a) - f(b)p(a) + [(@)p(a) _ f(a)o(b) - f(b)ola)
ob) - pla) b) - pla)
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Crenorarennno, M(b) = d(a). To Teopeme Pouns B (a; b) cyme-
CTBYET TOuKa ¢, Takas, uro ®'(c) = 0. Ho ®'(x) = f '(x) - Q¢'(x), cae-
aosarensno, ®(c) = f'(c) - Q¢'(c) = 0. Orcrona

_fo)
Q —m,(c)' 1)
1®)- 1@ _ fe)
Ha (3 4 —_—
PO )o@ g@ "

3amenanue. B uactiom ciyuae npu @(x) = x Treopema Komu co-
BHajaer ¢ reopemoii Jlarpamska.

3apaun ANS CaMOCTOATENbLHOIO peleHns

Haiigure y” or dyuxnmii:

1)y =(3 - x*)In?2x; 2) y=e'"*sin(2 + 3x);

cosx

3) y = sin®6x; 4) y=—-.
x

YCNOBUSA MOHOTOHHOCTI ®YHKLUN.

HEOBXOOUMOE W JOCTATOYHOE
YCNOBUE 3KCTPEMYMA

1.9.1. Bospacraiowue u y6bisaiowme thyHKuMM.
Ycnosus Bo3pactaHus u y6uiBaHus thyHKUMN

@ Dynxuus y = f(x) naseisaerca 603pacmarowei ua orpesxe [a; b),
©CJIH M3 YCIOBHA X3 > Xy, TAe Xy, X; € [a; b], creayer, uto f(x2)> f(xy).

@ D@ynxuus y = f(x) HaseiBaetcs yOuiearower na orpeske [a; b],
©CITH M3 YCHOBHA X, > Xy, TAE Xy, X5 € [a; b], cneayer, uro flxa) < f(x)).

DyHKIHA Y = f(X) HA3BIBAETCS MOHOMON KON Ha [a; b], ecnn ona
ABJIAETCA BO3pacTalomei nin yopisaomeit na [a; b].

Ipumepwi. Uccnenosats na MOHOTOHHOCTE byaxuun:

Dy=2x-3; 2)y=-3x+2.
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Pewenue. 1) BoabmeM X, > X| 1 BRIYHCIUM 3HAUCHUSA
Y1 = uxn) = 22, = 3, Y2 = y(xs) = 22— 3.

Cocrasum pasHocTs ys — ¥y = 253 — 3 — (2x; — 8) = 2(x2— X1).

Tak KaK Xy > Xy, T0 X — X1 > 0, crenosaTensuo, ¥z~ y,> 0.

Orciona ys > Yy, & 9TO O3HAUAET, 9TO DYHKIMA Y = 2X — 3 sABnsAeTCA BO3"
pacrasomeii.

2) IIpy x; > X; BHIYUCAUM PAZHOCTE

Yo - y1=-3x,+ 2 (-8x, + 2) = -8xy + 3x, = 3(x; - x2).

Taxk KaK X, > X,, T0 X; — X< 0, CJI€/IOBATENLHO, Yz — Y1 < 0. Orciona y, < Yi»
a 210 03HAYAET, YTO DYHKIMA y = 2x — 3 ABAALTCA yOuiBaomei.

Anaaumuyeckue NPUSHAKU MOHOMOHHOCMU (PYHKUUU BbIPAXKa-
JOTCA B CJEAYIOLMX JBYX TeopeMax.

Heobxodumoe u docmamounoe ycroeéue 603pacmanun.
Iycems pynryus y = f(x) nenpepvi6Ha na ompesxe [a; b] u umeem
npouseodnymwo f'(x) npu ecex x € (a; b). JJas mozo wmoGt dannas
@ynryus nala; b] 6biaa s03pacmarnuei, Heobx0dumo u docmamoy-
1o, wmoGwbt f'(x) > 0 npu 6cex x € (a; b).

Joxasameavcmeo. 1. Heo6xodumocmp ycio6us 603pacmaHui.
Iycrs pynxuns y = f(x) asnsercs Boapacratomeit na [a; b]. Iloka-
skem, uto f’(x) > 0 npm Beex x € (a; b).

BoabmeM sioboe x € (a; b) m 1aauM apryMesTy X npupaiiesne Ax.
Bo3MOMKHBI iBA CJyYas.

1) lyers Ax > 0. Tak Kak QYHKUNA Y = f(x) Boapacraiomas, TO

f(x + Ax) > f(x), oKy AR [(if%)ﬂ > 0. Tlepexoas B 9TOM Hepa-

A1)
0

BeHCTBe K npefesy npu Ax — 0, noxyuum: E yes

wuan f'(x) > 0.
2) Ilycers Ax < 0, Toraa f(x) > f(x + Ax),T.e. f(x + Ax) < f(x) 1

Mw, Tak kax Ax < 0. ITepexons k npeseny npu Ax —0,
Ax

>0, wm f'(x) > 0. -

onyunm: lim focAz) - 1l2)
bl s - Ax

2. Jlocmamounocmb ycaosus 6ospacmanud. Ilyers f’(x)>0 npn
Beex x € (a; b). JlokaxeM, uTo QYyHKIMA Y = f(x) aBasieTcs Bospac-
Taomeii Ha [a; b].
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Boabmem x, > x, u3 [a; b). ITo Teopeme Jlarpamixa nonyunm
F(xz) = f(x1) = [ (C)xz— xy),

rae x; < C < x,.
Tlo ycaosuio umeem: f(C) > 0 u x,— x, > 0, caepoparensHo, f(x,) -

= f(x;) >0, orkyza f (x2) > f (x,). [lonyuennoe osnauaer, 4To GyHkK-
uus y = f(x) ABAsAeTCA BO3PACTAIONME. -

Heo6xodumoe u docmamounoe ycnrosue y6oi6anus.
Iyeme pynryus y = f(x) nenpepviéna na [a; bl u umeem npouseod-
nyio y’ = f'(x) npu écex x € (a; b). Jlan mozo wmoGvL ama pynryus
Obira yoviearweii na [a; bl, Heo6xodumo u docmamouro, ¥moos
['(x) < 0 npu ecex x € (a; b).

JlokasaTenbeTBO 9TOl TEOPEMbI AHAIOIMYHO JOKA3ATEILCTBY Te-
opemsl 1 (eM.

Ipumepst. 1. Uccnenosats GpyHKIMA HA MOHOTOHHOCTB:

1)y=2x-3; 2)y=-3x+2.

Pewenue. 1) Haxoanm npouasoanyio y’ = (2x - 3) = 2> 0 npm seex x R,
enepoBaTenbHO, AaHHAA QYHKUMA ABIAETCA BO3pacTaiowiei Ha Beeit uucao-
Ol IpsAMOi.

2)y’=(-3x +2) = -3 <0. Crenosaresnsno, fannas GyHknus y = -3x + 2
ABAseTca yOhBaOmed HA Beell AMCAOBOMN TPAMOT.

2. HaiiTn MHETepBANBI BO3PACTAHNA W yORIBAHUSA DYHKIMIA:

Dy=xJr+x 2) y=x*-3x+2.

Pewenue. 1) Obnacteio onpenenenns pynkuun apaserca: D(f) =
=[0; +o0).

3Jx

Haiizem nponssoanyio y = (xvx +x) = (xf +x) = gzi G - 2 1. Tax

Kkax y’ > 0 npu Beex x € [0; +e0), To faHHAR QYHKIMA BO3pacTaeT B cBOEN
obaacTu onpeaenenns.

2) O6racTeio onpegeneHns pyHKIUNH ABNACTCA BCA YNCIOBAS NDPAMAs,
1.e. D(f) = (~e=; +o0). Haiinem npoussoanyio pynxumn:

Y =(x*-3x+2) =3x*-3=3(x-1)x +1).
OnpenesisieM IPOMENYTKN BO3PACTARMSA 13 yeaoBus y’ > 0, T.e. 3(x — 1) x
%(x + 1) > 0. Pemas 310 HePABEHCTBO, MONYUNM: X € (—oo; —1) (15 o).

@yukuna yGeiBaer B mpoMeskyTKe X €(~1; 1), Tak Kak Ha 3TOM npoMe-
myrke y' = 3(x — 1)(x + 1)< 0.
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1.9.2. Touku akcTpemyma yHKLUN.
3kcTpemymbl hyHkumn. Heobxogumoe
W AOCTATO4YHOE YCNOBME 3KCTPeMyMma

Touka X, HA3bIBAETCH MOUKOU LOKANLHOZ0 (MECMHO20) MAK-
cumyma venpepbiBHO QyHKUMH ¥ = f(X), ec/iu 3HAYCHHE DYHKIAH
B TOUKe X, 60sbIe U0 PABHO ee 3HAYEHHIO BO BCEX TOUKAX HEKO-
TOPOro MHTEpBaJa, COAEPIKAIEro TOUKY X, T.e. f(xo) 2 f(x). Hpy-
THMH CJIOBAMH, TOYKA X HA3blBAETCHA TOYKOMN JIOKAJTLHOTO MaKCHumy-
Ma HenpepsiBHON dyHKIMY Y = [ (x), ecan f(xg) 2 f (xo+Ax) npu mo-
6BIX AX, OCTATOYHO MAJBLIX 110 MOAYJIIO.

Buavenne GYHKIUM B TOUKE JOKAJIHHOTO MAKCHMYMa HA3LIBACT-
CHA NOKANbHBLM MAKCUMYMOM PYHKYUYU B 0GOBHAYACTCH Yyex = [ (X0)-

AHAIOIMYHO ONpe/lesIAeTCH TOUKA JOKAILHOIO MUHUMYMA DYHK-
nuu.

@ Touka X; HA3BLIBACTCA MO KO NOKANBHOZ0 MUHUMY MA He-
npepsiBHO# GyHKkIMM ¥ = f(x), ecan f(xg) S f(xg+AX) npu TIO6BIX
Ax, 10CTATOYHO MAJBIX 110 MOAYJIIO.

Buauenne GyHKIMH B TOUKe JIOKAJbHOTO MUHUMYMAa HA3bIBAETCH
NOKANLHBLM MUHUMYMOM PYHKYUYU N ODOIHAYACTCSH Y, = f(X0)-

JlokanbHbIe MAKCHMYMBI 1 MUHAMYMbI (YHKIIMH HA3BIBAIOTCS K-
cmpemymMamu GYRKYUL, 8 TOYKH JOKATBHOTO MAKCHMYMA H MHHU-
MyMa Ha3bIBAIOTCS MoyKamu skcmpemyma (puc. 1.49).

Teopema Pepma (neobxodumoe ycnosue sxcmpemyma
Hnenpepuvienoi pynxyuu). Ecau nenpepvisnan pynryua y = f(x)
Hna ompeske [a; b] umeem 6 mourxe xq € (a; b) axcmpemym (marcu-
MYM ULU MUHUMYM), MO €€ NePeas NPou360d0HaA 6 3moil mouKe 2ubo
pasna nyniwo, m.e. f'(xg) =0, aubo He cyuyecmeyem.

@ Touku, NpUHALIEKAUMe 00JACTH ONpPe/ieIeH!s HellpephIBHO
(YHKIMH, B KOTOPBIX NPON3BOAHAN QYHKIMH PABHA HYJIIO WM He CY-
I[ECTBYET, HASBIBAIOTCH KPUMULECKUMU MOYKAMU GYHKYUL.

x  Puc. 148

102

Ecsm B kakoii-1m6o Touke QyHKIMA nMeeT BKCTPEMYM, TO 3Ta TOY-
Ka ABJIAETCSA KPUTHUECKOH. OiHAKO 06paTHOE yTBepIKACHHE HEBEPHO,
T. €. KPUTHUECKAs TOUKA HeOGA3ATeNbHO ABIAETCS TOUKON IKCTPeMy-
Ma (Hanpumep, TouKa X, =0 st y = x%).

Aocmamounoe ycnoeue sxcmpemyma Gynxyuu. ITycme
Pynryus y = f(x) nenpepoiena na (a; b) u nycms x,— Kpumunecras
moura pynryuu, m.e. f'(xy) = 0 uru f'(xo) ne cywecmeyem. Tozda
€CAu npu nepexode cie6a HANPABO Yepes MOUKY X, RPOUIGOIHAA
['(x) mensem snax c nawca na MUHYC, MO MOUKA Xy ABAACMCA MOY-
Kolt maxcumyma pynrxyuu. Ecau we npu nepexode caesa Hanpaso
uepes mouky xonpoussodnas ['(x) mensem snax ¢ munyca na naoc,
MO MOYKA Xo AEAACMCA MOUKOU MUHUMYMA PYHKYUU.

JHoxasameavcmeo. 1. Heobxodumoe ycaosue akcmpemyma.
Tlycrs anst onpesenentocTn GyHKIus y = f(x) uMeeT B TouKe EN
makcuMyM. Torja npu JOCTATOYHO MAMBIX AX IO MOAYJIIO HMeeM:

1(x0) 2 f (xp +Ax),

orryna f(xg+Ax) - f(xo) < 0, T.e. npupamenue dynknnn Ay <0 B Tou-
Ke X;.

Cocrasum oTHOmEHUE

Ay _ f(xo +Ax) - f(x5)
Ax Ax :
C yueToMm nocjeHero nepaBencTBa HyAeM HMeTh:

1) npu Ax < 0 ﬂ20:
Ax
2) npu Ax >0 ﬂ50.
Ax
ITo onpesenenuio NPOU3BOAHON HMeeM
3) f'(xo) = lim A_y
Ax—0 Ax

Ms nocneannx Tpex coornHomenuii 3aMeuaem, 4ro:

DupuAx 5 0nAx <0 f'(x)=0;

2)upu Ax 5 0nAx>0 f'(x)<0.

Tak xax f'(xo) ects onpenenennoe uucao u GyHKIMA = f(x)
HENPepEIBHA B TOUKE X = X, TO H3 IBYX NOCIEAHUX HEPABEHCTB CJle-
ayer, uro smbo f'(x,) = 0, 1m6o f'(x,) He cymecTsyer. L]

AHaJOTMUYHO Ji0KAdBIBACTCH TeopeMa DepMa A cryuas M-
HUMyMa QyHKIHHA.
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Puc. 1.50

TeoMeTpHYECKHii CMBIC] TEOPEMbl BbIPAYKAeTCA B TOM, 4TO B
TOYKAX AKCTPeMyMa rpaduk HenpepuiBHO#H Gynknuu an6o numeer
KacaTeJbHYIO, NapaIenbuyio ocn 0x, Tak Kak ['(xo) =tga=k =0
(Toukm Xou xp), TMBO KacaTeabHON He mMeeT (Touka Xg ) (puc. 1.50).

2. lTocmamounoe ycaoeue sxcmpemyma. Ilycts npoussojnas

/(x) upu nepexoe yepes KPUTHUECKYIO TOUKY Xo MEHAET 3HAK C
nuoca Ha MEHYC, T.e. f'(x < xp) > 0 1 f'(x > x;) < 0. Ilokaxem, uro
B TOUKe X = Xy QYHKIMA Y = f(X) NMeeT MAKCHMYM.

Ipumenum reopemy Jlarpana k orpesxy [x; xg):

f(x) = f(x0) = F(e)x — x), TAC X < €< X,

1) Ilyers x < x4, TOrAa ¢ < xo 1 f(c) > 0. U3 reopemsi Jlarpanixka

caenyer, uto f(x) - f(xo) < 0, orkyna
1(x) < f(x0)- (8]

2) Ilyers x > Xo, TOrAa ¢ > xo 1 f'(¢) < 0. Ua reopemnr Jlarpansxka
TONYYUM

F(x) < f(xo)- (2)
W3 nepasencts (1) u (2) 3akjiiouaem Ha OCHOBAHWY ONpe/ieIeHIs
TOYKM MAKCHMYMA, 9TO Xg = Xpax- L]

AHAJIOrMYHO JOKA3BIBAETCA JOCTATOUHOE YCIOBHE MUHUMYMA
GbyHKIMA.

1.9.3. 3koHoMU4ecKne npumepsbl,
MCNONb3yloUe NOHATME 3KCTPEMyMa
(YHKLMA OQHON NEPEMEHHON

Hpumep 1.Ceuenne xenoba ans 3a6opa BoABI TpeAcTaBAsAET COGOI e~
PeBEePHYTYIO PABHOOEAPEHHYIO TPANIELHIO, ¥ KOTOPOi GOKOBLIE CTOPOHBI M
MeHbIIee OCHOBaHMe (AHO kenoba) paBHbl @ (M). OnpexeanTs ee Gonburee
ocHOBaHMe, UTOGHI MPOMYCKHAS CIOCOBHOCTH Kenoba (nromank ero cede-
Hus) Obina HauGoabmeit (puc. 1.51).
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s K B
a a
\ max/
: D a e ¥

Puc. 1.51 Puc. 1.52

Pewenue. 1) lyers Gonbmee ochoanue | AB| = x (m), Bricora xeno6a

| DK | = h (m). Toraa naomans cevenns
1
Sopaa= 5@+ 0.

2) Ua npamoyronbuoro tpeyronsiuka AKD Gyxem nmers: |AK| =

B z
="2—“: |DK| =h=JAD*-aK* = ah($] :%\/3«’+Zaxfx”.

Ilromann ceyeHns TpANeN NN PABHA: )

S,

'rpan

1
E(u»x)-%Jsahzaz-x* =%(a+x)s[3a'+2ax»xz.

3) Jlnst HAXOXKACHUA MAKCHMATLHOTO SHAYSHUS MIONAM CeUeH M BHA-
uaJie BO3bMEM IPOM3BOAHYIO:

s l[m—() 2a-2x
4 2J3a% + 2ax -

R TR e
1 -

V3a*+2ax-x* | 43a*+2ax-x*

_1 2a’+ax-x*
T23a +2ax 2
IIpupaBHuBas 3aTeM NPON3BOAHYIO S’ HYJIO, NOJYUHM
2¢*+ax-x*=0=x*-ax-2a*=0=x=2a
(x = -a me noaxoxuT, Tak Kak x >0).
4) IockonbKy NpH Nepexoje cieBa HANPABO Yepes TOUKY X = 2a NPOH3-

BoAHAsA S’ MEHSeT BHAK C «+» Ha ¢—», TO NP X = 2a 3HAYeHHe S’ MAKCH-
maxbHoO (puc. 1.52).

Ipumep 2. V3 kBaapaTHOro 1ucTa 3xesesa co CTOPOHON a HYHHO ce-
JIATH OTKPRITHI CBPXY AWMK. JUIA HTOTO 1O yriIaM JMCTA BHIPE3AIOT PaB-
HBIE KBAJAPATH M M3 NOJYYMBIIENRCs KpecToBuHBI crubaior sumuk. Haiitn
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ANMHY CTOPOHBI 3THX KBaJAPATOB, YTOOLI MONYUHBIIHACA AIMK GBI HAN-
GonbIueii BMECTHMOCTH.

Pewenue. 1) Ilycts ANMHA CTOPOHBI BRIPE3a€MOro KBaJpaTa paBHa X
(puc. 1.53). Toraa obwem supuka: V = (a - 2x)(a - 2x)x = x(a - 2 x)*.

2) Jina HaX0XAEHNA MAKCHMAJIBLHOTO 3HAYEHNA o0beMa BHAYAJIE BO3B-
MeM POM3BOAHYIO:

V’'=(a-2x)°+x-2(a-2x)(-2) = (a - 2x)*~4x(a-2x) = a® - dax + 4x* -
—4ax + 8x? = 12x* - 8ax + a’.

Ilpupasuss npoussoanyio V' nymo, noayaum

1
122 Bax +a*= 0= x, = cai xp= %,,,

3) IMockonbKy NpH Mepexojie CAeBA HANPABO Yepes TOUKY X = %a npo-

1
u3BoAHAA V' MEHsSIeT 3HAK C «+» HA «—», TO NPH X = Ea anauenue V' Max-
cumanbno (puc. 1.54).

HMpumep 3. Ceuenne TonHeNA METPO IpeACTABAAET cOBOM IPAMOYTOIL-
HHK C NIPHMBIKAIOIIMM K HEMY CBepXy noaykpyrom. [lmamerp nonykpyra
PpaBeH OCHOBAHMIO NPAMOYTOALHUKA. [epUMeTp ceuenus TORHENs AOIHKEH
6riTh pasen 21, KaknMu 207KHB! 6BITH pasMephl cedenns, 4Tobsr nponyc-
KHASA croco6HOCTE (MI0maAh cedennsn ) TonHeas Obina Hanboabmeir?

Pewenue.

1) Tyers |OB| = |0K| =x; |Bc| = |AD| =y (puc. 1.55). Torna nepu-
MeTp ceueHHMs TOHHess paBen: P = 2x + 2y + nx = (1 + 2)x + 2y, nuomannb
CeueHMs TOHHeJs PaBHA:

1
Se=2xy +—nx >
xy 2 X

2) Ua yenosua sagaun umeem: (T + 2)x + 2y = 2p, oTkyaa y=n—[’—;+l)x.

noﬂcTﬂM’ﬂ TOoJyYeHHOe BhIpaXkeHune y B Mp"yny ANSA MJIOAAN CeYeHns,
nosyunM:
Sev=22|n—(Z41)e |+ Lnar
o 2 2

= 2nx—(n+ 2)x? +%$u‘ = 2u—(§ + 2);:'.

3) Jlns HAXOMKAHN S MAKCHMAJIBLHOrO 3HAYEHNS IUIOINAH CeYeHN s BHA~
4azie BO3bMEM NPOHIBOAHYIO:

S’=2x—2(§+2)x=2n—(k+4)x.
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x| x
a-2x
R S T x
a-2x!
x
x x
D
Puc. 1.53 Puc. 1.55
+ ax / o+ \mu
1 - 1 x -
1, 1, 2p x
e 3 w+d
Puc. 1.54 Puc. 1.56

3aTeM NPUPABHSAEM ee HYJIO M IOJyIuM:

2n-(R+4)x=0=>x= 2—7‘
n+d
4) IockonbKy Npy nepexose cieBa HANPABO uepes TOUKY X = 2—"‘
n+
(puc. 1.56) npomasosnas S’ MeHSeT 3HAK C «+» HA «—», TO IPU X :2—’:
o+

BeuuuHA S MAKCHMAJIBHA.
5) Honyunm cootseTcTByIOmee 3HaUEHNE Y1

s Tey=x.

n 2n n+2 n+2
=r-|=+1| =R~ ‘m= =
v (2 ] n+4 i n+4 % n(l n+4

n+d

Hrak, cevenne TOHHENS AOJIIKHO NIPEACTABIATE COGOM NPAMOYTONBHUK

4an 2n
o croposamn |DC| = |Bc| = =X -
po! = | | e M NPHMBIKAIOIAM K HEMY 10Ty
2r
Kpyrom paanycom R=——r.
n+4
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1.9.4. Haubonblwee n HauMeHblUee 3Ha4eHus
hyHKUWN Ha OTpe3ke

Pacemorpum dyrkmmio y = f(x), HenpepbiBAYIO Ha oTpeske [a; bl.
Hauboavwum 3navenuem Gyrnryuu y = f(x) Ha orpeaxe
[a; b] naseiBaercs uncao M = ',‘:‘;ff(") rakoe, uro M > f(x) ans Bcex
x € [a; b].

Haumenvwum snavenuem gpynxyuu y = f(x) Ha orpesxe

[a; b] nasbiBaeTcsA uuca0 m =1I|:_'1br|1 f(x) rakoe, uro m < f(x) Ans Beex
x € [a; b].

W3 reopembl BeiiepimiTpacca H3BeCTHO, YTO HelpepbiBHAA HA OT-
peaxe [a; b] pyuxuua y = f(x) nPUHUMAET HA ITOM OTPe3Ke CBOM HAM~
GosibIee ¥ HAMMEHbIIee 3HAYeHUA .

Ilpasuno naxomdenus HAUGOLLULEZO U HAUMEHBULEZO IHA-
YeHUIl HEnPEePHLEHOLL PYHKYUL HA OMPeIKe ZAKII0UAeTCH B CIIe-
ayiomem:

1) HAXOAMM KPATHYECKHE TOUYKH QYHKIMUH, T.€. TOUKH, B KOTO-
phix f'(x) = 0 1160 He CyIIeCTBYeT, W BHIUMCIIAEM 3HAUCHNA DYHK-
wun y = f (x) B HUX;

2) BoluMCIIsieM 3HaYeHNs (PYHKIMK HA KOHIAX OTpe3Ka;

3) M3 Beex Haii/IeHABIX 3HAYenMil BRIGHpaeM HanGosbmee U HAN-
MeHbIlee.

Mpumep. y=x'-8x*-9, x e [-1: 1). Haiiru M u m.

Pewenue. 1) y’ = 4x° — 16x = 4x(x - 2)(x + 2);

Yy =0:2,=0; x,=-2; X3= 2 — KPUTHUECKHE TOUKH;

Y(0) = -9, y(~2) = y(2) He BHIMCISEM, TAK KAK TOUKH X; = —2; X3 = 2 He
npuHaanexar orpeaky [-1; 1]

2) y(-1)=1-8 -9 =-16, y(1) =-16;

)M :ﬂnﬂ(ﬂx):yw): -9, m= vlraxibr‘lf(x) =y(-D)=p1)=-16.

3apgaun Ans cCaMoCTOATENbHOIO PeweHns

1. BaroropjieH MaTepuaJ Aas uaropoau anuHoit [. Heobxoaumo
9TOii H3TOPOABIO OTOPOANTE NPAMOYTOJIBHYIO IUIOMAAKY , AMEIOLLYIO0
HAMGOIBINYIO TI0mab. KakuMu I0J7KHEL GBITH pA3MephI 9TO 110
manku?

2. KakuMu J0JKHbBI GBITH PA3MepPhl IMIMHAPHYECKOH 3aKPHITON
IMCTepPHBI 3a4aHHOr0 06beMa V, uToObl PACXOA JIMCTOBOTO JKeJesa Ha
ee M3roToBIeHNe Obl HAMMEHbIIUM?
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3. Tpebyercs H3roTOBUTH KOHHYECKYIO BOPOHKY ¢ 06pasyioueii,
pasHo#t [. KakoBa fiosi3kHa ObITH BBICOTA BOPOHKH, 4TOOBI ee 00bem
b1t HAaNGOIBIINM?

4. V3 3arOTOBKH NPOBOJIOKH JIMHO# [ crubaioT KpyroBoi ceKkTop.
KaxoB o/KeH ObITh HeHTPAJBHBINA YroJ ceKTopa (B pajnanax), 4To-
6b1 ero nuomaab GblIa MaKCHMaIbHON?

5. Crpasuna KHUrHM uMeeT momans S. [1o TexHuYecKnM yeaosm-
AM IIMPUHA 10JIeil CBepXy M CHU3Y TeKCTa JoJKHa ObITh paBHOM a,
a cJieBa u cripaBa b. Kakum JAOJIKHO OBITH OTHOIIIEHUE paamepos cTpa-

HUILBI, YTOOBI IJIONA/Ib CTPAHUILI, 3AHATASA TEKCTOM, OblIa HAGOIb-
meit?

6. Haitiure nanGosibiiee 1 HaMMeHbIIee 3HAYCHNS (DYHKIMM:
a)y =x-4yJx+2 + 8 na orpeake [-1; T];

1
6)y=x’+ ;6—16 na orpeake [1; 4].

VCCNENOBAHNE ®YHKLUN OJIHON
NEPEMEHHOW 1 NOCTPOEHVE MPAGUKA.
ACUMNTOTbI FPA®UKA ®YHKLUV

1.10.1. BeinyKnocTb 1 BOTHYTOCTb KPUBOW
(rpachuka cynkuum). Toukn nepernba
rpacuka dyHkuun

P&CCMD’I’pHH Ha KOOp)lHHBTHOﬁ IJIOCKOCTH XOy KPHUBYIO, ABJIAK-
myiocs rpaduKoM HenpepbiBHON GyHKuMu y = f(X), onpesesennoi
Ha orpeake [a; b] (puc. 1.57).

Kacarensnan

®
o
0 fasnon
-
=
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MeepucnoBue

B HacTosiuiee BpeMsi MATEMATHKA CHYKUT DYHAAMEHTOM pAAa
IKOHOMHYECKHX AucunminH. OBJajienne ee METONAMH U yMeHHe
NPYMEHSATH MX HA TPAKTUKE HeOOXOAMMBI KaXK10My 9KOHOMHUCTY, 110~
ATOMY IleJib NPeAJiaraeMoro yueGHuKa — HM3JI0KeHHe OCHOB COBpe-
MEHHOI MATeMATHKHN ¥ MX NPHJIOKEHN B DKOHOMMYECKUX 00JIACTAX.

Marepuan Kauru paséuT Ha ceMb r1aB: AuGdepeHIATLHOE W HH-
TerpajbHOe MCYHCIeHne, PAAbL, AuddepeHnasbHoe HCYNCTeHne
(YHKIMHA HECKOJIBKMX NepeMeHHbIX, 00bIKHOBeHHbIe Auddepentm-
anbHbIe YPaBHEHWS, OCHOBBI IMCKPETHOH MAaTeMATHKH, YUCJIeHHbIe
MeTo/ibl anrefphl, OCHOBBI TEOPHH BEPOATHOCTEH N MaTeMaTHYeCKO
CTATHCTHKH.

B yueGuuke 1ano 60J1b110€ KOJHYECTBO IPUMEPOB C PeIeHHAMHU,
B TOM YHCJIe IPUKJIAHOTO XAPAKTEpPa, & TAKIKE 381449 IS CAMOCTO-
ATEJNBHOTO pelmeHus. BoAbmHHCTBO QyHAAMEHTAIBHBIX TeopeM
TPHUBEICHO C IOKA3ATEJIbCTBAMHM, B KOHILE KOTOPBIX CTOUT ClelHalb-
Helit 3HaK W, 3AMEHSIOIMKIL CI0BA «UTO ¥ TPeGOBANOCH JOKAZATHS .

Vuebuuk coorsercrnyer rpeGosanusam l'ocyaapersennoro o6paso-
BATEJILHOTO CTAHAAPTA JUIsA CTY/ICHTOB OOPA3OBATENLHBIX yUpesK/e-
Huii cpejiHero npodeccHonaIbHOT0 0o6pasoBanus. MoskeT GbITh peKo-
MEHJIOBAH YYHUTEJNAM M IIKOJBbHHKAM CTAPIIMX KJIACCOB CpeiHHuXx
LIKOJI, & TAKIKE CAYIKUTH I 1eseil camooGpasoBaHus.

B yueGHMKe NPUHATHI CIeAYIONHE YCIOBHbBIE 0603HAYCHMA:
[0] — onpenenenne;

— Teopema;

— JieMMma;

— caexcTBHe.
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[0] Kpusas nassisaerca svinyraoi eaepx (6vinyxaoii) Ha OTpes-
Ke [a; ¢), ecin Bce TOYKH KPHBOI JIexaT Huxe 11060 ee kacaTesb-
Holi Ha [a; ¢), rae a <c <b.

[O] Kpusas naswisaercs ewinyxaoi enus (60znymoi) na (c; b,
ecJIu Bce ee TOUKH JIeXKAT Bhille J1060# ee kacaTenbHoi Ha (c; b].

@ Touka M KpuBOif, KOTOpas OT/E/AET BBINYKJIOCTh OT BOTHYTOC-
TH, HA3BIBAETCA MOYKOU nepezuba rpapuka GyHKIAH.

ABanNTAYECKHI C110c06 HAXOMKICHUA IPOMEIKYTKOB BBIYKJIOCTH
¥ BOrHYTOCTH rpaduKa QYyHKIMH BRIDAYKAETCA B CIEAYIONIEH Teo-

peme.

Ecau 60 6cex moukax unmepéaaa (a; b):
a) f"(x) <0, mo zpaur pynryuu na (a; b) a6aaemeca 6oinyKivim;
6) f”(x) > 0, mo 2papux pynryuu Ha (a; b) aersemca soznymotm.
ITpu smom npednorazaemcs, ¥mo Qyrxyua y = f (x) aseasemes ne-
npepuvienoil na [a; bl u cyuecmeyom npouseoduvte f'(x) u ["(x) na
(a; b).

IMpumepui. 1. HaiiTi mpoMeskyTKu BEIIYKIOCTH H BOTHYTOCTH rpadu-
Ka Qpynxmun y = 2 — x? (puc. 1.58).

Pewenue. Haxomum npoussoausie y’ = (2 - x?) = -2x; y” = -2 < 0. Cne-
JoBaTensHO, rpadyK GYHKIUH ¥ = 2 — X? BCIOAY ABIACTCA BRITYKJILIM.

2. HaiiTst TPOMeKYTKH BHITYKI0CTH  BOPHYTOCTH byHKIWH ¥ = x°.

Pewenue. Burancanm y’ = 3 x%, y” = 6x.

a) y” <0 npu x < 0, cregoBaTenbHO, HA MHTEPBate (—oo; 0) rpaduK BhI-
TYKJIBLT;

6)y” > 0 npu x > 0, crenopatennHo, Ha MuTepBanE (0; +°0) rpadUK Bor-
wyTail (puc. 1.59).

JlocraTounkbli NIPU3HAK TOYek nepern6a rpaduka QyHKIMH BhIpa-
JKAeTCA B Celyiolel Teopeme.

Puc. 1.58 Puc. 1.59
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[T] Myemsb pynryua y = f(x) nenpepviena na (a; b). Ecau 8 mourxe
x€ (a3 b) f"(x0) = 0 uru f"(x,) ne cyusecmeyem u npu nepexode we-
Ppe3 mouky x,caeéa Hanpaso émopas npouseodnas f"(x) mensem
JHAK, MO MOYKa XqA6]8emca mouKoil nepezuba pynryuu f(x).

Hpumep. HaiiTh Toukn nepern6a, NpOMeKYTKH BRITYKJIOCTH W BOTHY -
2
TocTy rpaduka Gysknun y =e¢ * (kpusas Maycca).
Pewenue. 1) BeluucauM nepByio 1 BTOPYIO POH3BOAHbIE:
¥ =(e ) =-2xe";
¥ = (2xe ) = -2(e " - 2x% ) =27 (262 -1).

2) Haxopum kpuruueckie Toukn Gynkunn I poga (Toukn, nogoapesa-
eMble Ha TOYKH nepern6a) ua yeaosus y” = 0.

2e7(2x* ~1)=0. Tak kax 2e* >0, 10 2x*~1=0.

1 .
Orciona x, = _7'5 "X, o — Kpumirieckne owan 11 por.

3) Yeranosum suakm nponssoanoit y” = 2e* (2x? - 1) B npomesyTKax
1, ; L | 1
b b | =g 3 thad . 1.60.
g b

CieoBaTebHO, IPOMEKYTKH BOTHYTOCTH: [4»;7 ]u[ ;+w), P

2) (2 i

MEKYTOK BHIIYKIOCTH (— A H L ]
V2'Vz

Tak Kax OpH Nepexoje 9epes TOUKM X = + 7‘5 BTOpas npoussonnan y”

1 1
MEHSET 3HAK, TO OTH TOUKH X, = B Hxy= 75 SOROTCA TOURAME nepe-

ruba rpaduxa pynxunn (puc. 1.61).

v
Bormyras Bunyxnas  Bormyras 1
\_/ N
® e ® A }
A S IR .
V2 V2 V2 2
Puc. 1.60 Puc. 1.61

m
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1.10.2. BepTukanbHbie U HAKNOHHLIE ACMMNTOTbI
rpacuka hyHKuMM

@ Ipamas x = x,, napauienbaas ocu Oy, HA3BIBAETCH GCPMUKANLL-

HOU acumnmomot rpadmka Gynkun y = f (x), ecan lim f(x) = oo,
Favs

M3 971010 ONpe/iesIeH s CIIEYeT, UTO A HAXOXKACHNA BePTHKATb-
HBIX aCUMOTOT rpaduka GYyHKIUN HAZO HANTH TaKue 3HAYEHUA X,
npy npubINIKEeHHH K KOTOPhIM APIYMEHTa X COOTBeTCTBYIOIIHE 3HA~
yenuss QyHKIAHA f(x) — +eo, Torga npamas x = x, ABIACTCA BEPTH-
KaJbHOW acHMITOTOH rpadmka QyHKIuH.

Takum 06pa3oM, B TeX TOUKAX X = X, Ie GyHKumus y = f(x) rep-
nunt paspsie II poja, oHa MMeeT BepTHKAJIbHBIE ACUMIITOTHI C ypaB-
HEHHeM X = X.

HMpumepoi. 1. Pynkuua y HMMeeT (Be BePTHKAJIbHEIE ACHMIITO-

Thx=-lux=1.

2x*+3x-5
2. @yuxuns y = vﬁ MMeeT /iBe BePTHKAJIbLHBIE ACHMIITOTH X = 0
x—
nx=4.
3. ®yuknus y = tgx umeer GeCUMCICHHOE MHOMKECTBO BEPTHKAILHBIX
3n

ACHMIITOT X = tf.x : 5
2 2

Hpauna JIMHAS HABBIBAETCA HAKLOHHOU (zopuson manvrow)
acumnmomoi rpapuxa Gynxunu y = f(x), ecan paccrosnue or

NPOM3BONLHOMN ToYkM M rpaduka 10 NpAMO CTPEMHTCA K HYJIIO IPH
HEOrpaHM4YeHHOM yJaJleHuHn 9TON TOYKH OT Havajsa KOOpAMHAT,

.e. lim|MF|=0 (puc. 1.62).

Acumnrora rpapuka QyHKuun y = f(X) HazbIBaeTCH HAKAOH-

. n
HOU, ecnu OHA NIepeceKaeT och OX NMoJ yriom ¢ ‘E‘ T.€. He 10J] Nps-
MBIM YTJIOM. !

v
) %
0 x

Puc. 1.62

112

Puc. 1.63 vl
y=1
—_— Y=kx+b
™ it
o @K Y|
x x

YacTHbIM caydaem HAKJIOHHON aCHMITOTHI ABJAETCA 20PpU3OH-
maanvHas acumnmoma, napainenbnas ocu Ox (¢ = 0).

OTbicKaHMe HAKJIOHHBIX ACHMIITOT rpaduKa Dy HKIMN BRIPAYKaeT-
cs B cJeyiomiei reopeme.

m ITyemo zpagpur pynryuu y = f(x) umeem naxaonnyo acumnmo-
my y = kx + b. Tozda yza060i Koappuyuenm u c60600HbLiL ULeH
acumMnmomaut onpedensiomes no Gopmyran:

f( )

k=lim——

X

== b= llm(f(x) kx).

Hokrasamenvemeo. Boabmem npoussosbnyio Touky M(x; y) Ha
KpuBoii y = f(x) (puc. 1.63). Torga N(x; Y ) — Touka, Jexamas Ha
acuMnroTe ¢ Toit e abenuccoit x. Ilo onpejeseHuo HAKJIOHHONK
ACHMITOTHI MOYKEM 3alUCATD:

lim|MF|=0. [§0]
2o
TlyeTh ¢ — yros HaKJIOHA acMMNTOTH K ocu Ox; F — ocHoBaHHMe

HNepneHnKyaapa, NpoBeAeHHoro na rouku M na acumnrory. Toraa
u3 AMFN naxonum:

|MN|= 'Mpl (2)
cos(p
Toacrasass (2) B (1), noayunm: lim(|MN|cosg) =0, .e.
pras
lim| MN|=0. 3)
2o
Ha puc. 1.63 naxoaum:
|MN|=|MK|-|NK|=f(x)- Y = f(x) - kx—b. (4)
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Tloacrasum (4) B (3):

lim(f(x) - kx —b) =0 (5)
nim limx[M -k 2) =0. Tak KaK X — +oo U, CIeJOBATENBLHO, X # 0,
Xy x x
To lim(Mkaz] =0.
- X x
Orciona k =lim%. TAK KaK limE =0. Toraa na (5) Haxoaum
= X
b=lim|f(x) - kx]. [

1.10.3. O6wan cxema uccneaoBaHus dyHKUum
1 nocTpoexue ee rpacmka

Ipu nceneaoBanum QYHKIMH ¥ H3yYeHHH ee CBONCTB B eJIAX 1o~
CTpoeHns rpadMKa B CJIeAyIOmiei I0Cae0BATeTbHOCTH HAXOAAT:

1) obaacte onpegenenns pysxuun D(f) u, ecan BO3BMOXKHO, 06~
nacth usmenenus E(f);

2) TOYKM paspbiBa (DYHKIMHM ¥ IPOMEXKYTKH HelpephIBHOCTH;

3) DpOMEeXKYTKH 3HAKONIOCTOAHCTBA (DYHKIMH;

4) 4eTHOCTH, HEYETHOCTDb, NEPUOAHYHOCTb;

5) Touky nepecedyeHus rpaduka ¢ OCIMH KOODJUHAT;

6) kpuTHYECKHE TOYKN DYHKIMH, TOUKH DKCTPEMYMa, 9KCTPeMy-
MBI, IPOMEXXYTKHA MOHOTOHHOCTH;

7) NPOMEXKYTKH BBIIYKJIOCTH, BOTHYTOCTH rpadguka GyHKIHM,
TouKH neperuba;

8) acumnToTs! rpadpuKa GyHKIAH;

9) AONONHUTENBHBIE TOYKH (€CIIH 9TO HEOOXOANMO).

ITocae aToro crpoutcs rpaduk GyHKIAN.

IMpumep. UccrefoBars ¢ MOMOIIBIO MPOUIBOLHOMK H MOCTPOUTE rpaduk

x*+2x-1
=t

dynxumm y =

Pewenue.

1) D(f) = (== 0) 1 (0; +2).
2) x = 0 — Touxa paapsisa II posa (x = 0 — BepTHKANLHAS ACHMITOTA).

114

= 5 = &
-1-v2 0 -1+V2  x
Puc. 1.64 Puc. 1.65
x42x-1
3) y>0mpn T =250 xe(-1-v2;0) U (-1 +Y2;400), puc. 1.64.

B npomeskyTkax xe (—oo;—1-— s/:;.)u(():fl +2) snauennay <0,

4) @yHKIMA HU YOTHAS, HN HEYeTHAS, T.e. OBIero BUAa ¥ HemepHoxu-
weckas.

5) Mpuy =0, x=—1 % V2.

(x2+2x-1) 2
6) Haxoanm nponasoanyio: y' = w = x_:l >0 npu
x x

Beex x € D(f ). Cneposarensno, sciony B D( f ) ynkuns soapacraer. yHk-
S HE MMEET TOUeK IKCTPEMYMA M IKCTPEMYMOB.

7)(4—[“_2 ], 2

a) npu x <0 y” >0, crefoBaTenbno, npu x € (—w; 0) rpaduk BoruyThIL;
6) npu x < 0 y” < 0, cieposarenbo, npu x € (0; +20) rpAGUK BHITYKJIBI.
8) a) npsimas x = 0 (ocs Oy) — BepPTHKANLHAA ACHMIITOTA;

6) mycTh HAKJIOHHAS ACHMITOTA MMeeT BUA y = kx + b, Toraa

f(x) x*+2x-1
k=limm = i X2
ilm - lxlm 3

2 o,
b=lim(y— kx)= lim(’—f"—l vx]

Y =Xx+2 — HAKJIOHHAA ACHMIITOTA.
Tpaduk pynkunn npeacrasaen va puc. 1.65.

38}18‘1" ANS CaMOCTOATENLHOrO peleHns

HUccnenyire cpeacreamu audipepeHIHANBHONO HCYUCAEHHA DYHK-
nuio y = f(x) u nocrpoiire ee rpapuk:

Dy=x*+x*-5x+3; 2) y = 2x* + 3x% - 5;
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2x* -6
By="—%
5) _9+6x-3x7
Y a3
(x-2) 34 Gx?
P 8)y=x>+6x+9x+4;
Ny -2 9 )y =x"+6x"+ 9x
X
9y=(x-2)e Y 10) y =1 5
)y =(x-2)e )y ==

3NACTUHHOCTb ®YHKLIWWA KAK OfNH
13 NMPUMEPOB VCMOJb30BAHNS
MOHATWS NPOU3BOAHON B 3KOHOMUKE

1.11.1. MoHATE 3NACTUMHOCTN thyHKUMN

. Al
Kak uaBecTHO, 3HAYEHHME TPOUBBOAHON ¥ = [im _y’ XapaxkTepu-
Ax—0 Ax

3yloILeit CKOPOCTh H3MeHeHns DYHKIIMH Y, 3aBHCHT OT BhiGOpa exu-
HUI, M3MepeHns Y 1 x. [10aToMy NpH HCCJIe/IOBAHMM PA3INYHBIX 9KO-
HOMMYECKHX NPOLECCOB, /ISl OTIPe/IesIeH s 1y BCTBTEIbHOCTH H3Me-
HeHMs DYHKIMM K N3MEHEHWIO APIYMEeHTA, BOZHUKAET HeoOXonu-
MOCTBb BBeleHHs Ge3pasMepHOro NoKasareisi, 3Ha4eHHe KOTOPOro He
3ABHMCHAT OT TOTO, B KAKHMX e[MHANAX 3a/laHbl J H X.

TaKuM 110Ka3aTeIeM ABJIAETCH He OTHOIIeHue a6COMIOTHBIX H3Me-
HeHuil y u X, T.e. Ay : AX, 8 OTHOIIEHHE NX OTHOCHTEJIbHBIX, MK PO~

LEeHTHBIX, N3MEHeHHi, T.e. [ﬂwo%] : [%100%).
y
Beauuuna (ﬂwo%] MOKA3BIBAET, HA CKOJILKO NPOLEHTOB H3Me-
y

Ax i
userca snavenne pynxkuumn, a | —100% | paer cooTBercTByIOUIIEe
x

NPOLEHTHOE M3MEHeHHe 3HAYCHUA aPIYMEeHTa.

1186

[0] Dracmuunocmuio E (y) nsmenenns nepemennoit Y 1pu u3Me-
HEHUH NePeMeHHON X, MJIH 2JIaCTHYHOCTDIO QYHKIMM ¥ = f(X) B TOU-
Ke X, Ha3blBaeTCs npejiesi OTHOEeHUA OTHOCHTEeJIbHBIX, HJIM IPOLEeHT-
HBIX, U3MeHeHuii y u x. Takum o6pasom,

Ey)= um[(A—"mo"/..J{ﬁmouJ]: ,im(“_y-,ﬁ]=
ax-0| Y x

A0\ Yy X
X Ay xR
_ygﬂxAx yf’(x) xﬂx).

Dnactnunocts E (y) nokasbiBaeT, Ha CKOJBKO MPOMEHTOB H3Me-
HUTCH (YBEJIMUNTCS WM YMEHBIINTCH) 3HAUYEHUEe QYHKIHK Y 11pH
yBeanyeHuH aprymenta x Ha 1 % (c x go 1,01x).

Mpumep. Haittn snactianocts GyHkumn y = 3 — 2x 1 ee snauenus
npu x = 1; 1,2,

-2 -2x
3-2x 3-2x

Pewenue. 1) y' =-2; E (y)=x

2)a)upu x=1: E(y)= % =-2, T.e. upn ysesuuennn x na 1% (c 1 g0

1,01) snauense pynxuun ymensunres na 2 % (c 1 10 0,98);
-24
3-24
(¢ 1,2 50 1,212) anavenue dynxumun ymensmutes na 4 % (c 0,6 10 0,576).

6) npn x = 1,2: E,(y) = =-4, T.e. npu yeemuuennu x ua 1%

1.11.2. 3nacTU4HOCTL CNpoca W NPeasoXeHns
OTHOCUTENbHO LeHb!

Kax nasectHo, QyHKIMSA cnpoca UMeeT BUA: ¢ = f (p), TAe ¢ — Ko~
JIMYECTBO TOBAPA, KOTOPOE MOTPeGUTEIN TOTOBBI KYIINTD 110 JaHHOM
leHe p 3a OUpejieIeHHbII IPOMEYTOK BPEMEHM.

Ecnu Hano yeTaHOBHTS, HA CKOJIBKO MPOIEHTOB H3MEHHUTCS (YBe-
JIMUMTCA MM YMEHBIINTCS) CIPOC HA TOBAP IIPH YBEIHYEHUH IeHbI
Ha Hero Ha 1%, TO HYXHO HANTH COOTBETCTBYIONIEE 3HAYCHUE KO-
ahdUnEenTa 5JaCTHYHOCTH CIIPOCA OTHOCHTEIBHO [E€HbI, BHIYHCIA-
emoro no opmye:

f(p)
E =pl\P)
»(@) P

Tlockoabky B GOIBIIMHCTBE CIYYaeB CIPOC ABJsAeTCH yobiBaomedt
(yukuneii nensi u, creposarensuo, f(p) <0, To E () < 0.
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[0] Tosopsir, uto cnpoc snacmuwen (nopsimenmio nens: ua 1 % co-
OTBETCTBYeT CHUIKeHUe cripoca Gostee yeM Ha 1 % ), eciu 3HAYEHHE CO-
OTBETCTBYIONEro KoadhpuuueHTa 3JJaCTUIHOCTH MEHbIIIe MUHYC eJlH-
Hunpl, T. €. E)(q) <-1.Cnpoc neanacmuvwen (NOBHIIEHUIO NEHB! HA
1 % cooTBeTcTBYeT CHUIKEHMe cripoca MeHee 4em Ha 1 % ), ecaiu 3Ha-
deHne KOd(PUIHEHTA 3IaCTUIHOCTH HAXOAUTCA B HETepBase (-1; 0),
T.e. -1 < E\q) <0.Cnpoc neitmpanen (NoBeImennio nenst va 1 %
COOTBETCTBYET CHMYEHHE CIpoca POBHO Ha 1 % ), eciu 3HAYEHHE KO-
a(PUIHEHTA DIACTHYHOCTH PABHO MUHYC eJIMHULLE, T.e.

E(¢)=-1.

IMpumepwe. 1. UccnefosaTh AMHAMMKY BHIPYYKH NIPOAABLOB, T. €. GyHK-
WMIO U = pg, TAe ¢ = f(p), IPH PASNMIHBIX BHAAX CHPOCA.
Pewenue. 1) Haiiiem npesie;ibiyIo BEPYUKY NPOAABIIOB:

u'=(pg) = :: dpl(p)wmp)‘l I(p)+pd’(P)~l(p)+pl‘(p)=

f(p)
f(p)

2) Bo3aMOMCHBI CIy4au: a) eciu cnpoc anactuyed, T.e. E(q) <-1, 1o 1+

-i(P)[bp ] 1P[1+Ey(@)].

+ Ey(q) <0, a raxk kax f(p) >0, Tou i—:’ <0, oTKyAa cleAyeT, 4TO C yBean-
WeHHeM LEeHB! BRIPYKa NPOAABLOB CHHKACTCH;
6) ecaiu cipoc HeanacTuuen, T.e. —1 < E,(q) <0, 10 1 + E,(¢) > 0, a Tax

xak f(p)>0,T0m Z—: >0, OTKy/A CAEAYeT, 9TO C yBeAHYeHHeM IeHbl Bhi-
PYUKa NPOAABIOR YBEJIHUNBACTCS;

8) ecan cnpoc nefirpanen, T.e. Ey(q) =1, 70 1+ Ey(q)=0u z—: -0, or-
KYAA u = ¢ = const, T.e. BeIMYNHA BHPYYKA He 3aBUCHT OT LEHBI TOBADA.

Takoe MOxeT ObITE B cayuae, ecin GyHKIUSA CIPOCa MMeeT BHA: ¢ = t. rae
P

k — HexoTopoe nonoxkuTeNLHOE YHCAO. JleficTBuTensHO, ¢ = P nEy(q)=
ST i

k/p
2. UccnenoBaTh AMHAMMKY BRIDYYKH NPOAABIOB A5 QYHKIME CrIpoca

q= 10-%;:, TAe p — UeHa eAMHUIbI ToBapa (py6.); ¢ — KOJMYECTBO TOBApA

(TBIC. TTT.).
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Pewenue. 1) Haiizem o61acTh onpejeieHns ¥ MHOMKECTBO 3HAYEHMIT

p20

Gy capocs: a) D(f):{ 1 p20

= = pe [0:20].
10-3p20" [ps20

Wrax, D(f) = [0;20].
6) Jina naxoxaenusn E( f) serpasnm p yepes g : p = 20 - 2q. Byaem nmers:

q20 q=0
0:10].
{20-24 20:{‘1510:“[ 10}
Virax, E(f) = [0;10].

1
2) Haiinem Bhipakenne Aus Koa(pHIlMeHTa BAACTHIHOCTH: ¢ = —E:

B (@)=p—2—=
10-1

Boamoxnbl cayuan:

a) Cnpoc BAACTHYEH, eCHH P <~1= +1<0=> 2p=20 0=
~20 p-2 p-2
= (2p-20)(p-20) <0 (puc. 1.66).
Puc. 1.66 EES\\\\ . P e (10; 20).
10 20 p

Hrak, B uenosom ananasone or 10 o 20 py6. yseaudenne neHsl Beger
K YMEHBIIEHNIO BEIPYUKU TPOAABIOB.

HeficTBuTeNbHO, BO3LMEM, HANPUMED, p, = 12, Toraa ¢, =4 nu,=p,q, = 48.

Tpu p,=16 : q,= 2 1 uy= poq, = 32;

0+1>0
6) cnpoc meanactuuen, ecam -1< 2_co= =
p-20 )
2p-20 o
L : 50 > 0 puc. 1.67,6;
p(p-20)<0, puc. 1.67, 6.
\ \
10 20 P ®
Puc. 1.67 pe (0;10)
N
[
o 20 D
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Hrak, B nenosom auanagone or 0 1o 10 py6. yBesndenne HeHsl BeJleT K
YBEMUERNIO BHPYUYKH [1POAABIOB.

JleficTBuTeNBLHO, BO3EMEM, HANIDUMED, P = 2, TOTAA ¢, = 9 M Uy = Pyq, =
=2-9=18.
Tipu py=6: o= T 1 uy=poqs = 42;
P
=-1, orkyaa p = 10.
20 yaa p

B) cripoc HeiiTpasien, ecau

B nannoii sazave snavenue p = 10 oTAeNse€T HHTEPBAJ AACTHIYHOCTH OT
MHTEPBAIA HEAIACTHIHOCTH CIIPOCA.

200

3. PaceMoTpuM (GYHKIMIO HEIITPAIBHOrO cripoca ¢ = —.

~200,
200

‘o s ~ P
JHeiicreurensno, ¢ = i E(@)=p 2Oy
P

Tlpu p, =10, ¢, =20 n u, = pyq, =200.

Tipn p, =20, ¢, =10 n u, = p,q; = 200, T.e. BEIPYYKA OPOAABIOB OCTA-
eTcs NOCTOAHHON M He 3ABHCHT OT YBEJIHYEeHNA LeHbl HA TOBap.

DacTHYHOCTH NpeAJIOKeHns onpejeasercs aHaJIOrHYHO ajnac-
o (p)
op)
IHUA NpeyioKeHns, Bblpakawias KoOJU4YecTBO TOBapa, KOTopoe
MPOHU3BOANTENIM I'OTOBBI NTPOJIATH 38 onpeneneﬂuuﬁ NPOMEeXYTOK
BpemeHn 1o nese p. [lockoabKy B GOABIIMHCTBE CAYYAEB MPE/JIO-
KEeHHe ABJIAETCA BOIPACTAIOIIE DYHKIHEN LeHbl |, CIeI0BATENbHO,
@(p) =0, T0 E,(q) > 0.

[0] Tpennoxenue naswipaercs 21acmusn b (NOBLIIEHAIO LEHB!
Ha 1 % coorBercTByeT noBbimenne cupoca 6osee yem Ha 1 %), ecan
E\(q) > 1, nesracmusnoim (nopeimennio uensl Ha 1% coorser-
CTBYeT NMOBBIIIEHNe crpoca MeHee uem Ha 1 %), ecim 0 < E (q) < 1,
Heumpanvrvtm (MOBLIMIEHUIO eHB! Ha 1 % COOTBETCTBYeT MOBbI-
menue cupoca posHo Ha 1 %), ecm E(q) = 1.

THYHOCTH cripoca 1o dopmyie K, (q) = p

> e ¢ = @(p) — dyHK-

ITpumep. VcceoBaTh AMHAMHMKY BBIDYYKH NPOAABHOB A/ QyHKIMH
TpeANOKennsn g = —% p?+10p, rae p — neua exuEMnH ToBapa (Py6.); ¢ —

KOJHYeCTBO TOBapa (ThIC. IIT.).
Pewenue. 1) Hasinem D(f) u E(f):

pz0 p20 p20, puc. 1.68,a;
a) D(f):4 1 , =1 1
'Ep +10p=0 »Ep(pAZO)EO p(p-20)<0, puc. 1.68,6.
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a
0 14
Puc. 1.68 . p e [0;20].
N
o 20 P °

Kpowme aToro, pyHKINA NpeANOKeHNs ABIAETCH BopacTaomeii pynk-
uwedl, cieoOBATENLHO, ee ponssoanas ¢ > 0. Byaem umers

¢ =p+10=-p+10>0=p<10.
Oxonuarensno, D(f) = [0; 10);
6) ans maxoxuenusn E(f) suipasum p yepes q:

D
-%phlolpq:o: P*-20p+20=0; 5 =100-2;

Py =10-100-2¢; p,=10+,/100-24.

s yenosms p € [0; 10) Gepem p=10-/100-2q.
Bynem nmers

q20 q20 720
10-100-2¢ 20={/100-2¢ <10 = {¢20 = qe[0;50].
100-2¢>0 q<50 q<50

Urax, E(f) = [0; 50].
2) Haiigem Boipakenue A5 KoapuIMeHTA SIACTHYHOCTH:

-p+10 _,p-10
p-20"

¢ =-p+10; Ej(q)=p
= p?+10,
3P +10p
BoamoxHBI Caydan:
a) npeasoKeHne dIACTHYHO, eCan
>0 = p(p-20)>0, puc. 1.69.

Puc. 1.69

Bosbmem p € (20; +e<). CpaBuusas c p € [0; 10), saxmouaem, 4To npea-

J0JKeHHe SIaCTHYHBIM GBITh HEe MOXKeT; 10
p-

>0
6) npeanioxKenue HeonACTHIHO, ecu 0 < 2 p-20 =
p-10
2Pt-1<0
(p-10)(p-20)>0, puc. 1.70, a; P~
P(p-20)<0, puc. 1.70, 6.
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N\ \
a

Puc. 1.70 10 fo 2
N\ 6

0 20 p

Bepem p € (0; 10). Utaxk, B uenosom auanasose or 0 xo 10 py6. ysenu-
ueHMe LEHbl BE/IET K YBEJIMUEHIO BLPYYKH NPOAABLOB. JleicTBUTENbHO,
BO3bMEM, HAapUMep, p, = 2, Toraa ¢; = 18 n u, = p,q, = 36. Ilpu p,= 6: ¢, = 42
M Uy = pagy = 252,

B sakaiouenne 3aMeTHM, 4TO NPH JIOGBIX BHAAX MPEAIONKEHNHA C yBEIH-
GeHMeM LeHE! BHIPYUKA IPOJABIOB BCET/A yBeTHUMBAETCA, OAHAKO IIPH 918~
CTHYHOM NPeAJIOKEeHNH OHA BO3pacTaeT GhiCTpee, YeM NPH HENACTHUHOM.

3afaum Ans CaMOCTORTENLHOrO Pelenus

1. DyHKIMsA cIpoca HA HEKOTOPEIH ToBap umMeeT BUA: ¢ = 100 - 4p:

a) HailgnTe BeIpaXceHue s KoaDAINeHTa dNACTHYHOCTH CIIPO-
ca ¥ ero aHavenus npu p; = 10; p,= 20. IIpokoMmenTHpYyiiTe NOJNY-
YeHHbIE Pe3YILTATHI;

6) uccaeayite AMHAMHUKY BIPYYKH IIPOJABIIOB.

2. MyHKIUsA cIpoca Ha HEKOTOPLIH ToBap uMeeT BHA: ¢ = 148 — 6p:

a) HailnTe BIpaXkeHne s KoaOALHeHTa dJIaCTHYHOCTH CIIPO-
ca M ero snauenns upu p, = 8; p,= 15. lpokommenTupyiire noay-
YeHHBIE Pe3YILTATE;

6) uccaenyiite JMHAMUKY BBIDYYKH IIPOJABIIOB.

3. ®yHKOuA cnpoca HA HEKOTOPHI TOBap MMeeT BHJ:

153

2p+3°

a) HalAnTe BEIpaXKeHHe A KoaddHIHeHTa 2JIaCTHIHOCTH CIIPO-
ca 1 ero snauenus npu p, = 30, p,= 70. IipokommenTupyiire noxy-
YeHHble Pe3yIbTATHI;

6) uccaeayitte AMHAMMKY BHIDYYKH NIPOJIABIOB.

4. @yHKuMA cnpoca HA HEKOTOPHIH TOBAD MMeeT BHA: ¢ =

=60-,625+ p:

a) HaliguTe BRIpAXKeHHe 1A KOadHIMeHTa 2JIaCTHIHOCTH CIIPO-
ca u ero 3avenns npu p, = 100, p,=1000. IIpokommenTupyiite no-
JydeHHbIE Pe3YIbTATHI;

6) uccaenyiite IMHAMHKY BHIPYYKH NPOAABIOB.

5. ©yHKIMA NPEJIOKeHUA HEKOTOPOro TOBApa MMeeT BUMA: ¢ =

1
=—(p-600):
7(p ):
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a) Haii{uTe BRIPAXNKEHHE LIS KOADDUIMEHTA DIACTHIHOCTH IPeA-
JI0MEeHUsA U ero 3apadenus npu p; = 800, p,= 1500. [IpokommenTu-
py#iTe moJy4YeHHbIE Pe3yJIbTATHI;

6) uccaeayiite IMHAMHKY BBIDYYKH POJAABIOB.

6. @yHKIUA NpPeNIONKEHHs HEKOTOPOTO TOBapa MMeeT BUA: ¢ =

=-2+ ‘/ p-15:

a) HalAuTe BRIDaYKeHHe 1A Koo dHIHeHTa DIaCTHYHOCTH IIPe]-
JIOYKEeHHUs ¥ ero 3HAYEeHHA NpH p, = 79, p,= 240. TIpokoOMMeHTHDPY -
Te NOJyYEHHBIE PeBYNbTATH;

6) uccrepyiiTe IMHAMHKY BBIDYYKH IIPOJABIIOB.

7. @YHKIMS NPeATOKeHHs HEKOTOPOTo TOBAPA MMeeT BUA: ¢ =
a p+4

a) HalnTe BHIpAYKEHHE 15 KO(DHIMeHTa DIACTHYHOCTH TPej-
JIOKeHUSA M ero 3HaueHus npu p, = 8, p,= 56. [IpokommenTnpyiire
NOJIyYeHHBIE Pe3yILTATE; 4

6) uceseayitTe AMHAMUKY BBIPYYKH POAABLOB.

8. Onpenenure, HA CKOJBKO NPOLEHTOB NPHOIN3UTENBHO N3Me-
HUTCH BHIPYYKA OT PEAJIM3ALMY TOBAPA, €CJIM IIeHA HA HETO YBeJn-
wures Ha 5 % , a BIACTUYHOCTH cripoca cocraBaser 0,4 % .

HEOMPELENEHHBI UHTEMPAN

1.12.1. OcHoBHas 3aga4a
WHTErpanbHoro NCYNCNEHNs

Kak usBecTHO, 0CHOBHOI 3a1aueit AnddepeHnaIbHOrO HeIncae-
Hus q’y’ﬂknﬂﬂ OJIHOT'O NePEMEeHHOI0 ABJIAETCSH OThICKAHHE TPOU3BOA~
MO, WM, MHBIMH CJIOBAMH, AU depeHpoBaHMe JaHHON QYRKIMHA.

Ho uacTo Heo6xoAMMO peniath 0OOPaTHYIO 3aja4y: 1O JAHHOM| 1po-
M3BOHOI HEKOTOPO#H PyHKIMH (T.€. CKOPOCTH ee HBMEHeHU ) Hali-
TH caMy 9Ty GYHKIHMIO. DTO M €CTh OCHOBHASA 3a/]a4a HHTErPAIbHOTO
MCUHCTEHASA.

1.12.2. MepBoo6pasHas 1 HeonpeaeneHHbIN UHTerpar

@ Iycrs Gynkums f(x) 3ajana Ha HEKOTOPOM KOHEYHOM WM Gec-
KOHEYHOM IPOMEXKYTKe A 4HCJIOBOM ock R, T.e. Ha MHTepBaJje, 1O~
JyuHTepBaJe uiaM Ha oTpeake. Pyukuusa F(x), onpejeseHHas Ha
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image64.jpeg
ITOM ke NPOMEeKYTKE, HABLIBACTCH nepeoobpasnoil pynryued
(11 IPOCTO nepeoobpasnoi) Pynkuun f(x) na A, ecn:

1) dyuknusa F(x) nenpepbiBHa Ha A;

2) BO Bcex BHYTPEHHHMX TOYKAX X NpomexcyTka A pynkuus F(x)
umeer npoussoanyio u F'(x) = f(x).

Bosnurxaem éonpoc: Beakas au pyHKIMA f(X) MMeeT Ha JaHHOM
npomeskyTKe A nepsoobpasnyio?

Omeem. Besikas HenpepsiBHAsS Ha oTpeske A QyHknn f (x) nme-
T Ha HeM 11epBooOpasHyIo.

Janee neob6xodumo omeemumeo euge Ha OOUH 60NPOC: €CIH JJaH~
Hasd PYHKIHA HMeeT nepBoobpasHyio GyHKIHIO, TO eAMHCTBEHHA TN
ara nocaeanan? Orper Gyaer orpunarenbubiM. Tak, Ans GyHKIUA
f(x) = 3x* neppooGpasnoii 6yser ne roabko Gynkuns F(x) = x°, no n

dyakmun Fy(x)=x*+1u I“.Ax):x“f\/:;‘ ¥ BOODIIE BCAKAs PYHKIMA
Buga O(x) = x* + C, rae C — npomsBoJbHOE AeiiCTBHTEILHOE YHCIIO0.
CnepoBarenbno, ecan F(x) — kakasa-an6o nepsoobpasnas s f(x),
TO M Besikas pynkuus suga O(x) = F(x) + C, rae C — moboe nocro-
SIHHOE YMCJI0, TaKiKe SIBJSeTCs NepBoodpasHoil aaa f(x), Tak Kaxk
(F(x)+C) = F(x)=f(x).

Taxkum 06pasom, eciiu f(X) UMeeT HA JAHHOM NPOMEIKYTKE A XOTS
6b1 01HY nIepBooOpasnyio F(x), To oHa uMeeT Ha HeM M GecunceH-
HOe MHOXKECTBO 11epBoobpasHbiX, noaydawomuxcs ua F(x) npubasie-
HueM J0boro nocroanHoro uucaa C. Creposarensbno, onepanus
OTBICKAHMA NepBoOOPasHOil JanHOM PyHKIMH, obpaTHAs K onepanuyu
AuddepeHInpOBaHN, €CTh ONEePALUA MHOZ03HAYHAA (B TeX cayya-
AX, KOTZla OHA BOOOIIE BBIIOJHUMA).

[0] Cosoxynmocts Beex nepsooGpasubix pynkumn f(x), onpenenen-
HBIX HA HEKOTOPOM IIPOMEsKYTKe A, HA3bIBACTCH weonpedenen v m
wunmezpanom OT Gynkuuu f(x) Ha A u oGosnauaercs CHMBO-

oM If(x)dx.

Hcxoas ua onpejieJieHUs HeoNpe/ie/IeHHOTO MHTerPAJa, MOYKHO Te-

nepb IS JAHHOTO TPOMEKYTKA HATINCATD, 4TO: I/(x)dx =F(x)+C,
rae F(x) — mobas ua neprooOpasusix dyukunit auas f(x) a pac-
CMaTpPUBAEMOM TpoMexyTke, a C — IPON3BOJIBHAS IOCTOAHHAS .

Mpumepui. 1. Ecan x € (- =), 10 [8x%dx=x"+C.

dx
2.Ecm x € (-1; 1), To j7_== =arcsinx +C.
1-x*
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1.12.3. MpocTenwmne cBoncTa
HeonpefeneHHbIX NHTerpanos

Coiicrso 1. ITycrs hyuknusa F(x) HenpepbIBHA HA JaHHOM IPOMe-
ayTKe U AnddepeHnpyemMa Bo BceX ero BHyTpenuux Toukax. Torza

deF(x) =F(x)+ Ciur.vm F'(x)dx = F(x) +7C.‘

Joxazameavemeo. Ecan F(x) — nepsoobpasnas aaa f(x), To
F'(x) = f (%) u, cnenosatensno, dF(x) = f(x)dx = [dF(x)= [f(x)dx =
= F(x)+C. .

B wacrnocry, “dx =x+ CJ

Caoitcro 2. Ilyers Gyuknus f(x) umMeer nepsoobpasHyio HA JaH-
nom npomeskyrke. Toraa aus 1060# BHYTPeHHE TOYKH 9TOTO PO~

MeXYTKa HMeeT MeCTO PaABeHCTBO: Elfix);ix = f(x)d

Joxasameavcmeo. Tak kak If(x)dx = F(x)+C, 1o d(F(x)+C) =
= dF(x) = F'(x)dx = f(x) dx. L]

Caoiicteo 3. Eciu pynkunu f,(x) n f,(x) umeior neppoo6pasubie
HA IAHHOM NPOMEXKYTKe, TO M QyHKImusA fi(x) + f,(x) nmeeT Ha HeMm

nepsoobGpasuyio, npuueMm U[fl (x) +E)ja; W)d;—fg (;):lix_l

[C] fih)thx) ..+ f(0dx = [fx)dx + [f(x)dxt...+ [f,(x)dx.

CaoiictBo 4. Eciiu k # 0 — HekoTopoe uncio n pyHKuus f(x) nme-
©T 11epBoo6pa3HyIO HA IAHHOM IIPOMEXKyYTKe, TO hyHKums k f(x) Tak-

JKe MMeeT HA HeM NepBoo6pasHylo, TpuYeM “k/(ix)d kIl?;);J

1.12.4. WnTerpupoBaHne B KOHEYHOM BuAe
1 Tabnuua NpocTenunX HeonpeaeneHHbIX
WHTEerpanos

Camo onpejieslene MPONIBOAHOM 1a€T BOZMOXKHOCTh HANTH ee BO
BCAKOM caydae oT J1060# npocTeiimeii ajeMenTapHOi GyHKIMH, YTO,
6aarofaps OCHOBHBIM NpaBuiaM AuddEepeHIMPOBAHUA M NPABUITY
JuddepeHIIMPOBAHMA CIOKHON QYHKIIMH, TO3BOJISET OTHICKATD PO~
M3BOJIHYIO ¥ OT J11060# 21eMeHTapHO# PYHKIIMH B IIUPOKOM CMbICJIe
9TOrO C10Ba (€CIH, PABYMeeTCsl, 9Ta IPOMIBOJHAS CYIIECTBYET).
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Ilo oTHONIEHHIO K OTHICKAHHIO EPBOOGPA3HON OT JAHHON DyHK-
MM AHAJOTHYHOE NOJIOXKeHHe Bemeil He uMeer cMbicaa. MHTerpasx
OT HEKOTOPBIX dJIEMEHTAPHBIX DyHKIMHA MOXKeT Boobmie ObITh Hedse-

MeHTapHOI QyHkiuMen. TaKOBbI, HATPUME]D, HHTErPAIbI: ——l:—x—dx;
I Ix’dx.
Inx’

OTH MHTETPAJIbI, KAK I0KA3BIBAETCS, CYIIECTBYIOT B COOTBETCTBY-
omux obaacTAX, HO He MOTYT OBITH BHIPAXKEHBI B KOHEUHOM BHje
Jepes MepBUUYHBIE dJeMEeHTAPHbIe (GYHKIMM, T.e. He ABJAIOTCA die-
MEHTAPHBIMU PYHKIHAMH.

O QyHKIMAX, HHTEIPAIHI OT KOTOPHIX HEe BhIPAYKAIOTCH B KOHeU-
HOM BHJIe Uepes dJeMeHTapHbie QYHKIMK, FOBOPAT, YTO OHM He HH-
TErpupyioTcs (He HHTErpupyeMbl) B KOHEYHOM BHJE.

Ho paxe B Tex ciyuasx, KOrjia MHTErpaj OT AaHHOM dIeMenTap-
HOM (PYHKIMH BbIPAYKAETCH B KOHEYHOM BHJE Yepe3 dJieMeHTapHblie
YHKIHMH, VIS OTBICKAHUSA 9TOTO BHIPAYKEHHS HE CYIIECTBYeT B CO-
BPEMEeHHOii MaTeMaTHKe eMHOr0, Y06HOro Ha IPaKTHKe npHeMa.

Bce aT0 3acTaBiseT paccMaTPUBATE KJIACCHI IPOCTEHIINX, YACTO
BCTPEYAIOUIMXCH HATEIPAJIOB, CO3ABATH OCOObIe IPHEeMbl M METOZBI
MHTErpUPOBAHMIA.

Jlist o6sieruenus BHIYUCIEHNS HEONPeieIeHHbIX HHTEIPAJIOB CO~
CTABAAIOT TAKIKE TAGAMIY BhIpAXKeHuit JuiA Haubosee yacTo BeTpe-
YAOIUXCH TPOCTeRINX HHTerpaos. [IpuBeseM HEKOTOPbIE U3 HHX.

el
® 3 !x"dx z C, rpe nz-1, x#0.
+1

(ax+by""
(n+l)a

[tax +b)"dx =

"

Mpumepw. 1. [x'dx —%x +C; 2. [Uxdx= [xidx _% 54C;
s

Jxrax=2Vx+c;

3. I‘g Ix”dx:—%+C: 4. J%:

7_ = j6-3x) "dx—~—J5 Bx+C.

5-3.
% 1 1
2. x=In|x|+C,| x#0; d:=;ln‘axib|+c.
l 126

Hpumep. Iﬁ—:—%lnla—zﬂw.

. 3. ja"d: +C, a>0a#l; fa*tdx=

go-4x
Hpumep. J'a"‘“"‘dx‘—“ 5 +C.

. 4. je’dx =e*+C; Je""’dx Loww e
el k

Mpumep. [e*dx = —%e"‘ +C.

klna

* 5. jcosxdx =sinx+C; jmsnxdx = 1sin ax+C.
| a

Hpumep. jcosaxdx = luln 3x+C.

. 6. Isinxdx =-cosx+C; Iainaxdx = -lcosax +C.
e ______} a

1 1
HMpumep. [sin—xdx=-2cos—x+C.
pumep. [pinddx = 2cos x

T, J’ dz =tgx+C; j d: :ltgax+C.
cos’x cos’ax a
. 8. f _d: =-ctgx+C; jd:{x =—-1-ct.gax+C.
sin“x sin“ax a
1
ﬂpunep.j 1 =—3ctg§x¢c.

I L aresin™ +C; az

dx
9. =arcsinx + C (= —arccosx +C),
Ll-*‘—

dx 1

=-l<x<l.

o )
e = .I o b" ~;arcsm;x+c.
ﬁﬂc

HMpumepwi. 1. Jj—-arcsin +C; 2. 175==5—- Turcsmﬁ;nC

127




image66.jpeg
. 10. ld—x2=arctgx+C(-Aarcctgx+C

dx 1 x
=—arctg—+C;
o,

dx _ 1 |x-J5 dx 1, lx+2)
Mpumepw. 1. [ = —In +G 2 TG
-5 25 |x+V5

-ln|x+\/xz+u|+c

=Inx 5 =7|C.

: |:[‘112 to
Ipumep. ITE%

1.12.5. HenocpeacTeeHHoe MHTerpupoBaHue

MeToj HeIOCPeACTBEHHOTO HHTErPHPOBAHMSA IPUMEHSAETCH B CI1y-
9asAX, KOIA ¢ MOMOIIbI0 (GOPMYJI MHTErpaj MOXHO CBECTH K O/[HO-
MY HJIH HECKOJILKUM TAGIHYHBIM HHTErPaIaM.

Mpumepw. 1. [(Vx —Tx +2)dx = Nxdx~ [{Txdx+ 27 dx =

2x
o +C;

1 i P 3 4
= o 3, 25y =S x2 _Y7.5x3
ij!dx Qﬁfx dx+jz dx 3~ ¥ i +2ln2

1+Vx+x

DN ERE - T N T

1

6
=3x3 +—x6+
x3 + = x

Tie
Sia

%x +C;
a
3. [(3-2Vx)dx = [(9-12Vx + 4x)dx = 9x - 8x? + 2 4 C;
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. i
4. fotg? xdx = [ g - LS "ax=j[ L —1]dx=-ctgx-x+c;

n’x ° sin®x sin’x

5. Joos® rdx= L2220 g j( A mzz)dxin%unzxw

6. fsin2xcosbrdx = I%(u‘uﬂx —sin3x)dx = »lecmﬂx + écoﬂ&r +C;

l'( l)+l

‘
7. [ —dx=
eattiTen

_I[xhl,le“)du%xﬂ ~x+arctgx+C.

1.12.6. UHTerpuposaHue MeToRoM MogcTaHoBKM

Paccmorpum unrerpan I = ff(x)dx Hyers x = @(t), rae ¢(t) —
auddepennupyemas dyuxuus. Toraa dx = ¢'(t)dt u If(xldrf

= [flol¢' eyt

JlauHbI METO/| OCHOBAH HA yIAYHO nuﬁpaﬂuoﬁ 3amMeHe, 1ocjue Ko-
TOpOii MHTerpan aubo cpasy, 60 MOCHe HeCKOILKHX AefcTBHIl CBO-

AuTcs K TaGaMdHOMY .

HMpumepuw. 1. fre”dx= % fetdt = %e’ +C= %e" +C

(samena: x* =t = 2xdx =dt; xdx:—d!)-

2. fetgxdx=[2% m;mc:%xn |sinx|+C

t 2
(samena: sin x =t => cosxdx =dt);

3-2— (t #1),
3-2x 2
175::—1 j——ﬁ——m_— Jas-2¢* - 2)at =

(samena: 5x—1=t*= x=l(c’ +1)= dx:gtdl: t=\5x-1)

=%I(13—Zt‘)dt— (lat—-—t’)+C [18\1 1~—‘(5x l)’)

x*dx 1 t 1 1§
[ ——— =~ [— == =—arctgx®
'[l+x" 3]’1”2 samtgHC garctgx +C

(samena: x* =t = 3x*dx = dt; x’dx = %dt).
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Masa 1

ANODEPEHLNANBHOE
N VHTErPASIbHOE WCHYUNCNEHWVE

®YHKUNN 0JHOWN NEPEMEHHON.
OCHOBHbIE 3NIEMEHTAPHbIE ®YHKUWW

1.1.1. 06wwme noHATUR

Tlpy u3ydennu 3aKOHOMepHOCTeH, BCTPEUalONNXCA B IPUPOAE,
BCE BPEMS IIPHXOANTCH MMETh IeJI0 ¢ BeJTMYHHAMI NOCMOAHHbIMU N
BEJINUMHAMH NePeMEHHbLMU.

@ Ilocmoannow HA3BIBAETCHA BeIMYHHA, COXPAHAIOLIAA OHO ¥ TO
JKe YMCJ0BOe 3HaYeHHe (MU BooDIe, MK B JAHHOM puMepe).

Hpumepsot. 1. Cymma yriios B TpeyroJbHMUKe eCTh BeJIHIHHA IOCTOAH-
nas (o + B +y=180).

2nR
2. OrHOWeHHe ANMHBI OKPYIKHOCTH K €e AnamMeTpy [2? = ecThb Be-
JMYWHA TOCTOAHHAS.

Cpejy MOCTOAHHBIX BEJIUYHH NOJIE3HO PA3INIaTh a6CONIOMHO No
CcMoAHHbIe U napamempol.

TlepBbie B TIOGBIX YCJAOBHAX U IIPA BCAKUX 3a/laHMAX COXPAHAIOT
O/IHO ¥ TO e ONpeJieJIeHHOe YMCIOBOE 3HAYeHHe, Haupumep 2, -3,

V7, m, 2m, ...

IlapaMeTphl UL YCIOBHO MOCTOAHHBI (T. €. B IIPeJieiaX 04HOro
npuMepa UX pacCMaTPUBAIOT KAK BeJTHIHHBI He MeHsAIHecs, HO B
npeaejax Apyroro npuMepa OHH MOryT HMeTh COBCeM JIpyrue 3agavde-
HUS, XOT# TOUHO TAK ke He MeHsiomuecs ). Hanpumep, uucaa k u b
B JAHHOM YDABHEHUH NPAMO# Y = kX + b NOCTOAHHBI.

Ilepemennon naspiBaeTCA BeJMYMHA, IPUHUMAOIIAA DAY~
Hble YHCJIOBbIe 3HAYEHUSA.

4

Ipumepe. 1. Ipu GpocaHuy BBEPX KAMHS €0 PaCCTOSHUE 10 NOBEpPX-
HOCTH 3eMJIN €CTh BeJIHYHHA NeDeMeHHASN .

2. CKOpoCTh aBTOMOGHILA PN ABMKEHUH 110 TOPOACKHM YJIHIAM €CTh Be-
JIMUMHA NepeMeHHas.

COBOKYIHOCTB YMCJIOBBIX 3HAYEHWIT, IPUHUMAEMBIX NepeMeHHOil
BEJIMUMHOI, HABBIBACTCH 00ACMbIO e 3HaveHuil. ['eoMeTpuiecKky oHa
u300parkaeTcs B BUJIE HEKOTOPOrO MHOKECTBA TOUEK YHUCIOBON Nps-
MOt

1.1.2. @YHKUMS OAHON MEepPEeMEHHON

ITycersh Aanbl IBA MHOYKECTBA IPOU3BOJILHON npupoast X u Y, co-
CTOSIIIHE U3 TPONIBOJIBHBIX BJIEMEHTOB X U Y.

@ Ecnn kaxciomy anemenTy x MHOKecTBa X 110 HEKOTOPOMY TIpa-
BUJY [ TIOCTABJIEH B COOTBETCTBHE HJIEMEHT J MHOMKecTBa Y, TO ro-
BOPAT, 4TO HA MHOMKecTBe X onpedenena DYHKYUR CO IHAUCHUA-
MH B MHOMKecTBe Y, i numyT: y = f(x).

Takxum 06pasom, AJist TOro 4Tobb 3a8Th QYHKIMIO, HEOHXOAUMBL
TPH KOMIOHEHTA: 1BA MHOXKECTBA M NIPABHJIO UX COOTBETCTBHSA.

TlepemMeHHAA X HABBIBAETCH HE3ABUCUMOIL NEPEMEHHOl, NIW ap-
2YMEHMOM, & NEPEMEeHHAA Y — 3A6UCUMOL NePeMeHHOI, W PYHK-
yuei.

Muoxectso X HasbiBaeTcs 064acmbio onpedenenus PYHKYUUL,
a MHOKecTBO Y — ofxacmvio snavenuit pynryuu. B nansueitmem
obnacte onpenesnenus pyukuun 6yaem obosnauars D(f), a MHONKe-
cTBO ee 3HaueHnit — E(f).

Ecnn muoxkecTBo X crienuasbHO He OPOBOPEHO, TO M0/ 06J1aCThIO
onpeneyenus GyHKIMH NOHUMAETCH 001aCmb QONYcmuMblX 3HAYE
HUil ADTYMEHTA X, T.€. MHOKECTBO TAKNX 3HAYEHUI X, IPH KOTOPBIX
dyurumus y = f(x) Boobme nmeer cMbIC.

Mpumepwi. 1.y =sinx: D (f)=(~oo; +o); E(f) =[-1; 1].

z-8 x-8
2 ys5—F o= ————:
x-Tx+12 (x-3)x-4)
(—o3 3) U (35 4) U (4; +), Tak Kak X # Bu x # 4.
3 g (4 - x?):
D(f)=(~2; 2), rax kak 4 — x>0 = (2 - x) 2+ x) >0 = -2 < x < 2.

3amevwanue. Jlns obosHaueHns GyRKIMH He 06A3aTENLHO HC-
nosnb3oBaTh GyKBeI y 1 x. Hanpumep, Kaxa0My 3HAYEHHIO paguyca

4 4
mapa R cooTBeTcTBYeT 04HO 3HaYeHue obbema mapa: V = §1LR‘.

5
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20p— Ax+B
& Ih. x(i 33) dx= dt:%‘: w=%lna(x,3, +C 9. Buucaenue unerpana mana [—57o-"—dx noxamen na koukper-
3x-1 8x-1 3t+5
1 s - & -
(samena: In(x-3)=t = —dx=d). BORTPEMOpo: I,z_“ﬁs TR e ]"2+4dt
: x-2=t =t+2 =dt; -1= -1=
= j"“"gzz’d jt“d¢=_:'+cf—nrctg’2r+c (aamena: x Sx=t+2=dx=dt; 3x-1=3(t+2)-1=3t+5)
T+4x? 2 t 1 8 1oy 5 t
& 1 =3jmdn5jmm:5m|: +4|+E.m¢§+c:
(samena: arctg2x=t=> dx =dt; ——dx=_dt).
: 1+4f 1+4x* 2 1 A & .
1 =Sin|az- S otg=t
of i i =1Jr d,z B Ginlet —dx e8|+ arctg™ = 1C.
Jaxtibxre ° b)Y D a AL g 1 2
N**2%) 4a 2a) 4a? 10. Ja'—x‘dx:[aco.rvaco.m=a2'{cos?m=a2[*%”dz
(samena: X+—2y——t:dx =dt) (samena: x =asint = dx = acostdt; a®-x*=a®-a’sin’t =a’*cos’t)
. Hlanee » sapucusocts ot suaxa D. -w(jdu Jeos2tdt) = (u%mzer Ho sint =%, Torza

dx :-umm cost =1-sin’t = 17—:“ =x* . Sin2t = 2sintcost =
AHANOTHYHO BhlYMCIAAETCH MHTerpax BUJA Im' t
PaccMOTPHM YHCJIOBBIE npuMepsbl. a? x x

o : [Va?—2dx=2(arcsinZ+ X Ja? -2
7a. | dx | dx i dx 411 dt wonnarennno: [Va® —x*dx="( mn+a,\ja )+
a. = T =3 7 "2 5
2x?-2x+3 1.5 2 1,5 242 2
2(,_5] *z *-3)*3 4 4C=%arcsin§+% la? - x* +C.

" PacemMoTpum aucnoBoif npumep.
samena: x - =t = dx=dt)
( a: x 2

25=1 10a. [o—4x%dx=2 —fx'dx 2[—arcsm—+— —~x’)+C.
+C =—=arctg: 3 2V4
Tamth T 7‘

dx

76. Ir“ ol IJ mxuz: e I‘fﬂ(xﬂ)’Jl: 1.12.7. WnterpupoBanne no 4actam
1 & L aresinf+C= DroT MeTo,
4 % )JI HHTErPUPOBAHHUSA OCHOBAH HA TOXKJlecTBe:

"F 2(t+1)’ TIJA (x+1) TJJZ ? 2 2
(“““ r+l=t=dx=df) d(uv) = udv + vdu = |udv = d(uv) - vdu,
_ aresm +C rae u = f(x) m v=@(x) — ABe QYHKIHM, UMEIOLIHE HA JAHHOM I1PO-

T Me}yTKe pOH3BOAHbIe. B3AB mHTerpan or obenx yacreil JaHHOrO

TOXecTBa, GyAeM HMeTh:
s |25 ;‘d"’_l lm[zhc:llnlx’ta‘hc o YA
x*ta 2

(vamena: ¥ a? =1 = 2rdx = dt = xdx = 3d1). fudv = fduv) - fodu, orryna “"J'M
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B faHHOM MeToAe (pYHKIMM U ¥ U BHIGHPAIOT TAK, 4TI Ivdu

6171 IS BHIYACIEHNS NPOILe, YeM HCXOHbI HHTerpa _fudv.

Hpumepwi. 1. jxsinxdx =-xcosX+ !oosxdx =-xcosx+sinx+C

u=x du=dx

=

dx =sinxdx v = [sinxdx=-cosx

1 NS, S (0 1
o [xlnxd::sx‘lnx—jax';dx—ix lnx—;xhc

u=lInx
=5
dv=xdx

3. Ixe’dx =xe"
u=x

=
dv=e"dx

4. ]x'urctgxdx

u=arctgx

dv = x*dx

PaccMoTpum uHTETpa:

! . dx = dex—f—x—d

v= frdx

1

du=Ldx
x

je’dx =xe*-e*+C,

du=dx
v=ferdx=

@
+x?

1 ;]
gx’un:tgt -3 J—dx

du=

1+x* 1+x%
X X
1+x? 1+a%

132

o

OKOHUATENBHO: Ixzarctg.rdx = %x“‘arctgx - %xz +%ln 11+ 2% +C.

3amevanue. JIna MHTErPUPOBAHNS HENPABULLHOIL APOGN (KOT-
Jla crapiias crenenb Yncaurens 6onbme nu6o paBHa crapuieii cre-
NeHN 3HAMEHATeJIs — B HAIIEM IPHMepe CTapIIas CTeNeHb YHC/I-
TeJis paBHA 3, a CTAPIIAS CTENeHb SHAMEHATEJI PABHA 2) HYIKHO ee
0083amebHO TPEJCTABATH B BUJE anrefpandeckol cyMMbl Hesoi
HACTH (B HALIEM CJIyuae dTO X) M NpaBuibHO Apobu (B HameM cay-
x
+x?
UJeHA HA MHOTOUJICH IPOBOAAT «YTOJKOMS 10 CTAPUINM CTENEHAM,
JI0 TeX TIOp TOKA CTAPIIAA CTENeHb OCTATKA HE OKAXKeTCs MeHbIle
c’rapmeﬂ CTeNeHH AeNnuTeNns:

). Jlns aroro paspenum x* ma x?+ 1. Jlenenne Muoro-

uae aTo
1

3

x

2 |4l
XBix x
-x

x- .
1+x* 1+a2

Jlna npumepa npejcTaBUM elle OAHY HEeNPABUJIBHYIO APOGH
x5-2
2x*+3
apobu. Pasnenanm (x°-2) na (2x° + 3).

B BIJIe anre6panvecKkoil CyMMBI [eJI0if 4acTH U NPaBHIBHON

x°-2 |2x%+3
- —x=-2
P13 lxa_Ex::“ﬁ_‘z:l,LEx
2 2 4 2x*+3 2 47 2x%+3
3 3
)
3%
3 9
—=xt-=x
2 4
2x—2
4

Jlenenue OKaAHYMBAETCH MOCJIE TOTO, KAK CTAPIIAS CTeNeHb OCTAT-
KA OKA3BIBAGTCA MEHbIIe CTaplIeli CTeNeHy JeNTess.
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5. 1= [e*sindxdx= -%e" cos3x + % fet cos3xdx
u=e? du = 2e*dx

1
dv=sin3xdx v= [sin8rdx = -5e0sx

BrruucauM Tenepb

2 2
forrcossdx = Se* sindx— fotsindxdx = g sindr g1

u=e* du =2e*dx

dv = cos3xdx v= IcoeSxdx = %sinax

4
Vimeen [ = —%e“ cos3x+ %e" sindr-g1.
Oxomuarensro: = “—391‘(25‘max ~Bcos3x) +C.

0,
6. 1= [(4-5xt)cosddx = %(4 ~5xt)sindx + 1 [xsindrde
u=4-5x* du=-10xdx
L
dv = cos3xdx v= !coeﬂxdx = Esm:ix

1
Buruncanm reneps [xsin3xdx = v%xoosax +3 Joosdxdx

u=x du=dx 1 1
= = —axoosax + asinﬂm

dv =sin3xdx v = |sin3xdx = ~%co33:

Wmeem: I = %14 ~5x*)sin3x - ‘—:—xmax + ;—3sin3x +C.
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1.12.8. UnTerpupoBaHne paunoHanbHbix yHKLUWR

BuraucIeHHe HHTETPAIOB BHAA Izﬁdx

1) Ecan crapmas crenedb MHorousena P(x) 6oarme an6o
paBHA CYMMapHOii cTapumelf cTeneHu 3HamMeHaTess, TO APO6HL

P(x)
(x-a) (x—b(x—c)

MBI 1[€JI0ff YACTH M IPaBHIJIBHOM Apo6H, T.e.

TPeACTABAAIOT B BUje aireGpanyeckoii cym-
P(x) .
(x-a)'(x-b)(x~c)'
B(x)
(x-a)(x-b)(x-c)”
P,(x) MeHbIIle CYMMapHO# cTapiieil crenenn 3HaMeHATeJ .
B(x)
(x-a)*(x-b)(x-e)"
Yeckoil CYMMBI «3JIeMeHTAPHBIX» JApobeit, T.e.

Bi(x) A A L A B
(x-ay'(x-bf(x-c) (x-a) (x-a)* " (x-a)" (x-b)
B . T et —5_
(x-6) (x-c) (x~c)’
BBie KOa(DUIHEeHTEI.

JlanpHeine NOACHeHUS 18/IHM HA KOHKPETHBIX PUMepaXx.

=A(x)+ rae crapumas cTeleHb MHOTOYJIeHA

2) Iipobe

TPeJCTABAAIOT B BUJe anreGpan-

+

, rae A, B, C; — HeKOTOpbIe YHCJIO-

x*+2x+6
it X taer0
Mpumepw. L. fo S

Pewenue. 1) TlockoneKy crapumas creneds uucanrtens (ona pasua 2)
MeHblIe CyMMapHO# cTapuieil crenenn anaMexaress (ona pasua 3), To
x*42x+6 A B _C
(x-1)x-2)x-3) x-1 x-2 x-3

2) Haiigem HenapecTHBIe YHCaOBbIe Koa(dunuents A, B, C. Jlna aroro
fipuBesiem cyMMy Tpex Apobeii mpaBoii uacTy k oblemMy 3HaMeHATeI0:

A B | C _AX-2)(x-3)+Blx-1)(x-3)+Clx-1)x-2)
(x~1)x-2)x~3)

x-1 x-2 x-3
Ax?-5Ax+6A+Bx? - 4Bx+3B+Cx*-3Cx+2C _
(x=1)x-2)(x-3)
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_(A+B+C)x*+(-5A-4B-3C)x+(6A +3B +2C)
- (x-1)x-2)(x-3) :

Bynem umers

x*+2x+6 (A+B+C)x20( -5A-4B- 3C)x+(6A+3B+2C)
(x-1)(x-2)(x-3) (x=1)(x~2)(x-3)

3) lns pasencTBa aTHX ABYX Apobei Heo6XoAMMO, 4TO6B!

A+B+C=1 A=1-B-C A=1-B-C
~5A-4B-3C=2=|-5+5B+5C-4B-3C=2=1B+2C=T7 =
6A+3B+2C=6 |6-6B-6C+3B+2C=6 |(-3B-4C=0
9
A=1-B-C A=1-B-c |473
={B=7-2C ={B=7-2C =iB=-14.
-214+6C-4C=0 [2C=21 et
2
Hrax x42046 9 1 14 21 1
' -)x-2)x-3) 2 x-1 x-2 2 x-3
OxonuaTenbHo,
I x*+2x+6 I (1 -
(x - 1)(x - 2)(x - 3) x-3

=%Inlx—l}-14]n|x72|+%ln|x~al+c.

] 4x*+x* -2
(x-2)(x-1)x

Pewenue. 1) TlockonsKy cTapumias cTeneHb YncanTens (oHa pasHa 3)
paBHA cTapuieii cTenenu sHamMeHaTess (OHA TOXe paBHa 3), TO, pasjeauB
YHCAMTeNh HA 3HAMEHATEb, NPEACTABUM AAHHYIO Apobk B BuAe anreGpau-
YecKoil CyMMBI 110§ YacTH ¥ MpaBHIbLHON Apo6u. Byaem nuMers:

4x3+x2-2 |x®-8x%+2x
PEBTrE I
13x%-8x-2

Jlenenue MPOMCXOAUT A0 TeX MOP, NOKA CTAPIIAA CTeNEHb OCTATKA He
OKaKeTcsi MeHbIIle CTapIeli CTeneHn eauTes.
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Brax, AP t2t-2 _  1820-8x-3
(x-2)x-1)x (x-2)(x-1)x
2) Mpasunsnyio Apobn M TIpeACTaBMM B BuAe ajarebpauue-
(x-2)x-1)x

13x*-8x-2 _ A B C

et
(x-2)x-Dx x-2 x-1 x
3) Haitnem HensBecTHble Ynca0BbIe Koabduumentn A, B u C.

JMas atoro npusefiem cymmy Tpex Apobeii npasoii wacTu k obiuiemy 3Ha-
MeHaTeo:

CKOM CYMMBI 2JIeMEHTaPHBIX Apobeii:

A % B +9=A(x—l)x+B(x~2)x+C(x—2)(x~l)_
-2 x-1 x (x-2)x-1)x B

_ Ax?- Ax+ Bx*-2Bx+Cx* -3Cx+2C _

(x-2)(x-1)x .
_(A+B+C)x* +(-A-2B-3C)x +2C
(x-2)(x—1)x )

Bynem nmers

13x*-8x-2 (A+B+C)x*+(-A-2B- 3C)x+2C,
(x-2)x-1)x (x-2)(x-1)x

4) Jlna paBencTBa sTHX ABYX Apobeiil Heobxoaumo, 4Tobhl

A+B+C=13 A+B=14 A=14-B A=17
-A-2B-3C=-8={-A-2B=-11={B=-3 ={B=-3.
2C=-2 C=-1 C=-1
H 13x*-8x-2 _ 17 3 : )
TaK, ————— = —————

(x-2fx-1x x-2 x-1 x
Oxonuarensuo,

4x® +x*-2 dx x
- mdx 4faxar7[ 25 g dr X

=4x+17In|x-2|-3In|x-1|-In|x|+C.

Beiunciaenne HHTErpasoB BHAA j‘ 2@ dx (amec-

(ax? +bx +¢)*(x—m)’
KPHMHHAHT KBAIPATHOTO TPexuieHa ax?+ bx + ¢ menpme 0).

137




image71.jpeg
1) Ecau crapmas crenesb MHOrousnesa P(x) Goapme nubo
paBHA CyMMapHOii cTapiieii cTeneHd 3HAMeHaTeJas, TO Apobb
P(x)

(ax? +bx +c)*(x —m)P

MBI IeJIOM YACTH ¥ NpaBuibHOf Apobu, T.e.
P(x)

(ax® +bx +¢)*(x —m)*

TPeACTABJIAIOT B BUJIe anreGpanveckoit cym-

B
(ax® +bx+c)*(x-m)*’

=A(x)+
rjle cTapiuas cTeneHb MHOrouaeHa P(x) Menbie cyMMapHO# crap-

mieil cTeneHyn 3HaAMeHaTeNsA.

P (x)
2) Iipo6s (@x + bx + ) (x —m) TpejCTaBAAIOT B BUe anrebpa-

MUYECKON CYMMBI CHIeAYIOMuX Apobeit:

R(x) __Ax+B  Ax+B
(ax? +bx+c)(x-m)® (ax?+bx+c) (ax?+bx+c)
Ax+B, + C C G

+ Fot 3
(ax? +bx+c)* (x-m) (x-m)* (x-m)*

rae A, B, C;, — Hexoropsie uucsioBbie Koadduuuentsl. [lanpueitme
TOACHEHNS Ja/INM HA KOHKPETHOM IpHMepe.

-3x* +13x* - 13x +1
(2 -x+1)x-2)*
Pewenue. 1) TlockonbKy crapmas crTenenb yncanrens (ona pasua 3)
MeHbIlle CYMMapHO# crapiueil cTenenn snamMeHaress (oua pasna 4), To

Mpunep. |-

-8x"+132* -18x+1_ Ax+B C D
(F-x+1)x-2) 2-x+l x-2 (x-2¢

2) Hailinem nenasecTusie unciaossie koapduunentst A, B, C u D. [lna
3TOro NpMBezieM CyMMY Tpex Apobeii npasoif yacT K o61eMy 3HaMeHaTeNI0:

Ax+B  C D _(Ax+BYx-2P+C(x?—x+1)(x-2)+ D(x’~x+1) _
Zox+l x-2 (x-2¢ (x? - x+1)x-2)*

_AX’+(-4A+B)x* +(4A-4B)x+4B+Cx*-3Cx* +3Cx-2C+Dx* -Dx+D _
(x*—x+1)(x-2)*

_(A+C)x" +(-4A+ B-3C+ D)x* +(4A-4B+3C-D)x+(4B-2C+ D)
(x* - x+1)(x-2)
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Bynem nmers
-8x% +18x% ~13x+1 _
(2 —x+1)(x-2)*

_(A+C)x’+(-4A+B-3C+ D)x’ + (4A-4B+3C - D)x + (4B-2C+ D)

(2 —x+1)x-2)°
3) lna paBencTsa aTHX ABYX Apobeil HEOGXOAMMO, YTOOBI
A+C=-3 A=-3-C

~4A+B-3C+D=13 12+4C+B-3C+D=13
4A-4B+3C-D =~

4B-2C+D=1 4B-2C+D=1
A=-3-C A=-3-C
B+C+D=1 B=1-C-D
~4B-C-D=- ~4+4C+4D-C-D =~
4B-2C+D=1 4-4C-4D-2C+D=1
A=-3-C A=-3-C A=-3-C A
B=1-C-D _ |B=1-C-D_ |B=1-C-D _ |B
3C+3D=3 C+D=1 c=1-D c=0
-6C-3D=-3 |2C+D=1 2-2D+D=1 |D=1.
-3x* +13x% - 13x +1 -3x
Hrax, = 3
. (% —x+1)(x-2)* x'—xn’{x-zf Toraa
I—3x3+13x’~13x+1 3] xdx  ( dx
@ —xeha-2¢ e e

4) PaccMOTPUM OTAENIbHO HHTerpasibi:

) |
o e[ wd _ g
xi-x+1 J{ 1)2 IR e -
x-S) 4+
2 4
1 b &
{samena x-—=t=>x=t+-=dx=dt}
2 2
tdt 1. dt 1 3,1 2 2t
= [—5+s [—F=chnj*+=(+-- 1, Cc=
2823 2! ;{42 kit
4

1 1 2x-1
=-In|x* - x+1|+—=arct; +C;
Cai A S

-12-4C-4B+3C-D=-13
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image72.jpeg
)]'(’r o - f-2tdx=——sc. 6 [ -1

x-2 2T B
OxonuaTenbHo, 2
1

I—ks#laxz»llxi'l
(x? —x+1)x-2)?

+C =In| +C.

%
t+,[t? -~
eyl

OxonuaTenbHO:

x+2+ (x+2)=—%

3 2x-1
= -ZIn|x? - x+1|-V3are s
dx 2 n | x+ |—J— WT—S

e+ 2+ [(x +2) —%4—0.

5x-3 5 f 7 13
I?zx’»faxﬂ TEAE
1.12.9. WnTerpuposanune npocteniumnx

. d.
NppaunoHanbHbix (yHKUMI Ipumep 3. jm‘

dx
IMpunep 1. I———‘ B KadecTBe UHCJIOBOrO MPHMEPA PACCMOTPHM ‘[~ﬁ_
(2x+1)3 —(2x +1)2 (x+2Nx* -2x

Pewenue. (Bamena 2x + 1= 1% = 2dx = 61%dt = dx =3¢°dt; t = P2x+1 Peiiiesiuié. 1y (Bisisiias £ 48w 2 o 5 Ligss dee-Lat)
: : t t e

(umcsno 6 sBasieTcs HAaMMEHLIIMM 0BIIMM 3HAMEeHaTeaeM Apobeit g n %). }

2 T
(%) (19?2

3t°dt ‘3I todt J t5dt —aj'zﬂ=

- Tlea-n -1

5
Byaeu uuers 2) Byaew mvern Vx* —2x = [%—2] ~2[§—2}_ ti’-%“‘%”:

o 7
-%w:\[& 6041 _fBP6t+1,

¢ t

:zj“’z Dok (jml)duj J (;t’+t+lnlt 1|)+c

=3(%{/2x+1¢52x+14ln|9/2x+1—l|]+0.

dt

Hpumep 2. I Ax+B
\_/ +bx+c %
5x -3
B KauecTBe YUCIOBOroO IPUMEPA PACCMOTPAM I s
+8x+l
Pewenue. 1) 2x* + 8x + 1= 2(x + 2)* - -
2)(3m|e|-u:x+2:l:)x=l—2:odx=d” Byaem umers 2v2
[ b5x-3 BB, B 13 gro g tdt 18, dt
AT e N o Al T’J, 7 27 J = {sanena: p%:ua;:wg:m:du):

3) BLIYMCIMM OTAETBHO KAl H3 HHTErpPaIoB: 3 2
In\t ¢ t § V| +C=
tdt udu 7 7
= Y [qu=u+C= fﬂ-- c= 2¢-Z+C
a)_f I 5 I u=u+ 2+ (x +2) 3
2 1 13, 1 3
{samena: l’—%=a’:2tdt=2udu:tdt=udu): ﬂ- x+2 8 1*2 s
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image73.jpeg
Puc. 1.72

a= X< X, <X3<..< X, <X,=b, BrGepeM Ha KaXKIOM dJIeMEHTap~
HOM OTpe3ke [X, ; X;] IPOM3BONBHYIO TOUKY &, W HaiigeM AIHHY
KaKI0T'0 TAKOTO OTPe3Ka AXj =Xy — Xj_y.

MuTerpanbnoil cyMmoii aus pyuxnum f (x) Ha orpeske [a; b] Ha-
3bIBAETCH CYMMA BHAA:

3 HE0Ax, = FE)AL + FEIAL, + oot 1(E) A,
k=1

[0] Onpedenennoim unmezparom om Qynryuu y = f (x) na or-
peaxe [a; b] (man B npefenax or a 1o b) HasbIBaeTC TIpejies1 HHTer-
PaJbHO CYMMBI TP YCJIOBHM, UTO JUTMHA HANGOIBIIErO U3 dJIeMeH-
TAPHBIX OTPE3KOB CTPEMHUTCA K HYJIIO

D n
!f(x)dx = ..uli',':wé’@*’“*'

b
Ecan f (x) >0 na [a; b], To onpeseseH bl HHTErPAT If(x)dx 2e0-

a
Mempuyecku npejcrasiager co6oi naousads KpUBOIHHERHOM Tpamme-
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b
unn ABCD: S= j/(x)dx (pume. 1.72). Konugr a, b orpeska (npome-
AHymra unmezpu‘;)oaauua) HA3BIBAIOTCA npedeamu uHMezpuposa-
Hus (@ — HWKHNI; b — BepXHWMIA).

1.13.2. CBoiCcTBa ONpE/ieNneHHoro uHTerpana

Caoiictso 1. [Ipn 3aMeHe HUAKCHETO [Ipejiesia Ha BePXHMI 1 Ha060-
poT, OTpe/iesIeHHbIi MHTErPaJ MeHseT 3HAK HA IPOTHBONIOIOMKHBIH,
COXpaHAsA NPy 9TOM a6CONTIOTHOE 3HAYCHHE, T. €.

b a
{ Jrydzx = —]/(x)dx.l
i L

CgoiicTeo 2. IIpn paBeHCTBE BEPXHEro M HUIKHEro MpejesioB on-
pejieJIeHHbIH MHTErpaJj PaBeH HyJI0:

Wl(x)dx =0.\‘

CroiicTBo 3. Ecaiu B3sATHL TOYKY ¢, JIesKalyio BHYTPH oTpeska [a;
b], To nosyunm

[o < b
'; [feydax = [fdx + [f(xdz.

CaoiicTBo 4. UnTerpas or anre6pandeckoi CyMMBI CJIaTaeMbIX pa-
BeH anreGpanyeckoil cyMMe HHTErpaJioB 9THX CJlaraeMslx, T.e.

" ) b b
[ Jih(0) 2 £(0ldx = [fix)dx £ [f(x)dx.

CaoiicTBo 5. [ocTOAHHBINA MHOMKUTEb MOMKHO BHIHOCHTD 38 3HAK
uHTerpana:

b o bi —=
(]c f(x)dx = C [f(x)dx.

Caoiicteo 6. Ecim m < f(x) < M na [a; b], T0

=
!me ~a) < [f(x)dx < M(b- u):!
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image74.jpeg
Puc. 1.73

L S . 2]

ol x

5
Ceoticmeo 7. [f(x)dx =(b-a)f(c), rae a < ¢ <b (Suam = Supes)

(pmc. 1.73).

1.13.3. ®opmyna HeloToHa—Slenbruua

@opmyay HeioTona — JleifGHAIIA MOMKHO NIPEJICTABATE B CAEAYIO~
mem Buje:

AR
[fx)dx = F), = F(o)- F(a), rme F'(x)=f (x),

T.e. uHTErpa’ or Anddepenunana Gpynkunu F(x) paBen npupaie-
HUIO 5TOM (PYHKIMM HA IPOMENKYTKE HHTEIPUPOBAHNA .

(SI-

fdx %1 g 2s g2 2\ g
HMpumepo. 1. =[x 3dx=Sx3| =2|83-13 |=S(4-1)=
pumep: :Ia; Ijx w=x L 3 54D
x
2. Icouxdx=sinx|::s£nxvsin0=0.
0

2
8. 2=
(e x

2
—J%:lnh]ﬁf]nlx-vl]l::

=In2-In1-(In3-In2)=2In2-In3 :m%A

: SO W !

Frx x(x+l) x x+l

Hpumeuanue.

1.13.4. MeTopabl MHTErpupoBaHna

Huarerpuposanne no yacram. Ilycrs dyakuun u(x) u v(x) ume-
10T HellpephIBHBIE IPOM3BOAHBIE Ha OTpe3ke [a; b], Torna

b » b
Iudv = uvL = Ivdu.
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Joxasamenvcmeo. Ha orpeske [a; b] umeem: (uv) = u'v+uv’. Crne-
JI0BaTENIBHO, GYHKIMA UV ecTh NepBooGpasHas /s HelpepRIBHON
(yuxuun (u'v+ uv'). Ho roraa mo popmyse Heiorona — Jleitbanma:

b b b b
I(u'v +uv)dx =uv| = ju'udx+ !uv’dx =uv| .
a o a *

Ho w'dx = du; v'dx = dv.

b b b b 5 L
judu + Iudv = uvL = Iudu = uu|_ = Jvdu. [ ]
a a a a

-
-erfl =
b~ o

Ipumep. 'jxe “dx = —xe |+ I]’e"dx = —xe
[ [

u=x du=dx
dv=e*dx v= je"dx: e

=e-0)-(e*-1=1-21 =22,
e e

3ameHa mepeMeHHOro MOJ 3HAKOM ONpeeJeHHOr0 HHTerpaja.

b
Iycrs Tpebyerca HaiiTn If(x)dx OT HenpephIBHOM Ha orpeske [a; b]
a

dyaxuun f (x).

Yacro 6piBaeT yo6HO NPUMEHHUTH, KAK M B CJlydyae BhIYMCIeHHs
HeoNpeIeIeHHOT0 WHTerpaja, 3aMeHy IepeMeHHOro NnyTeM BBeje-
HHSA BMECTO CTAPOro MePeMeHHOro X HOBOro ¢, CBA3AHHOTO CO CTa-
PBIM cOOTHOmEHMeM: X = ((t). Jlokaxem OTHOCHTEILHO TaKOi 3a-
MEeHBI TeOpeMy.

b T
Jfxydx = [flot))- ¢ (t)at, 2de:
a o

1) ypasnenus §(x)=a u §t)=b umerom pewerus (0603Ha“uM ux
coomeemcmeenno wepes tyu T, mak, umo @(ty) =a, (T)=b);
2) gpynryusn O(t) na ompesxe, obpazosanrnom mowkamu tou T,

umeem HenpepvLeHyI0 npoussodnylo ¢(t);

3) npu usmenenuu t na ompeske, obpazosarnom mourxamu tou T,
3Havenusn pynryuu x = Q(t) He 6bx00am 3a npedenvi ompesxa [a; b]
(u, caedosamenvho, croxnnas pynryus f[9(t)] onpedenena na
[to, T D-
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image75.jpeg
Jlokazameavcemeo. Ilyers dpyaknna F(x) — kakaa-1nbo nepso-
obpaanas auas Gyakuun f(x) na [a; b], rax uro F'(x) = f(x). Toraa
1o popmyne Holorona — Jleitbuuna nmeem:

s
[fx)dx = F(b) - F(a). (1)

Paccmorpum Ha orpeske [ty, T | dyakuuio F [@ (1)]
(Flo)]) = F'To(0)1¢'(2) = f [9()]¢(2).
Orciona caeayer, uro Gyakuns Flo( t)] asnsercs nepsoobpasnoi
nas pyakuuum f[@(t)] ¢ (), a Toraa no popmyse Hoiorona — Jleii6-

Huna (OHA 31ech TpUMenuMa, Tak Kak dynakuus f [¢(t)]¢'(t) nenpe-
puiBHa Ha [, T |)

T
[flag(e)dt = FIo(T)] - Floity))-

Ho ¢(T') = b u ¢(t,) = a, cnegosarensro,

T
[flen]¢at = Fb) - Fa). ()
i

Cpasausas popmyasi (1) u (2), nonyuum

b x
[z = [flon)]e't)at. 3)m
a to

3amevanusn.

1. lpegensi t, 1 T HOBOTO MHTErPAJA ONPEAEIAIOTCA U3 yPaBHe-
Huit @(t) = a m @(t) = b. Kaxkoe U3 9TUX ypaBHeHH# MOXKeT UMeTh
HECKOJIBKO KOpHeii, 1Py 9TOM 3a ty MOMKHO NPUHATH 1060 KOPeHb
ypaBHeHus ¢(t) = a, a 3a T — n1060it KopeHb ypaBHeHuA ¢(t) = b.
Jumb 6Bl BRINOJNHAJKUCH yeaoBus (2) u (3) Teopemsl (KOHEUHO ke,
to < T'). Yenosue (3) okaxeTcss HABEPHAKA BBITOJHAMBIM, ecJii QyHK-
uus x = @(t) 6yser moHOTOHHOI Ha [a; b]. IloaToMy Ha IpakTHKe 3a-
MEeHY NePeMEeHHOro YacTO OCYIECTRAAIOT ¢ NOMOMLI0 MOHOTOHHBIX
(bynkumii, Tem Gosee uro, npumenss Gopmyy (3), onepuposaTthb ¢ Ta-
KUMH QYHKIUAMY IPOLIE, 4eM ¢ HEeMOHOTOHHBIMH.

2. Ecan dyuknus x = @(t) He MOKeT NIPHHUMATH 3HAYEHNUH, paB-
HBIX [PeJielaM MHTerpUPOBAHMSA @ U b, TO OHA He MOKET CIYXKUTh
/715 BHINOJHEHAS 3aMeHbl IePeMEeHHOr0 B 9TOM uHTerpase. Tak, Ha-

2
npuMep, HeJib3A NpeobpasoBaTh B MHTErpase Fll —x?dx noppinTe-
o
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rpajbHyio QYHKIHMIO C HOMOINBIO NMOJACTAHOBKHU: X = sin ¢ (Tak Kak
ypaBHeHHe sinx = 2 pelleHuii He umMeer).

3. BelumcCss Heonpe/ieIeHHEBIH HHTerpat If(t)dx € OMOIIBIO 38
MEHBI IIePeMeHHOro X = @(¢), MbI AOJKHBI ObLIM, HAlAA MHTErpan
!f [@(t)]@()dt, arem BepuyThes OT HEpemMenHOTO ¢ K nEpeMenHOMY X.

Ilpu BHIUMCIEHMH JKe ONpe/leIeHHOro MHTerpaja 1no dopmyse (3)
HBROGHOCTB B 9TOM OTHAJlaeT, TAK KAK BblYHUCJIeHHEe HHTerpaaa

T
I/[lp(t)]w'(t)dt AaeT YMCI0, KOTOPOMY M GyJeT paBeH MHTerpa

»
]f(x)dx.

“In?
HMpumepwi. 1. j——]" X dx =
®

i

{samena: Inx =t = Ldx=dt; x=1:1=0;x=e:t=1)
*

2 14 1 1
= [tfdt ==t =—1-0)==.
‘;f 3 L 30703

Ix+23x 1

samena:x-1=t? = x=t*+1=>dx=2tdt;
=Lt +1=1=¢=0;

x=2t+1=2t=1>¢t=1

HE

_ 2tdr Y\ 2at
Ir2+1+2l I

samena:t+l=z=t=2-1=>dt=dz;

t=l:2-1=1=2=2

=2ln|z|

A{ =2In2+(1-2)=2In2-1.
h
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1.13.5. WHTerpupoBaHmne YeTHbIx
W HeueTHbIX hyHKUMA

« Ecan dynknus y = f (x) uernas, To If(x)dx =2If(x)dx~
‘a o
* Ecan ynkuusa y = f (x) Heuetnas, To J’f(-')d-r:O.

a
Hoxaszameascmeo. PaccMOTpUM HETErpas If(x)dx:

‘]f(x)dx = ‘}f(x)dx + ']'f(x)dx.
a a 1

0
Boruucanm If(x)dx € NOMOIIBIO NOACTAHOBKY X = 1 : dx = —dt;

-a

NDpux=-a:t=a;npux=0:t=0

0 o a a
[FGydx =~ [r@)dt = [f)dt = [f(-x)dx.
-a a o o

Byaem umers: ]f(x)dx =jf(—x)dx + j/(x)dx = ‘]'[/ (=x) + f(x)}dx.
-a o o 0

BoaMoKHBI CIyYan:
1) y = f(x) — uernas, r.e. f (- x) = f (x), Torza

]' f(x)dx =2}f (x)dx.
o

2)y =f(x) — nevernas, T.e. f (—x) = '—f (x), Torga ]‘f(x)dx =0.m

2 {
Mpumepwvi. 1. J' ax =2[ s
xltcosx o 02X

= (rak kak Gysxnus f(x) =

- = otg %t -2 tg®-tg0)=
e yeTHasn) 2t¢2|: 2('44 th) 2.
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1
2. [e ' sinxdx =0, rax xax dynxmus f(x)= e sin X neuernas.
(

3apa4um AnA camoCTOATENLHOMO peweHuns

C nomombio hopmysiel Helorona — JleliGuuiia BerducauTe onpeae-
JIEHHbIEe HHTEerpajibl:

* xdx

1 3
)a‘_/l+x

3 x
2) IcoxaxsinZde; 3) Ixcosxdx;
0 0

1+22

x
5) jsin21\¢c052x+5 dx;
o

6) 'Iarctgzxdx.
0

4 ‘eldx
)‘7;—.

7)'I xdx |
o

5
H

3 8) [sin®xdx.

1+x+x? 6‘-

(RS TEOMETPUYECKWE NPUNOXEHNA
OMPEAENEHHOrO NHTEFPANA

1.14.1. Mnowaab urypsl,
OFpaHN4eHHON NIOCKON KpUBon

Ilnomans Gpurypel, orpasAYeHHOl KPUBOIL Y = f(x), ocbio Ox 1 nps-
MBIMH X = a u x = b, rae f(x) > 0 na [a; b], ecTb npeses, kK KOTOPOMY
npubankaeTes cyMMa IUIomaieil npAMoyroJabHUKOB y;Ax, (puc. 1.74):

- b b
S= lim 2ybx= aIydx = !f(x)dx.
Ecau f(x) <0 na [a; b], To

S= —}f(x)dx.

HMpumep. Haitrn niomazs duryps, orpanmuentof napa6onoi y =
= 4x - x*n ocv0 Ox.
Pewenue. Haiinem rouxn nepeceuenus napabonn y = 4x — x* ¢ ocbio

Ox:4x -x*=0 = x(4 -x)=0 = x,=0, x,= 4 — 9T0 U eCTh NpeAeNH
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image5.jpeg
CneoBaTeabHO, 00beM mapa sipjisieTcs (PyHKIuMeil paguyca mapa.
0618CTHIO OTIPE/IeJIeHUS 3TOH DYHKINK ABJAAETCH MEOKecTBO D(V) =
=[0; +¢2), TAK KAK PAAUYC IIAPA He MOXKeT GhITh OTPULATENHHBIM.
Muosxectso snadenuit E(V) = [0; +°), Tak Kak o6bem mapa He MO~
#KeT GbITH OTPHIATELHBIM.

@ Yacmuoim snavenuem Gyaxkuun y = f(x) upu x = xo, Xo€ X,
HA3BLIBAETCH TO 3HAUEHME Y, KOTOPOE COOTBETCTRYET JaHHOMY 3Haue-
HHI0 X. OHO obosnauaercs uepes f(x,).

4
Mpumepst. 1. Beraucmuts uacTHoe 3nauenue Gyrkuun V= 57{38 npu
R=3.
Peusenue. Hneon: V()= sx. =36

2. Jlana ynxumus y=2J4-x + 7% HaiiTu ee o6aacTh onpeaesenus
x

u uacTHble 3pAYeHuA npu x = 0; x = 2.

Pewenue. 1) lannas GynKuns onpejesena Aus Beex sHauenuii x, npu
KOTOPHIX 00a craraeMbix MMeloT AeiicTuTeNbHLIe 3Havenns. [loaromy ee
061aCTBIO ONPeAieIeHNs ABJIACTCA NepeceveHme ABYX MHOXKECTB, IIPe/CTaB
AAOMMX 061aCTH ONPeAesIeHNs Kax10ro CIAraemMoro, T.e.

2) YacTHHIMM SHAYEHMAMH AAHHON QYHKIMH ABAAIOTCH YHCHAL
5.3 3 3V2
=2V4-0 =22+ =4+—

10 " Jore BT

3 3
2)=2V4-2+ =2/2+2=2/2+15.
@ IR

1.1.3. Cnocobbl 3apanus yHKummn’

DYHKUMIO MOMKHO 3a/8Th AHAJTUTHIECKHM, TaOIMIHBIM, rpadu-
YeCKMM M CJIOBECHBIM criocobamu. Pacemorpum noapobuee crnocobbl
3a7aHuA QYHKIUHA.

Amnanutnuecknii. B srom cnocobe (hyHKIHOHANBHAS 3aBUCHMOCTE
Mesk1y epeMeHHBIME X, § BhIPAXKaeTcs B Bu/e GOPMYJIBl, KOTOpas
YKAa3bIBAET COBOKYITHOCTD TEX MATEMATHYECKHX ONePalHil, KOTOpbie
ROMKHBI GBITH BBITOJHEHBI, 9TOOBI O 3aJaHHOMY 3HAYEHHIO apry-
MeHTa HailTH COOTBeTCTBYIOMee 3Hadenune Gpynknun. IIpu anaiurn-

6

HeCKOM 3a/laHui PYHKIMYU OGBIYHO He YKasbiBaeTcsa 006JacThb ee o~
pesesienns.

0, x<i

1
Hpumepw. 1.y=x". 2.S=wvt. 3.y= 2 1<x<3;
1, x>3.

DYHKIMIO HE CAEAYeT OTOMHAECTBIATL ¢ POPMYIOil, ¢ TOMONIbIO
KoTOpOii ona 3agana. Hanpumep, Gynkuuu y = x2, x € (~o0; +o) n
y=x? x €[1; 3], BrIpakenusle OHOH M TOI 3Ke GOPMYION y=x*
Pas3JIMYHbl, TAK KAK UMEIOT pasHble obnacTu onpeneneHus .

Hao6opor, oia 1 Ta e QYHKIUA MOXKeT ObITh 3ajaHa PASHBIMU
(hopMyJIaMH HA PASIMYHBIX YUACTKAX ee 00JacTi onpeeseHus.

Hanpumep,

f0)= 2 npux<0;
= —{x+2npux>0.

3peck aBe GOPMYJIbI 3afAI0T OAHY DYHKIHIO, ONPeJeSeHHYIO Ha
Beeit uncaoBoit npamoit. Ipu x < 0 3HaYenns 1o GyHKLUHM onpe-
AeJA0TCA NO nepoii opmye, a npu x > 0 — no Bropoii. I'papux
aToif hyHKIMM npejcTasien B miockocrn xOy (puc. 1.1).

Tabauunerit. AHanuTHYECKHI criocob 3aganus yroben Tem, uTo
3HAYEHNA PYHKIMM MOMKHO BBIYMCIUTD NP JI00bIX B3ATHIX U3 06~
JIACTH ONpeJiesieHus 3HaYeHUAX APIyMeHTa. DTOT cnocob ABaseTcs
OCHOBHBIM B MATEMaATHYECKOM aHaJiu3e. OllHﬁKO AJiA pacyeToB OH
HacTo oKasblBaeTcs HEynDﬁHHM, TAK Kak CONps»KeH ¢ HEOGXOIUIMO‘
CThIO BBINOJIHEHUA B KAXKJA0M OTAEJILHOM CJIy4Yae MHOIMOYHCJIeHHBIX,
HacTo TPYAOeMKHuX, Beluncienuii. [loaToMy Ha npakTuke onpeje-
NAOTCA 3HAYEHNUA QYHKIHMH 118 60JbIIOro Yncsa BHOpaHHbIX 3HA-
geHni APryMeHTa X U COCTABJAATCH

TabaunIbl 9TUX 3HAYEHHH (HanpuMep, v
TPUrOHOMETpHYeCcKHe, Jorapudmu- *2
yeckue Tabaunb u Ap.). Korpa xe /
OMBITHBIM IyTeM onuchBaeTcA yHk- _¥=2 |

IHOHANBHAA 3aBUCHMOCTDb MEXKAY 1ne- 2

PEMEHHBLIMH, TO COCTABAAIOTCA Tab-
JIMIbI BEJIMYMH — apryMeHnTa u (yH-
KIMH, IPAYEM B DTOM cJIydae 3Hade-
HUA QYHKIMA ABIAAIOTCA NpubIN-
AOHAHMM. Puc. 1.1
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o
Puc. 1.74 Puc. 1.75
Puc. 1.76 Puc. 1.77
Toraa S = Jidx - ¥y [2:1 "'J" 20 -2
X = - x%)dx - =242 -2 2
A 6[( " 0 3 1pumep. Haittu nnoutas duryps, orpanusensoi JMEMAME: Y = - x?;
x=y+2. .
32
=— . e].).
3 eex)

Pewenue. 1) Iina oro uTOGbI OnpeaenuTs npexens HMHTerpuposanus,
HalieM TouKH nepeceuernms

KPHBRIX M3 CHCTEMBI ypaBHenuii
ILtomans dpurypei, orpannuennoii kpusoit x = ¢(y), ocbio Oy u

TPSAMBIMHM Y = a u y = b, ecTh npegen, k KOTOpoMy npubinxkaercs

wagd
{”_ :—x’:x-2:>x7¢x»2=0=x,:72;x2=1:y,= Y =-1.
CyMMa miomaaeit npamMoyroasauKos x,Ay, (puc. 1.75): y=x-2
n b b Mmeem aBe Toukn nepecevenis napaGoakt u npsmoit A(-2; ~4) u B(1; -1).
S=_lim YxaAy = dey = J‘.p(y)dy, Haueprim rpadux (puc. 1.77).
maxay 05 o :

1 1
D S= fl-x-@-2)ax= |- —x+2de=(-%x‘ ——21-12¢2x]l
Hpumep. Brruncanrs nromans urypsi, orpanndernoi kKpuBoil x = 2 -2 -2
+y - y* uockio Oy.

1
2=

Pewenue. 1) Ilna Toro aro6sr ONpeAeNHTE NpefeNbl WHTerPHPOBAHMS,
HalijieM TOUKH Mepeceuenna KpuBoii x = 2 + y — y ¢ ockio Oy. Tlpu x = 0
moxysum: 2+y ~y*=0mmmy®- y-2=0 =y,

Ly,=2.

1 1
*2)>(~§(~8)~5-4+24—2;)_
s ? 2 e 2 2
2) s:‘jl(zw-y*)dy:(zy»(!z--"?]‘q=[2~2¢—~

_ 11 .8 "
=g 2*2 3+2+4—4.5(m;. exn.).
2 3 Ecin xpupas 3ajaercs .

apaMeTpuuecKuMu ypﬂBHeHHﬂMH.x =
=x(t); y = y(t), To IUIoMmanb KpUBOIHHERHON TPaneuuu, orpasuyen-
,[z(_lp(;2”—2-%):(6-3]—(—2+%+% skl G 4 ;oo:‘:;zzﬁxpnnoﬁ, TUPAMBIMH X = a ¥ x = b u ocbio Ox, Bripasxcaercs
Tlnomazs Gurypsi, orpannuennoil KpussiMu y=hx)ny=fax)n s ‘Iy( (1),
b P
TIPAMBIMI X =@ 1 x = b, HaxopuTes 1o popmye: S =;|'[fz(x)—f,(x)]dx, TAe ¢y u t; onpenensiores ug yxpannemlﬁ a=x(t)nb=x(t,) (upn-
(puc. 1.76).

uem (1) >0 npu ¢, <t<t,)
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v Puc. 1.78

Mpumep. Haiitn nnomazns Gurypsi, orpannuennoil aanuncom
2t

SFH2=1 e, 1.78).

Pewenue. 1) B napamerpuueckom uge annmne mosxkuo onmears cicre-
MOif ypaBHeHuit

x=asint;
Y = bcost,
oTkyza
dx=acostdt; x=0:t=0; x:a:zzg

s 2 2
2) B cuay cummerpun S - 4[ydx=4 [pcost(acostar) = ab fcos® tdt =
o 0 0

H : H H
~4ab IL“’Z"‘;Z‘dr = 2ab [(1+ cos20)dt = 2ab [dt + 2ab [cos2tdt =
a s b 3

P
=2abt? + 2ab%2'{: = 2abg+0 = rab.

1.14.2. OnuHa Ayrv NNockon Kpueoi

B ayry xpusoit AB Bunmewm n XOpA, T.e. JOMaHYIO JHHHUIO
(puc. 1.79). Ilmua oanoit ua atux xopa (Ranpumep, PQ) pasra:

2 2
AL = J(ax)" + (ag,)? =ﬂ1+(%) }(Ax. P =J[1+[%] }Ax,-
g i

2
J }Ay,. Torna

Amnanornuno: AL =

154

B
é !
ef- ;
of /a b ¥
Puc. 1.79 Pre..1.80
Ay, ? i
1+ =2 | |Ax, =[y1+y2dx (1
+[Ax‘]] ] ,.I v
wiua
d
L= ’l*x,',’dy, 2)
:
I

T ?sz‘ +dy?. 3)
A

Mpumepu. 1. Burancauts fmuny Ayra napabos y* = 4x orx=0 gox = 1.
Pewenue. Cnoco6 1. Jlna HaX0xKAeHUA ANMHBI AyTH napabosst (puc.
1.80) moxHO BoCTIONB3OBATECA opmyoif (1) man (2):

:
L=2[1+y%dx
o
wam
2
L=2[V1+xdy.
H
Tax xax y=2Vx :y’=7l-: y? =L, Toraa no dopmyae (1) noaywmm:
x x

1
L= 2] 1+ ld:nc — CJIOKHBI HHTErpas, KOTOPHIN HEIPOCTO BHIYMCIHTD.
X
0

Cnoco6 2. Bocnonsayemcs popmyoii (2), ansa sToro Halizem:

1o 1o V. ¥
x:zy’;xy=z-2y- x”‘A'
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Puc. 1.81
Torna panua ayru Gyaer pasua

e
L=2 ’u"Tdy: ‘l4+y’dy=%y uy*twln y+ar g
o 8

-

= %(zJion 2(1n[2+ V8|~ 1n2) = 2V2 + 2In(1 +V2).
Takum o6paaoM, ucnoabays dpopmyay (2), noayumnan osee npocToit un-
Terpaj JUIs peleHus 3aaun.

2
Bamevwanue. j\/a’ +xtdx =%x\/a’ +x? 4 %In'x +Va? + x’l +C.

2. Haiita jumay ayru OA oaHOM «apkus NUKIOMAR X = a(t — sin t); y =
=a(1 - cos t) (0 <7< 2m). Ira KpHBAA ONUCHIBAETCH IPOUIBOILHON TOU-

KO# P OKPYXXHOCTH KpyTa PajinycoM a, KaTaumerocs 6e3 TPeHNs W CKOMb-
JKeHHA 110 HEKOTOPO# HenoABMKHON npamoi Ox (puc. 1.81).
Pewenue. 1) dx = a(1 - cos t)dt; dy = asint dt;

2
L= [Ja*(1-cost)’ +a’sin’ tdt =
H

P .
=a [V2-2costdt =2a jain%dl = Adacoeélil = -4a(cosr - cos0) = Ba.
F é

1.14.3. O6bem Tena BpalieHus

Haiizem o6bem Tena, 06pa30BAHHOTO BPALEHNEM YACTH KPHBOMK
y = f(x) (or @ 1o b) Bokpyr ocu Ox (puc. 1.82).

156

—

»

Puc. 1.82 D

Pa3obbem 06beM Ha YACTH CeYeHHsIMH, NePIeHMKYNAPHBIMH 0CH
Ox, ¥ paccMOTpUM, Hanpumep, 4acTb o6bema ABCD, pacnonoxen-
HOTO MeKAY ABYMsi CEYeHMAMMU, OTCTOSUIMMMU APYT OT APYTa HA Pac-
crosuuu Ax,. Ecau Ax, Mano, 10V, op NpuGauauTensio pasen Vg (0
T.e. 06beMy IMJIMHAPA.

Ho Vpp 4, =nR*H = ny?Ax,. CyMMupysi, HOIyduM

n b
V= lim Y myiAx = [myidx.
maxAx, 0] g4

Ecan HeoOxoauMo HAWTH 06beM MeXAY ABYMS BPALIAIAMHCH
b
KPUBBIME Yy = f1(X) M Y2 = [ (X) (y2> y1), To V = Inl!lzz - yildx.
a
Ecam wacth kpuBoi X = @(y) (ot ¢ 10 d ) Bpamaercs BOKPYr ocx

Oy, 0 V —.-']'nx’dy.

IMpumepwi. 1. Haiitn o6nem Tenia, 06pasoBaHHOro BPAILEHHEM OKPY K-
noctn x2 + y? = R? Boxpyr ocu Ox (puc. 1.83).
Pewenue.

1

V= ’:['R(R‘ —x*ldx = n[R‘xl_’;~%x" R]

| % x[n“ +R* —%(R’ * R’)] =

2 4
=mn(2R? —53'):51}?3 = Viapa+
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Puc. 1.83 Puc. 1.84

2. Haiitn o6bem Tesna, 06PA30BARHOTO BpAIIeHMEM BOKPYT npamoit
v (UTYphI, OrpaHMUeHHON IMAMAMI § = €08 X, y = 1, X = T 1 x = T
(puc. 1.84).

x x
Pewenue. V = [n(cosx+1)*dx = [n(cos” x + 2cosx +1)dx =
x

= n[ ]“%zid“z.‘mx{" 41{’] - x[%zi + -}ain2x1;+25‘mx1fl+x1l_

= [(%M%n)ﬂﬂ n)] =m(n+21)=3n? (ky6. ex.).

3. !-!nﬁ'm obbem Tesa, 0GPA3OBAHHOrO BpameHUeM BOKpYT ocu Ox au-
mmit: y? = x u x? = y mexay nx Touxamu nepeceuenus (puc. 1.85).

1
Pewenue. V = [rfx - x* dx:u(lxx‘_l ﬁ'): 113
a[ﬂ( 1 3 [o r In "3 3 wx(xyﬁ.en.).

Puc. 1.85
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Puc. 1.86

4. Haiitn o6bem Tena, 06pa3oBaHHOrO BpameHHeM BOKpPYT ocu Oy du-
rypsi, orpanuuenHo uanaME Yy = 4 — x u x = 0 (puc. 1.86).
Pewenue.

2 . 2 o 2 8 42 1 2
V= [d4-y*Fdy=n [(16-8y* +y )dy:n(lﬁy'_z—gy'lrz*gy"]rz)=
-2 -2

:n(s4,ﬂ+ﬁ
3

] 512
5

T (xy6.ex.)

3apauv ANA CaMOCTOATENBHOMO PeleHus

1. Haitaure nuiomans Gurypl, OrpaHA4eHHYI0 YKa3aHHBIMU JIH-
HUAMH, clenaiiTe YepTexK:

1) y=x+2, y*=9x; 2) xy=4, x+y-5=0;

3)y=-x*+4x-1, y=-x-1; 4) y= +2, y=x%
5) y=sinx npu 0Sx<m

2. Haitgure o6beM Tesa Bpamesus BOKPYr ocu Ox Qurypsi, or-
PaHMYEHHON YKABAHHBIMY JHHAAMHY, ClleJaiiTe yeprex:

6) y=sinx upu 0<x<m 7) y’==x, y=%x;
8) y=ox, y=\16-2%; 9) y=-x?+2, y=2x2
3. Haiiaure AMMHY AYyTA YKA3AHHBIX JIMHMI:

10) y=xyx,0<x<4; 11) y=In(1-x*), 0sx<

Do =

KOHTPOJbHbIE BOMPOCHI

1. [laiTe onpefeneHme n ykaxure cnocobl 3aaaHnA (hyHKLMN OAHON
NEPEMEHHON.

BhificHATE reoMeTpuyeckui cmeicn koadhuumenTos k, b nuHein-
HON (hyHKUMK y = kX + b.

[aiTe onpefieneHme 1 yKaxuTe 0CHOBHLIE CBOMCTBA Npeaena 41c-
NOBO MOCNEAOBATENLHOCTY.

Mpusenute onpeaenenua no Koww v no lenve npepena hyHkumn.
YKa@XuTe ero reoMeTpU4eckui CMbICH.

TNepeymrcnnTe 0CHOBHbIE CBOMCTBA Npedena (hyHKuuM.
MpuBEANTE NPUMEPBI HENPEPBLIBHBIX W PA3PLIBHBIX (hYHKLNA.
[aiTe onpepeneHme 1 KNaccuduKaumio ToHeK Paspbisa (yHKLMM.
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8. YKaxuTe MeXaHN4ecKui 1 reOMETPUHECKUA CMbICH NPOU3BOAHON.

9. Mepeumcnute OCHOBHLIE NPaBuUNa AnhepeHUNPOBaHUA.

10. YKkaxuTe rpaHuLbl NPUMEHUMOCTM Npasmna SlonuTans.

11. YkaxuTe Heo6XOAUMbIE U AOCTATO4HBIE YCIOBUA BO3PAcTaHuUA
v y6biBanns tyHkumy. MpuseauTe npumepsi.

12. Hem 0TnM4aeTCA 380848 HAXOKABHNA HAMMEHBLLErO M HanGONb-
Wero 3Ha4eHUA YHKUNM OT 38[84M HAXOKAEHUA IKCTPEMyMa
hyHKUMM?

13. flaTe onpeenexue NepBO0BPE3HON U HEONPEAGNEHHOMD UHTEr -
pana.

14. MpounnioCTpUpYATE Ha NPUMEPaX NPUEMbI BLIMUCTIEHNA NPOCTEN-
KX UHTErpanos.

15. [laTe onpefeneHue 1 yKaxuTe CBONCTBA ONPEENEHHOMD MHTer-
pana.

16. MpounniocTpupyiTe Ha npumepax npumexenHmne Gopmynbl Hototo-
Ha—IenbHuua.

KIHOYEBBIE CNOBA

DyHKUWA, NOCNEA0BATENLHOCTL, NPEAEN, MOHOTOHHOCTb, TOUKW
Pa3pelBa, rPachuK, HEONPEAENEHHbIA MHTErPan, ONPEeneHHbIA MH-
Terpan, hopmyna Helotona—enGruua.

ABA 2

PA0bI

YNCNOBbLIE PAALI

2.1.1. MousTve paga v nocnefoBaTeNnbHOCTY

Ilycrs nana 6eCKOHEUHASN MOCJIEOBATILHOCTD UACET Ay, Ay, A, «.ny

[0] Buipasenne a, +ay+ ag+ ... + a,+ ... HasbIBACTCS GeCKOH X bLM
wucnoévim padom (AIH NPOCTO pAdoMm), a YUCHA Ay, Ay, Agy ey

Ay oo — HACHAMU pAOA. KOMIIAKTHO P MOXMCHO 3AITMCATD B BU/E Z a,.
ol

Psaj canraerca 3aJaHHbIM, €CJIH H3BECTHO NPABUIIO, 110 KOTOPO-
MY A1 JE06Or0 HOMepa 7l MOJKHO 3AMCATE COOTBETCTBYIONIMI wieH
psana, T.e. a,= f(n). Belpaxkenue a, Ha3bIBAETCH O0WUM YACHOM
pada. Ecin dopmyna a, = f(n) paua, To MOMHO CPA3Y HANMCATD JIIO~
Goit unen pana.

1
Ipumepwi. 1. Ecin a, = 21—", TO PAA MMEeT B

2. Ecan a, :l‘ TO l¢i+i+...+Lt....
n! 2! 3!
HHOr/a PAiJi 38/18€TCA € MOMOIIBIO PEKYPPEHMHOZ0 COOMHOULEHUSR,
CBA3LIBAIONIETO NOCIEAYIONHIT UIeH psjia ¢ npeabiaymuM. [Tpu aTom
3ajaeTcA HECKONBKO MEPBBIX WIEHOB paaa u GopMyIa, no KOTopoii

HAXOAATCSH CAeAYIOUNe WieHb! PSAJa.

L Ala +la Honyunm: a, =
2 n =301+ g2 Y’ s Gy =

Ipumep. Tyets a, = 1, ay =

L]
8
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1.7 .31
it it 2 b= —t—t.ie
[CKOMBIH PAA; FRETRETY

CyMMy NepBeIX n 4JIeHOB psaga 0603HAYAIOT Yepea S, M HASBLIBAIOT Nn-i
HACTHYHON CyMMO# psaja

Sa=a,+ay+agt ... + 0,

O6pasayem Tenepb NOCJAE0BATEILHOCTh YACTHYHBIX CYMM psja:

Si=a,

S;=a,+a;

S,=a,+ax+az+...+a,

@ Ecnu npu n — +eo CyIECTBYeT KOHEeUHbLi npeden nociue-
JOBATEJLHOCTH YACTHYHBIX CYMM 4ieHoB psaga limS, =S, To pax
v

HA3BIBAETCA CXODAWUMCR, & YnCa0 S — ero cymmoii (S =a, +a, +
+ag+ . + @, + ...). Ecan nociegosarenbuocTs S, He MMeeT npejena
WJIM 9TOT NPe/iesl PaBeH +co, TO PAJ HASBIBACTCH PACXO0RULULMCR
(He UMEeIOIHM CYMMBI).

Takum 06pa3om, ecjiM YNCIOBOI PAX CXOAUTCH, TO €r0 MOKHO
MPOCYMMHMPOBATH, T.€. OH HMEET KOHECUH YO cymmy.

Ecau unMca0BOM psiji pACXOANTCH, TO OH KOHEUHOH CyMMBbI He
HMeeT.

B KauecTBe TEOPETHUECKOTO IPUMEPA PACCMOTPUM CYMMY WIEHOB
6GecKOHeYHOH reoMeTpHYeCKON Mporpeccun:

b+ b g+ b g?+ o +b1g" " + . (by 2 O).
P
Jlns wee S, = b.Lq—
1-¢

Bo3MOXKHBI carydan:

1) ecan |g| < 1, 1o limg" =0 u limS, = 3
ey ey

2) ecam |g| > 1, To limg" = o 1imS,
s i

3)ecimg=1,108,=nb, u limS, =

4) ecin ¢ = -1, To noayunm psaa: by — by + by - by + ..

162

OxoHuaTenbHO, 6ECKOHEUHAS reOMeTPHYECKas POrPeccus npeji-
craBaseT pAA, KOTOPHI cxoauTes npu |g| < 1 u pacxoanres npu
lgl>1.

HMpumepwi. 1. UccrenosaTs Ha CXOAUMOCTS DAL

il91. 1
LETEIE PR
2°48 72

Pewenue. ITo reomeTputeckas nporpeccusn ¢ by=1m g = %

[1—(%] ]: lim, =2=> pax cxoauTos.

2. UcenenoBaTh HA CXOANMOCTE PAJL
142+4+8+..+2"1+

Pewenue. Ito reometputeckasn nporpeccusi ¢ by=1mg=2.

8, =620 21122 _on 1 limS, = +e = pan pacxogures.
1-¢ 1-2 e

3. UccnenoBaTs Ha cXoAMMOCTS pAf: 3 ~ 3+ 3 - 3 + ...

Pewenue.

8§,=38;

Sp=0;

S3=38, T.e. ne cymecrsyer lim S, = psaj pacxoaurcs.

B paccMOTPeHHBIX IIPHMepaX Ol pe/iesiaiack CXOAMMOCTh WK pac-
XOJAMMOCTD PAJIOB, HEMOCPEACTBEHHO C IOMOIIBIO ONpe/ieJIeHHA CX0~
AVIMOCTH ¥ M3BECTHOI OpMYJIBI A5 S,.

OABBKO B 6OJBIIHHCTBE caydaeB TAKHM NYTEeM HATH HeJIb3s, TaK
KaK O4eHb TPY/HO HANTH KOMIAKTHYIO GopMyy s S,, & 3HAYMT,

ulims,.

oo
B aanbreiimem 6yeM BRIACHATH CXOAMMOCTD PiJia, He ONpeess
(aKTHYECKH eT0 CYMMBI, & OJIB3YACh IPUIHAKAMH CXOAMMOCTH.
HauzeM ¢ caMOro npocTeiero THIa YHCIOBBIX PAJOB — YHCIIO-
BBIX PAJIOB C NOJIOJKNTENBHBIMU YJICHAMH.
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2.1.2. HeobxoauMbIi NpU3HaK CXOAMMOCTH
4MCNOBOro paaa c NONOXWUTENbHbIMK YneHamn
Ecam psapa, +a + az+ ... + @, + ... CXOAMTCSA, TO €ro obIuii uieH a,
CTPEeMHTCs K HYJIO, T. €. !‘l:l_\ a, =0. Eciu lx_x'x_: a, #0, TO psa pacxo-
aures.
Takxum obpasom, ecin Llﬂ a, # 0, TO PAJl PACXOAUTCS U AajbHeil-
e ero HecJieJOBAHUA NTPeKPallaoT.
Ecan !.L'E a, =0, TO TOBOPAT, UTO BBINOJHEH HEOOXOANMBIN MpH-

3HAK CXOAMMOCTH PAJA M HYXKHO NPOJOJIKATL ero UcclieoBaHue
nanpuie. Cpasy rOBOPHTE O TOM, UTO P/l CXOAUTCH, HEJIbadA.

1
$ot b lim 30 — pax

3n-1 n= 30

ales

3
o4
8

L
1

rolm

Mpumepu. 1.

PpacxoauTes.

11 1
FIETE S e
2'3  ilimy

0 — BBINOJHEH HEOGXOAMMBIN IPUIHAK.

1 1 1 1

3. 14—+ Fot +u S, et —=; S,>Vn;
NARCY n J’ J' J’

lim S, =+ — pan pacxoaures, xors lim =0.

n
ToabKo B TOM cilyuae, KOTAa BBINOJHEH HEOOXOAMMBIN NPUIHAK

exoxumocty, T.e. lima, =0, TpoAOIKAIOT AaNbHENIIee MCCTeN0Ba-
praes

HUE YHCJIOBOTO Psi/ia C NOJIOKUTENbHBIMU YWICHAMH HA CXOAMMOCTH
€ IIOMOIbIO IOCTATOYHBIX PU3HAKOB CXOANMOCTH.

2.1.3. [locTaTo4Hble NPU3HaKn CXoAUMOCTH
4UCNOBbLIX PAAOB C NONOXWUTENbHLIMU YNeHamun

Tpusnak lanambepa. Eciiu 17151 4HCII0BOTO PSAJIa C MOJOKHTE b
HBIMM YJIEHAMH @ + @y + @3+ .. + @, + ... CYIECTBYET Ipeses

a,
1 L = r, 10 paa cxoaures npy r< 1 u pacxoaures npu r> 1. TIpn
- a,

r=1psa MOMKET KaK CXO/AUTHCH, TAK H PACXOAUTECH.

ITpumepwvi. 1. Uccrenosath Ha CXOAMMOCTH PAA:

2 12 36 80 rlz(n+1)+

57257125 625 ' &
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Pewenue. 1) TipumenuM Heo6XOAMMBII NPHIHAK CXOANMOCTH M BRIYHC-

n*(n+1) 4o
num Ilmﬂ,. —|Im‘T‘= b e (no npasuay Jlonurans) =
=i 3n*+2n _[+e il 6n+2 _[+e =0 6 — HEGEEG
WETENG | 4ee] nRBTINI5 |+e| an5"In®s

AMMBIN TPH3HAK BBINOJIHEH.
2) Mpumensiem pocrarounsiit npusnak Jlarambepa:

_n'nsl) (e DH(n+2)

=g G e
Brapaskenue A1 a,,, NOAYIACM K3 @, IyTeM IaMeHki n na n + 1.
Brruncanm
et i D 42051 (n+l]2n+2_
,."«“ a, n2 5nf(n+l)  Bael n ) n+l

=élim[l* ]) (lﬁ—l J—A(l) — PAA CXOANTCSH.
n

e n+l
2. UceaenoBaTh Ha CXOAMMOCTD A

R |

]

Pewenue. 1) TipnMeniy Heo6X0AMMbIi IPHIHAK CXOAMMOCTH W BHIYHC-
1
oM lim @, = lim e 0 — Heo6XOAMMBI MPUIHAK BHINOTHEH.

2) Ilpnmensiem JocTaTouHblil npuanak JlanamGepa:

net

. a, n* el N o 1 Y
=lim =lim =lim| 1~ =
e a, ,._(,,+1)2 nve\n+l) as=\ n+l

Buiumcanm  lim

BOIPOC OTKPHIT, T. €. JJIA JaHHOro psAfa npuanax Jlanambepa oTseta He faeT
¥ HYKHO NPUMEHATH KAKON-TO APYroil J0CTATOUHBI NPHIHAK CXOAMMOCTH.

3amevwanue. llpusnak Jlarambepa X0poIio NPUMEHUM K Te€M Psi-
JiaM, B OOLIMIA Y4JIEH KOTOPBIX BXOAMT JIn60 moKasaTebHas GyHKIMs,
smbo akTopuan.

Hurerpaasubiii mpusnak. IIycTs JaH pAx ¢ HOTOMKUTETbHBIMH
YJIEHAMH @y + Ay + ... + @, + ..., WIEHBI KOTOPOTO ABJIAIOTCHA 3HAUCHH-
SIMM HeTIPepBLIBHOM T10JI03KATeNbHOM QYHKIMHM f(X) NpH HeJbIX 3HAYe-
HUAX aprymenTta x: a, = f(1), a;=f(2), ..., a,=f(n), ..., u nyers f(x)
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MOHOTOHHO yObiBaer B uaTepsade [1,+ ). Toraa psaj cxogures, ecan

1o
CXOAuTCA HecOOCTBeHHbBIN WHTerpas I/(x)dx, ¥ PACXOAMUTCH, eCaH
1

9TOT MHTErPaJ PACXOJUTCH.

-
Taxkum obpasom, ecan If(x)dx =400, TO PAJA PACXOAUTCH, €CAH
1

xKe _[f(x)dx pPaBeH A1060MY KOHEUHOMY HUCLY, TO PAJ CXOAUTCSH.
i

B3amevanue. DyHKumIo f(Xx) MOKHO MONYINTH U3 OOIIETO YieHA
psija @, IyTeM 3aMeHbl 1 Ha X.

IMpumepw 1. Meccnenosats na cxommmocts pax: 1 +% + % S O
n

Pewenue. REHHHﬁ PAA MMeeT CnenMaNsbHoe HAZBAHHE — ZAPDMOHUYE-
cxuil pad. 1) TIpuMeni™ 1eo6X0ANMBIi TPHIHAK CXOAMMOCTH W BEIMHCIHM

lima, =lim L
L

— HeOGXOAMMELl NPUIHAK BLINOJIHEH.

2) TpumensieM ZOCTATOUHRIH WHTErPANBHLIA IPUIHAK: G, =l¢f(:r)=l -
n x

MOHOTOHHO yGHIBACT B HHTepRATE [1;+20).

Bhrumcanm If(x)dx = [ldx = lnx]‘ 400 => DA PACXOTUTCS.
P ix 3

2. PaccmoTpum paz w3 npumepa 2 (cm. npusnak Jlanambepa), Ha cxo-
JAMMOCTL KOTOPOTro He GbiJ JaH OTBeT 1o npuanaky Jlazambepa :

Pewenue. TlockonbKy HEOGXOANMEI IPU3HAK CXOAMMOCTH BBITIOJHEH,
1

IpUMEHsieM AOCTATOUHEI HHTErPAIbHbI IPHIHAK: G, =

-1
=@

Buumcnnm [ f(x)dx = " ~1= pan cxomures.
i

3amewanue. UnTerpanpubiii IpH3HAK XOPOLIO IPUMEHHM K TeM
pagaM, OT OGIIEro YieHA KOTOPBIX MOXKHO B3ATH MHTErPaJ.
Mpusnax Komu. Eciu 15 4uCI0BOTO pAjia ¢ MOJ0KATENbHBIMHA

UNEHAMY @) + @y + ... + @, + ... cymecTByer npeses lim . ¢, TO pAx
o
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cxopures npu ¢ < 1 u pacxoaures npu ¢ > 1. Ilpu ¢ = 1 pax moxker
KAK CXOJIMTHCH, TAK M PACXOAMTHCH.
Hpumep. Viccnenopats Ha CXOAHMOCTE PAA:

ORO RO R

Peuwenue. 1) Tpumenim HeoGXOAMMBIHi TPHIHAK CXOAMMOCTH:

e i

J lim Ll =0 — HeoOXOAMMBIIl IPUIHAK BhI-
2+
n

2n+1

noxnen.
2) lpumennm pocraTounsiii npuanax Koun:

=1 (i) — pan cxopmros.

Bamevanue. llpusnax Koun xopouio npuMeHnM K TeM psajgam, 06-
1Ml YIeH KOTOPBIX ABJAETCSH N-if CTENeHbI0 HEeKOTOPOTO BHIPAYKeHU.
Tlepssiit npusnak cpasuenus. IlycTs Janbl Ba PAAA € HONOMKM-

TeJIbHLIMH YieHaAM#U
a +az+ .. +a,+ . (1)

by+by+ .. +b,+ .y (2)

npuyYeM KaxIbiil 4ieH psaja (1) He n1peBOCXOAMT COOTBETCTBYIOIIEro
unena psana (2), r.e. a, < b,

Torpa ecaun cxoaurtes psajg (2), To exoaures u psajg (1). Ecan pac-
xoaures psaj (1), To pacxoaures u pax (2).

3amevanue. Ilpn npuMeHeHUN JAHHOTO IPU3HAKA CDABHUBAIOT
MceseyeMblif DSl C TAK HABBIBACMBIM J/MALOHKbLM, T.€. C PAJIOM,
AJIsE KOTOPOTO 3apanee U3BeCTHO, CXOAUTCH OH WK PacCXOAnTCH.

Hpumep. Vccneposats Ha CXOANMOCTD PAA @, = i1
"+
A A
2"+1 2"
HaBecTHO, 4TO OH cxoauTest. Ho @, <b,, C€I0BATENLHO, DAL G, CXOAUTCA.

Pewenue. Cpasaum ABa psja: a, = . IIpo psan b, sapanee

Bropoii npusnak cpasuenns. Eciu cymecTsyer KoneuHblii u or-
JIMYHBIA OT HYJIA Ipeiest }g_ﬂﬁ =

, TO 06a psisa a, u b, ofHOBpeMeH-

n
HO CXOASATCA MJIHU PACXOAATCS .
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IMpusep. Vccienosars ua cxomuMocTs pag: éé%,lilt.,an‘m... 3HAKOMEPEMEHHBIE YNCNOBbLIE PAAbI

Pewenue. Cpapuum a10T PAA a, :3 1 C PAPMOHMYECKHM PAAOM
n

1 2.2.1. MousaTue 3HaKonepemMeHHoro paaa.
b, = o+ o KOTODBIii 3apaHee H3BECTHO, YTO OH PACXOAMTCS: Mpuswak NenbHuua

@ BnaKonepe MeHHbLM HUCO6bL M PROOM HASBIBACTCA DS/ BUJA

Uy —Ug+ug — Uyt o+ ()" u, + o, THE 0, > 0.
= — DAL @, TAKIKE PACXOANTCA. 1T TR 1) a he Uy

o

MuosxuTtens (-1)**! orBeuaer 3a 3HAK CAATAEMBIX.
Tak, npun=1: (-1)'*! uy = uy;

38[13‘4“ ANA CaMOCTOATENbHOIO pelleHus

Jns uceneI0BAHMUA 3HAKOTIEPEMEHHbIX YMCJIOBBIX PSIJIOB HA CXO-
JIMMOCTB IPMMEHAETCS BCEro OMH NpU3HaK — npuanak JleiGunua.
1,8,5. 17 s 1.1.3.3 TIpusnaxk Jleii6auua. 3HaKonepeMeHHbII DS/l CXOANTCS, €CJIH ero

1. IIposepsTe HEOOXOAUMOE YCIOBHE CXOANMOCTH PAAA:

2 4 6 8 13 5 7 wieHbl 10 a6COMIOTHOMY 3HAYEHMIO YOBIBAIOT, & MOAYJIL O0IIero uie-
24 6 8 1 2 3 HA CTPEMHUTCA K HYJIIO, T.€. eCJIN BhINOJHAIOTCA ABA YCAOBHA:

3) St — ot} 4 bt 1) unensi psijia yOLIBAIOT 110 AGCOTIOTHOMY 3HAYCHHIO:
3 9 27 81 )l+1‘ 1+2¢ 1+3% ) panay Y

| > gl > gl > o
2. Uccnenyitre cxoqumocTs paja:
2) npeaen MoayJia obmiero wieHa paseH HyJno: lim Juy =0,

2 4 8 3 32 3
5) 1+ 2 + 3 + 1 A 6) 1+ 23 ¥ Z5 + B7 *ou} Ecan xors 6b1 0HO U3 YCIOBUIl He BBIOJHAETCSH, TO PAJ PACXO-
AMTCH.
1 1 1 1 i 1
T 1+—=+ +: Fuy 8) ——Ft——F——+..; Ecau KpoMe CXOAMMOCTH IIEPBOHAYAIBHOTO 3HAKONIEPEMEeHHOT0
i J7 o ) e e (0] Eex
paja Zu,. CXOAMTCH U PAJ, COCTABICHHBIN M3 abCONIOTHRIX 3HAYE-
1. 2,38 1 1 1 L = =
9) §+2—z+2_x+"" 10) ﬁ* 2.22 +3_23 ot Huil ero uNeHos, T.e. pAn ) | I, TO pAA ) U, HA3KIBAeTCH aGCo-
b= p=
11) RS e . V) o T e S SO aomno cxodauumcs. Benn se pag Y |u,| pacxomures, To pag
In2 In3 In4 Ind 101 201 301 =l

> u, HaswiBaeTCA YyCcr06HO CXOIRWUMCR.

S Slnn o o 2mt -
13) Z— 14) ;W, 15) é—"T, ¥

G2 P Ipumepui. 1. Viccne1oBaTs Ha CXONMMOCTh 3HAKOTEPEMEHHEIH YHCI0-
BOi paa:
2

<(2n-1)2 o n+l 1
16) ( J H 1) Yy ——— 1,1-1,01 + 1,001 - 1,0001 + ... + (-1)"" [1+—]+...

Z, 3n+1 ,§3"(n+2) 1o*

= n - 5 Pewenue. TIposepim BEIIONHERNE ABYX yeaoBuii npuanaka JleiiGuuma:
18) 3 —m; 19) Y ——. 1) 1,1 > 1,01 > 1,001 > 1,0001 > ... — wiens: paaa yOBaIOT 110 aGCo-

=6 Yn S

JIIOTHOMY 3HAYEHMIO, T.e. nepBoe ycaosue npusnaka JleiiGuuna spinonna-
eres;
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2) lim'

=lim| h—L =1(#0), T.e. Bropoe yciosue npusnaxa Jlei-
=1 10"

Ouuna He Buinonnserca. Cre0BaTeNbHO, AAHHBIH DA PACXOAMTCA.
2. HcenreioBaTh Ha CXOAMMOCTS 3HAKONMEPEMeHHbIN P/l

1.1 4 1
; § == +-)M =
2 3 4 . n
Pewenue. [Iposepum BRINONHEHNE IBYX yeaoBHil npuanaka JlefiGuuma:
1. 1%
a) 1l >l > — uwiaeHbl paAa yosniBaOT 10 a6COMOTHOMY 3HAYE-

2 3 4
HMIO, T.€. nepBoe ycaosue npusnaxa Jleitbunmna Bunoausercs;

1
im =0, T.e. BTOpoe yeronne npuanaka JlekGuuma Taicxe

BBITIONHACTCH.
CriefioBaTenbHO, AAHHBIN PAJ CXOAMTCA.
JlononHNTeNLHO ONPeAeINM, KAK CXOANTCA AaHHBI PAA: abCoNIOTHO
MM YCTOBHO.
Jlns aToro cocTaBuM psAA M3 AGCOMOTHBIX 3HAYEHMIT:
D ! 1
1+ 3 + 3 +z + = + ... — 9TO rAPMOHMYECKHIl PAJ, OH PACXOAMTCH, CJle-

JOBATEJIBHO, EPBOHAYATLHBIH PAJ CXOMMTCH YCAOBHO.
3. UccnenoBaTs HA CXOAMMOCTD 3HAKONEDEMEHHBINR PAA:

1

1—5 F 2, O =1
Pewenue.
1.1 .2
ni >§ >Z >§ >.. — WJeHHl paja y6eIBaIOT 110 A6COMOTHOMY 3HAYE-

HUIO, T.€. nepBsoe yciaosue npusnaxa Jleii6auna Bunoausercs.

=0, T.e. BTOpOE yesOBHe NpHanaka Jle6uuIa TaK-

IKe BRINONHSAETCH.
CresoBaTenbHO, JAHHBIH PAJ CXOAMTCS.

JIONONHATENLHO ONPeAe MM, KAK CXOAMTCA AAHHBIA PAA: a6GCONIOTHO
MM YCTOBHO.

Jlns aToro cocTaBuM paj U3 aGCONMOTHBIX 3HAYEHMI:
1

o
unenamn. [Iposepum ero Ha cxogumocts. Tak kak Heo6xoAMMEBIl TPU3HAK

s~ 9TO MHMCJOBOWN PAA € MOJOKHTENLHBIMU

" o
BBIIONIHAETCA, T. €. lima, = l|mF =0, 1O NpoBepsAEM BHINOJIHEHHE JOCTA-
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TOYHOTO MPH3HAKA, B IAHHOM cJydae npusnaxa JlaramGepa, nockonbky 06-
muil YaeH PAAA CONEPIKAT NOKABATENBHYIO PYHKIHIO

3 1 1

T G = T = 3

a,

1
lim &2t = llm22—‘~‘(< 1) — paa cxoamures.

nom a,

Wrak, nepBOHAuATBHEI 3HAKOTIEPEMEHHbII YHCII0BOM Psij cxoanTes ab-
comoTHO.

2.2.2. OueHkn octatka 3HaKonepemeHHoro
CXOAALLErocs paja

IlocTaBnm 3asauy: ecJI¥ B 3HAKONIEPEMEHHOM cxoﬂnmeucu pane
Uy = Up+ g = U o (1) + (1 Uy + G P gt

BIATH NePBbIE N YWIEHOB, BHIYMCIUT HX CYMMY S, & OCTAJIbHBIE YJie-
HBI PAJA, HAUMHAS C U,,;, OTOPOCHTD, TO KAKYIO HOTPEMIHOCTh IPH
aTOM noayuum?

Jlns aroro HaiiieM OLEeHKY ocTaTKa psaja (T.e. ero or6poumenHoi
4acTH):

Ry = (12U + C1) ™ gt (1) Mty + C1) g+ e

IIpeoGpasyem naHHOe BhIpaXKeHue:

Ry = (1" g = Uizt Upaz = Upea + Upas — Upeg+ o
= 1"ty ~ (Uniz = Unia) = (Unos = Unis) =

BeJMuMHBI, CTOSANIME B KPYIJIbIX cKoOKax, GoJbie HyIs U3-3a
TOTO, UTO WIEHBI CXOAANIEIOCH 3HAKOIEPEMEHHOTO psifa yohiBaoT o
abCOMIOTHOMY 3HAYEHUIO U, CJACJIOBATENBHO, Uy, 0> Uy > Upy > Ups 1
7. 2. OTCIONA MOXKHO BaKJIIOYHTE, YTO BHIPAYKEHHe, CTosIIlee B KBa/-
paTHOM cKoGKe, MEHBIIe U, ;, T.e. [R,[ < [u,.,-

"TBK, €cJH B 3HAKONEPEeMEHHOM CXOAANIeMCA YUCIOBOM pajpe
B3ATH NIePBbIE N WIEHOB M OTGPOCHUTS cJlaraembie, HaunHas ¢ (n + 1)-ro,
TO MOTPeNIHOCTD 10 a6COTIOTHOMY 3HAYEHMIO Oy/ieT MeHbIle NepBo-
0 M3 OTGPOIIEHHBIX UIEHOB, T.e. R, < |ty

. Heobxo-

{35 o
I pumep. CkonbKO 4IeHOB pAfa l~i+§—z+“.+(-1¥' ‘;

JIMMO B3ATH, YTOGE!I BBIYHCINTD €r0 CYMMY ¢ TOUHOCTEIO 210 0,01,
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Ipumep. PaccMOTPHM B3aHNMOCBA3H M1y LeHOH HEKOTOPOro IPOAYK-
TA p ¥ BeJMUYMHON CIIPOCA HA ITOT NPOAYKT ¢, KOTOpas Moxer GuiTh mpes-
craBjena B Buje Tabauub:

ppy6) | 100 | 120 | 140 | 160 | 180

q (Teic. wT.) 20 18 16 14 12

Kax BuanHO M3 TabauIsl, cnpoc yObIBaeT ¢ BO3PACTAHHEM IEHBI.

Tpaduuecknii. Ecin pynkuus sagana 8 Buge popmysl y = f(x),
TO ee l'panl(lCDH ABJIACTCHA MHOXKECTBO TOYEK IJIOCKOCTH, KOOpAHHA"
TBI KOTOPBIX Y/IOBJIETBOPAIOT COOTHOMEHMIO ¥ = f(X).

Hpumepot. 1. Tpadukom bynknun y=V1-x* sprsercs noayoxkpys-
nocrs (puc. 1.2).

2. 'padpmkom pyskuun y :% (x > 0) aBasercs npasas BeTBb runep6o-
amt (pue. 1.3).

3. OHAKO rPAdUUYECKH MOMKHO HPEACTABATE HE TONBKO AHATHTHYECKHE
dynkuun. Maobpasum ¢ noMomeio rpaduka TabIM4YHYIO B3ANMOCBA3E pac:
CMOTPEHHOTO BHIIIe NPUMEPa M1y [eHON HeKOTOPOro NPOAyKTa p M Be-
JIMYMHOI Cripoca Ha 3TOT NPOAYKT ¢ (puc. 1.4).

B aHHOM npHMepe BCe 3HAYEHNS HAXOAATCHA HA NPAMON JMHWH p =
=300 - 10q.

4. lpuMepom rpaguuecKoil 3aBHCHMOCTH MOJKET CAYXKHTh TAKIKE dJIeK-
Tpokapanorpamma (IKI'), mmupoko ucnoasayemas B MeaAuuHe.

Caosecnsiii. B aTom cnocobe (pyHKINA ONHCHIBACTCS TPABAJIOM
ee cocraBienus, Hanpumep Gyukuusa Jlnpuxae: f(x) =1, ecan x —
panuoHaspHO ¥ f(x) =0, ecaim X — HPPANMOHANBHO, T.€.

1,ecnn x — panMoOHaNbHO;
fx)= {

0, ecin X — UPPAIIMOHATBHO.

v

Puc. 1.2 Puc. 1.3

P (py6.)
300

180
160
140
120
100

Puc. 1.4 o 1214161820 30 q(rwc. mr.)

1.1.4. OcHoBHble CBOWCTBA hyHKUMA

PaccmoTpum Takue CBOHCTBA PYHKINH KAK YETHOCTH U MOHOTOH-
HOCTb, OrPAHMYEHHOCTh M NePHOAMYHOCTD.

YerrocTs  HeyeTHOCTH. PyHKIMA Y = f(X) HasbIBAETCA YeMHOIL,
ecaru s MobbIX 3HAYEHMI X u3 obsactn onpeaesenus f(—x) = f(x),
u HewemHoi, ecan f(-x) = —f(x). B nporusuom cayuae GpyHknus
y = [(x) nasuiBaeTcsa Qynryuei obujezo euda.

Hpumepw. 1. ®ynxuns y = x* apnserca vernoii, Tax xax
flex) = (-x)'=x" = f(x).
2. ®ynxnua y = x* — HeueTHas, TAK Kak
fCx) = (-x)* = -x* = ~(x).
3. @ynkumsa y = x° + x* — apasercs Gynkumeit o6mero Buaa, TaK Kak
F-x) = (=2 + (-2)* = 2% = 2% [(x) # [(-2); [(2) # [ (2).

4. YCTaHOBATL YeTHOCTD MJIM HEUETHOCTh QYHKIMIA:

1) f(x) = x*Yx - 3sinx; 2) f(x)=8"+37% 3) f(x) = 2|x] + 3¢
4) f(x)=32% - 2x; 5) fx)=In 2.
x+2

Pewenue. 1) 3amenns x Ha (-x), noayaum

f(=x) = (-x)*Y~x - Bsin(-x) = ~x*Yx + Bsinx = —(x*¥x — sinx) = —f(x),

T.e. f(-x) = ~ [ (x), cnegoBarenbno, QYHKUHA ABIACTCH HEUETHOIL.
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Pewenue. Panee 66110 MOKA3aHO, YTO AAHHBIN PAJ ABAAETCH YCIOBHO
CXOAAMMMCH, CeJOBATENBHO, /IS HEr0 MOMKHO NPUMEeHHUTHL GopMyay Axs
OUEHKH OCTATKA PAAA.

TIpeAnonoxuM, 4To HYHKHO B3ATH N NEPBIX 4JIEHOB psja, Toraa |R,| <

2
n+l’

1
<|uy, (| Buamenm cayuae u,., =(-1y"* ——
n

L7 creaosaresio, e

1
JLnia focTHIAKeHUA 3/AHHON NIOrPENTHOCTH HEOGXOAMMO, 4TOGL! P 0,01=
n

:,nl-ﬁ<$:m1>wo:m>w.

Wrak, nyxno 83aTs 100 nepsuix 4ieHOB psaa.

3amenanue. PopmyJia JJisi ONEHKH OCTATKA 3HAKONIEPEMEHHOTO
CXOAAIETrocs psajia MMeeT OYeHb BAXKHOE 3HaYeHne B npnGJmmeHuux
Beiumcaennax. K Heil Mbl HeogHOKpaTHO Gysem ofpamarses npu
JAanbHeHIIeM H3JI0KEHNN CTeNeHHBIX PAJOB.

3agauu ANA CaMOCTOSTENLHOIO PeLIeHns

McenenyiiTe ceyionue psjibl Ha CXOAMMOCT:

Hi- D PR e L S
)\/‘\/' )12233445’
1 1 1 1 1 1
3 oz 3ms ama ¢ V1 oS
5) Z( s Znnl 6) Z( l)"“"”
’l
o B
n z(rwl) 2 8’ Z( . l[z +1)

CTEMEHHbIE PAAbI

2.3.1. yHKUMoHaNbHbie pAabI

P uy(x) + up(x) + ug(x) + oo + U, (X) + ..., WIEHBI KOTOPOTO PYHK-
LUK OT X, HABBIBACTCA PYHKYUOHAALH b M. COBOKYIHOCTH 3HAYE-
HUI X, IPU KOTOPBIX QYHKIHA U(X), us(x), ug(x), u,(x) onpe-
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JleNIeHBl ¥ PAL Zu,,(x) CXOAUTCH, HAZBIBAIOT 001ACMbIO CX0OUMOC-
=l

mu GYHKIMOHAJIBHOIO psja.

PYHKIMOHATLHBIN PAJ BAAA
ao + @y (X ~ Xp) + ag(x — X0) 2+ e + @y(X — X0) "+ wue,

TAe @g, @y, Ay, wey Gy Xg o — AEHCTBHTENBHBIE YHC/IA, HASBIBACTCH
CMENEeHHBIM.
TIpn x,= 0 cTeneHHol pAJ UMeeT BUA: G+ a, X + X%+ e+ @ X" e

2.3.2. Teopema Abens

Jlas Kawd0z0 cmenennozo pada, uMeULez0 KaK mouku cxoou-
MOCMU, MAK U MOUKU PACXOFUMOCTIU, CYULECTLEYEM NOLONUMENb:

a, 5
noe wucao R= hmil—-‘-[ maxoe, wmo 015 6cex |x — xo| < R, m.e. xo —
Lol LY

~ R < x <X, + R, pad a6conromno cxodumes, a 0rs |x — xo|> R, m.e.
x<xg-Rwnx>xy+R, — pacxodumesn. B mouxax x = x, + R mpe6y-
emes QOnOAHUMENbHOE UCCIeD0BARUE.

HMpumepeoe. 1. Haiiti 061aCTh CXOAUMOCTH CTENEHHOTO PALA

3 x 2 ot X"
Xt g et
1 Ja.| Ln+1)®
S -l
Pewenue. [an.a] rFrET l“_‘u " ==

cxoantesa abeomoTro npu -1 <x < 1.
Psccuo'rpuu CXOAMMOCTD PAJA HA KOHIAX WHTepBaja :
1 3
2z e
(onpefieMTe CAMOCTOATENLHO);

=1:1- et (1 L .. — pan cxomurca aGoomorHo

v — PAA CXOAMTCA (OUPEAESHTE CAMO-

CTOATENHHO).
OKOHYATENLHO TOJAYYMM: P cxoanuTes npu —1<x<1.

1 1 1
2. Haiitu 0618CTh CXONMMOCTH PAAA X + Exz + Ex‘ ot ;x" +.
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Pewenue.

Psaa cxopuresa abeoarorno npu ~1 < x < 1.
PaceMoTpuM CXOAMMOCTD PAJia HA KOHLAX WHTEpBAJA :

1.1.1 1
x=1: 1+ -+ —+—+.+—+.. — pacXoasuuiica rapMOHUUECKNil PAL;
2 3 4 n
1.1 4 il
=-1:1 -2 + 5 1 ot (1) . — 3HAKONEepeMeHHbIH YHCAOBOH

PAA, KOTOPbIN CXOANTCH YCIOBHO (cu. noxpasa. 2.2).
OKOHUATENBHO NONYIUM: P cXoauTes abcomoTHo npu -1 < x < 13
npH X = 1 CXOAMTCA YCIAOBHO.

x &b b x x"
3. Haiitin o6aacTh cXoqnMocTH psiaa ﬁ+E]_ E Tl Fot = + e
1
Py A = =
ewenue. la,| @] revsT

(n+ 1)t
]

=lim(n +1)= +e. Pag cxoauTes abeosioTHo

NPH —e0 < X < 400, T.€, NPH JI060M AEHCTBHTEILHOM 3HAYEHUH X.

3apaun ans camoCTOSTENbHOTO peweHns

OnpejenuTe HHTEPBAJX CXOAMMOCTH PAAA U MCCAEAYATE €TI0 X0~
JAMMOCTH HA 'PAHMIAX HHTEpBAJIA:

2
(x+1) +(x+l)’+(x+1)‘ i
24 3-42 4-4°

2x | 4x*  8x*

1) (x+1)+

< nlx"
MeEE e O R
o Sl

SES N E A Z—

S@n-1-2" mne2rt’ =3
= qnxn
8 nz,s"(ml) 9 §s»§n'
n4"x"
1 E(uu)an'

X PA3NOXEHVE ®YHKLNNA
B CTEMEHHBIE PRI

2.4.1. ®opmyna Teitnopa Ans MHoroYnexa

Ilyers dyaknus f(x) ecTb MHOTOYJIEH n-i CTENEHH, T. €.
£(x) = ag + @y(x — Xo) + ay(x — X0)* + ag(x — x0)* + . + @, (x —x0)". (1)
Haiinem kosdunuenTsl ag, ay, Ay, .. @y
1) x = x¢: ag = f(xo).

2) f/(x) = ay+ 2a(x — x,) + 3ag(x — xp)* +
JAEN)

T
3) f7(x) = 2a,+ 6a(x — xg) + . + 0 (n —1)a,(x —x0)" %
1) _ £"(x0)

2 2 -’
4) f"(x) = 6az+ ... + n(n = 1)(n - 2)a,(x —x,)" .
1(x0) _ ()

6 3t

e+ RA(x - x0)" L.

Tpn x = xoi a; = [ "(xo) =

Ilpu x = x¢: Gy =——

Tpu x = xo: a3=

Tlocsie MOACTAHOBKY BBIPAXKEHUI dg, @y, Az, ... A, B Gopmyay (1)
Gynem uMeTh

169= 1650+ L )+
”‘”"’(x X+ +%(x-x0)". @)
Tlyers x — xo= Ax = x = xy+ Ax, Toraa
fo+ Ax) = f(xo) + L8 px L (“‘"’(Ax)2+ i (“"’)(Ax)" (3)

u

Coorromenus (2) n (3) Hocar HasBanue popmyanvt Teinopa pnsa
MHOTOUJIEHOB.
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Tpu xy= 0 nonyunm gopmyay Makaopena ijis MEOTOYIEHOB:

10, L0, [0,

f(x)=1(0) + 2 b

(4)

2.4.2. ®opmyna Tennopa ans hyHKuMM,
He ABNALWENCH MHOTOYIEHOM

BosbMem Kakyio-HUOYAb OTIMYHYIO OT MHOrOYJeHA (GYHKIHIO
f(x), KoTopas onpesesiena 1 MMeeT HENPEPbIBHbIE TPOU3BOJHBIE 0
n-TO NOPsAJAKA BKIIOUATENILHO HA HEKOTOPOM NPOMeXyTKe [Xo; Xo+
+Ax], a(n + 1)-A NPOM3BOAHASA CYIIECTBYET XOTs Obl B MHTEpBAaJe (Xo;
X+ Ax).

CocraBum JUis 5TON QYHKIMN MHOTOUIEH

1) o I u)
1

(e L)

P(x) = f(x0) + Ax)". (5)

Tak Kak 110 yeJa0BHIO f (X) He €CTh MHOTOYJIEH, TO BhIpaXkeHue
(5) He MoxeT GHITH TOXKAECTBeHHO paBHO f(x). O603HAUNM ue-
pes R,(x) Ty omnbKy, KOTOPYIO Mbl c/ielaeM, NpupaBHaB f(x)
mHoOrouneny P,(x), T.e.

f(x) = P,(x) + Ry(x). (6)

Canaraemoe R,(x) HOCHT HazBaHHE 0CMAMOYHO020 YaeHa. OHO oue-
BHJIHO 3aBHCHT OT X U Nn.

Jns opuoit pyuxnun f(x) ocraTounsiit wien R,(x) (npu dukcu-
POBAHHOM X ¥ 1) MOYKeT OKA3aThCA CPABHUTEILHO GOJIBITNM YHCIIOM,
Ans Apyroit — manbiM. B Tom cayuae, koraa R,(x) ans pacemaTpu-
BAEMBIX X JIOCTATOYHO MAJIO, MOMHO JUIsl 9THX X B KAYECTBE Npubiu-
JKeHHOTo 3HaveHus f(x) Gpars sHaueHne MHOrousnena P,(x).

CymiecTByioT pasaudnsie GOPMbI 3AINCH OCTATOYHOTO YJIeHA
R,(x). Ilpeacrasum R,(x) B camoii npoctoit hopme — gpopme Jdaz-
panxca:

V(2 + 0AX)

R =—0r

(Ax)y™1,

f*(0x)

eV x™!, rie0< g <1.

Ilpn xy=0: R,(x)=

176

[jﬂ 1. Prdom Teidnropa pias Gynkuuy f(X) HaspiBaeTcs paj BUAA
f(x)=1f(x) +

L) Loy S oy

2. Ilpu x, = 0 pax Teitnopa npespamaercs B pad Maxropena

f(0) 10 ")
f(x)=f(0)+ —— o —m—x"’+...+ - x"+

{I‘ Jas mozo umobst pad Teitnopa (Maraopena) pynryuu f(x) cxo-
Quncs K Heil 6 Hexomopom unmepeane Xo~ R<x<xy+ R(-R<x <
< R), Heo6xodumo, umobs. ocmamounviit waen R, (x) gpopmynvt Teii-
a0pa (Maxaopena) 0aa pynryuu f(x) cmpemunca k nyawo 0aa 6cex
X U3 IMO20 uHmepsala npu n — +oo,

2.4.3. MpumeHenne dopmynsl Maknopera
K NPUBAVKEHHOMY NPEACTaBNEHMIO HEKOTOPbIX
3neMeHTapHbIX yHKUMA
* 1. f(x) = e*. Dra pyHkumusa Bo Beeit cBoeit obiacTh onpenenenus,
T.e. HA (o0} + o), HMEET TPOM3BOAHYIO JI06Oro nopsKa f (x) = e*.
IIpumerum dopmysy Makiopena:

1(0)=1=1'(0)=...= fX0);

22 xn
=1+=+—= ——+R >
e* +l!+21+ +nl (x).

sl

X
(n+1)!
11pu 11060M PUKCHPOBAHHOM 3HAYCHUN X = @

rae R, (x)= % — B popme Jlarpanxa.

am o
= e =0
llml?,,(a) llm( +])l

—————— i ——— = 0 1IpH 1 — +o0; % < 3% — orpanmyen:

a"' aaa a n]
(n+1)! 1237 n+l

CreoBaTesbHO, U5 JTIOOBIX 1eHCTBATENbHBIX 3HAUYCHUH X QYHK-
IMIO e MOYKHO NPe/ICTABHTE B BUJIE CXOsIerocs psisa Makiopena
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image90.jpeg
2 n
PN o M
1 2! n!

o4
Ipumep. Buuucauts !e'“”dx ¢ Tounoctsio A0 0,01, npeacrasus
h

NOABIATErpaIbHYI0 GYHKIMIO B BUE CXOAsIeroca pasa Makaopena.

Pewenue. e* =1+X+% 44X 4
12 nl

2
11

11, s (-712)

0 L S PR TR W NS &
1 21

04 o 11
e dx= f[ -—x?+
0 o\ B

i 1 1a

o 53

$,121 1

5 _2_ 1 20 121 12
0’25 5" E

0 "5 535 2.5 55

=0,4-0,047 + 0,005 - ...

Tonyuen cxoasmuiics 3HAKONEPeMeHHBIH YnCI0BO# psaa (06a yeaoBusa
npnanaxa JleAGHUIA BETIONHAIOTCS).

Jns pocTHiKeHHs 38JaHHO TOUHOCTH HEOGXOANMMO B3ATH CYMMY ABYX
nepBBIX 4ieHoB paaa, Tak kak 0,005 < 0,01.

04
Urax, [e?dx=0,353 ¢ Tounocrsio 0 0,01.
0

* 2. f(x)=sinx. Dra pyHKIUA BO Beceil cBoeii obiacTu onpeaee-
HHUA, T.e. HA (— o0} + o), HMeeT NPOU3BOAHYIO JIOGOro MOPAAKa.
TIpumennm dopmysry Makaopena:

£(0) = 0; f'(x) = cosx; f(0) = 1;
17(x) = —sinx; f7(0) =
f7(x) = —cosx; f"(0) =
¥(x) = sinx; fV(0) = 0; ...

x.’l x7 xﬂnl
inx=x— —_— 1" ———+ R, (x),
R T T TR

rae R,(x) >0 npu n— +ee.
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CrenosarenbHO, I JIOOBIX AefCTBATEIbHBIX 3HAYSHHI X DyHK-
IMIO SiN X MOKHO NPEeACTABHTH B BHJE CXOAAIIerocs psga Mako-
pena

xﬂ xn 17 xzn -1

sinx=x-"—+"—-"—+. . +(-1)"' ——
31 51 T @n-1! l)l

¢ sin5x

IMpumep. Buuucanrs I ———dx ¢ TounocTsio 10 0,001, npexcrasns

0
NOABIHTErpasbHyI0 QYHKIMIO B BU/e CXOAsmerocs paaa Makaopena.
5

Pewenue. sinbx =5x— 30

sinbx
x

7
LN
n
=5x{° + st 51 xt
0 313 jo 55 0 N 7
TR L0 T VNN SRR S S U
5 313 5a 515 5° 7.7 57 T3 55 77
il B 1

—t—— ¢
18 600 156 400

Tonyuen cxoaaumuiics 3HaKONepeMenHbI YnCca0BOi paa (06a yeaoBus
npusnaka Jleitbauna BenoanaoTen).
Jlns jocTHKEHMA 3aAAHHON TOYHOCTH HEOGXOAMMO B3ATH CYMMY TPex

1
TepPBBIX YJIEHO! a, —<0,001.
P B PAZA, TAK KaK 156 400

02 :
Wi, JmnSchx 1703
1800

0
* 3. f(x)=cosx. Ira dyHKuMA BO Beeil cBoeir obnacT onpezese-
HUS, T.€. HA (—;+0), UMeeT NPOU3BOAHYIO J060ro mopsaKa:

f'(x) = —sinx; f'(0) = 0;
"(x) = —cosx; f"(0)
f"(x) = sinx; "(0)

=0,946 ¢ rounoctsio 10 0,001.
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F™V(x) = cos x5 f1¥(0) = 1

4 6 2n-2
car=1-Ts B2 apE

St B (®)
20 41 6! (2n-2)!

rze limR,(x)=0.
o
CriefoBaTeabHO, AU JTI00BIX AeCTBATEIBHBIX 3HAYeHNIT X YHK-

IHIO COS X MOYHO TIPe/ICTABATE B BUJE CXOAsIerocs paja Maxuo-

pena
2* at b O acall
=l-—+ == +..+ (-]
sx=l-ort e Y o

e 4. f(x)=In(1+ x). Dra GysKMA BO Beeit cBoeit obracTu onpexe-
JeHns, T.e. Ha (—1;+0), MMeeT NPOMIBOAHYIO J060ro NOPsAKa.
Ipumennm dopmyny Makiopena:

1(0)=0; l(x)‘ = ro=1

f(x)=

;-
—(1”),;/(0):—1;

=g B i 0=

6 . lVo =63 ...
o O=-8

Al e x"
== e o 4 (1) =~ + R, s
Inl+x)mp~rd Tt Gt ()

rae imR,(x)=0 npn ~1<x<1.
s

Crnenoarensno, npu —1 < x <1 Qynaknmio In(1 + x) MOKHO npes-
CTABATH B BUJE CXOAsIIerocs psaja Makiopena

2 2t ot X
S R e e A (=P
Ind+x)=x -1y

IMpumep. Berancauts ¢ Tounoctsio A0 0,01 snauenue In1,2, npexcra-
BB pynkumio In(1 + x) B Buge cxoaamerocs psaga Makiopena.
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Pewenue.

3
2- 0.2)* L 027
2 3
Tlonyuen cxoasuuiics uncnosoii psag (o6a yenosns npuanaka JleiGun-
18 BHITOJNHAKOTCHA).

Jns pocTHIKEHNA 38A8HHON TOYHOCTH HEOGXOAMMO B3ATH CYMMY ABYX
NepBeIX YWIEHOB paja, Tak kak 0,0027 < 0,01.

Hrak, In1,2 = 0,18 ¢ Tounoctsio 20 0,01.

* 5. f(x)=(1+ x)". Dra pyskums Bo Beeil cBoeii obnacTu onpene-
JIeHHSI HMeeT IPOM3BOARYIO J060ro nopsaka. [pumennm Gopmy-
a1y Maksopena:
f(0)=0; f(x)=m (1+x)" "' f(0) = m;
f7(x)=m (m = 1)(1 + x)" % f7(0) = m(m - 1);
f"(x)=m (m - 1)(m - 2)(1 + x)" % f"(0) = m(m — 1)(m - 2); ...

In1,2=1n(1+0,2) =0, =0,2-0,02+0,0027 -...

A+x)"=1+ %x+"'(";—;1)xz+%"l—_ax"+ .+

1 X"+ Ry(x), rae R,(x) =0 upu x| < 1.
n

Cnepoparesnbo, npu -1 < x < 1 pynxnmio (1 + x)™ MoxKHO npej-
CTABUTH B BUJIE CXOAsiIIerocsa paia Makiopena

m(m—l)xz+m(m—1)(m—2)

2! 3!
+m(m ~1)...m-n+1)
n!

(l+x)"'=1+%x+ 2+t

X"+

Hpumep. Burancants ¢ Tounoctsio o 0,01 snavenne 36, npeacrasus
dyuxumio (1 + x)™ B BuAe cxoaamerocs paga Makaopena.

.
Pewenue. ¥36=427+9=3 27(1+%) : 3[“%]’ -

) 2

2! 3 3!

1 5 1 1 5
Fmme— b [= 8 o — b —— - =
3 27 729
=3+0,33-0,037 + 0,007 - ...
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Tlonyuen cxoaAmuiica 3HAKONEPEMEHHBII YHCI0BOH P (oba ycnosus
npuanaxa JIefi6HMIA BEITONHAIOTCA).

Jlas AOCTHMIKEHWSA 3a/aHHON TOUHOCTH HEOOXOAMMO B3ATH CYMMY TpeX
nepBLIX UWieHOB paja, Tak kak 0,007 < 0,01.

Wrax, 36 = 3,293 ¢ Tounoctsio xo 0,01.
* 6) f(x) = arctg x. Dra GyHKIUA BO Beeil cBoeil obnacTu onpeje-

JNeHus, T.e. Ha (—oo;+00), ©MeeT IPOM3BOAHYIO JI0GOT0 MOPAAKA.
Tlpumenum Gopmysy Makiopera:

1(0)=0; (x) =

f”(x)=—2—2)2. 10) = 0;
-2 ”,

70 = %F; 17(0) =

x xb y 22
=x-X 4+ E )
arctgx =x 35 (1) 2

+R (x),

rae R,(x) = Oupu |x|<1.

Cneposarensno, npu —1<x <1 QyHkuuio arctgx MOKHO pea-
CTABATH B BUJE CXoAAmerocs psaga Makiopena

xa Ih x
T 1n-_
arctg x=x 3 5 (-1 n1

B sakJiouenyue paccMoTpuM psaa Makjopesa aus GyHKIMM e B
NOACTABUM B HEFO BMECTO X BhIPAjKeHHMe ix:
3 ir) 4 ir) ix)®
oir o4 1% 2 @2 @0 (x)° | (ix)
n 2 3! 4! 5! 6!

Hanomanm, uro i%=-1,i*=
i®=i® - i=-1mur.A

Bynem nMeTh: eroqp X X PO XX,

Paspensa AefCTBATENbHYIO U MHUMYIO YACTH, NOJIYIHM

x. 2 2
*"')”(ﬁ‘ﬁ*ﬁ )

wam e = cosx + isin x. Dra Gopmyna BeiBefena JI. Ditiepom B XVIII B,
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xz l‘
T PO A ol
£ ( PRI

30&3‘4“ ANsi CAMOCTOATENbHOrO peweHns

1. Paanoxure pynkumio f(x)= % B paj Teitnopa B okpecTHO-
x
CTH TOYKH Xo= 3.

2. Ucnonbays psag Maksopena ans dyakumnit f(x)=a¥l+x n
f(x)=In(1+x), BBIpasuTe BeAHYMHY A B BUJE CXOAAIIETOCH PANA.
Haiiure npubinsxeHHOe 3HAYEHHE 9TOH BETMUNHBI, OTPAHUYHBAACE
ABYMS ePBHIMH YIEHAMH psijia. OleHHTe OrPemHOCTb:

a) A=¥140; 6) A=¥1,006; 5) A =In(1,25).
3. Beipasure onpe/ie/leHHbIN HHTErPaJ B BUE CXOAAIIErocs PAAA,

MCEnonb3ys psig Maksiopena /uist HoAbIHTerpatbaon Gynxmn. Haityu-

e npuﬁnm«eunoe 3HAYEHME HTOTO MHTETPAJIA ¢ TOYHOCTHIO A0 1074
l

sm(xz)

0.1
a) je" dx; 6) I X; B) Iln—uxg!dx; r) f"coes/;dx;
o [

l
1 02 0.2 "
) I N2 dx;6) Iarctgx daad) Inrcsm.‘)x d
0 [ 0«
01 08 05 "
tg(l 25x) 'r arcsin2x
3) [Y1+8xdx; m) [2EBLLEOD) 40 1) dx;
! P e [

5

02 0.25
) J-ln(1+5x)dx; " Icos4xd
x

0 0

KOHTPOJIbHbIE BOMPOCHI

1. Ykaxute HeoGXOAMMbIA 1 AOCTATO4HBIE NPU3HEKN CXOAMMOCTU
4NCNOBbIX PAAOB.

2. Ha3osuTe pasnuyma Mexay YCNIOBHO CXOAALLMMACS W a6CONIOTHO
CXORALUMMUCA “UCTIOBBIMW PAAEMM.

3. HanuwwmTe pasnoxeHne 0CHOBHbIX 3NEMEHTaPHbIX (hyHKUWIA B pAf
MaknopeHa.

KIMHO4EBBLIE CNOBA

“ucnosoi pag, OGLIMIA YneH, CyMMa psaa, 3HaKoYepeayloLnics
PAR, 3HAKONEPEMEHHLIA PAA, CTENeHHOM psf, hopmyna Maknope-
Ha, hopmyna Tennopa.
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ABA 3

ANOOEPEHUMANBHOE NCHNCNEHWE
®YHKLWIA HECKONbKNX NMEPEMEHHbBIX

YACTHBIE MPON3BOAHBIE.
MPON3BOAHASA MO HAMPABIEHWIO.
rPAOVEHT

3.1.1. YacTHble NPON3BOAHbIE

Ilycrs 3apana GyHKIMA ABYX NEPEMEHHBIX U = f(x; y), onpene-
JleHHAs B HEKOTOpOii obaactu D.

BosbMeM HEKOTOPYIo Touky M o(Xo; Yo) B 9TOil 06nacTy U AaanmM
Xonpupamenne Ax # 0, OCTABJIAS Yo APTYMEHTA Y HEMIMEHHBIM, T. €.
nepeiinem ot Toukn M(Xo; Yo) k Touke My(xo+ Ax; Yo) (1pm aTOM AX
TaKoBo, uTo Touka M, npunaanexut obnacru D). Toraa u cama
ynkuua f (x; y) HONYIAT HEKOTOPOE YACTHOE NpHpaIieHue Au=
=f(xo+ Ax; Yo) — f (Xo3 Yo)-

A _ f(xo +Ax;ye) —~ F(Xo3%0)
ax Ax .
MoKeT CIYyUHThCS, YTO CYIIecTBYeT npeaes

CocraBuM OTHOIIEHME:

- f(xg + Ax3ye) — f(Xo3Y0)
A, Ax ’

Toraa TOT Ipe/ies HA3bIBAIOT LA CMH O np'ou.mm)mm OT QyHK-
umu u = f(X; y) 10 APIYMEHTY X B TOUKe (X3 Yo) M 0603HAYAIOT KAK

of

ox

AHAJIOTMYHO ONpejleifieTca YacTHAsA IPOU3BOAHAA AaHHON QYHK-
MM [0 APTYMEHTY Y B ToUKe (Xo; Yo)-

/A _ lim [0i¥0 + 80) = 1GHoibo)
WY |(xo3yo) M0 Ay

9f(x03Y0)
(xX03Y0) Jx

i f;(x‘,:yn)].

|184

Tak Kak NPy onpeeJeHuN KaKkoii-1u60 4acTHON NPOU3BOAHOM Bee
APTYMEHTHI, KPOMe BHIGPAHHOTO, CYUTAIOTCS IOCTOAHHBIMM, COOTBET-
CTBYIOIAS YACTHAA IIPOU3BOAHAA MOXKeT ObITh HailfleHa Kak oObId-
HaA NPOU3BOAHAA DYHKIMM OJHOM IepeMeHHOM, T. e. QyHKIMH, KO-
TOpas MOJYYNTCH U3 IAHHOI, eCJIM B Hell Bce ApIYyMEeHTEI, KpoMe BhIG-
PAHHOrO, CYUTATH NOCTOAHHBIMH.

IMpumepwi. 1. HaiiTi qacTHBEIe NIPOH3BOAHBIE EPBOTO MOPALKA CIEAY-
wmux GysKmmit:

2
Du=x*+y* -~ alxlly; Du=xy+ 55 Byu= B,
v

1

4)u=xsin(x+y)5) u= i
:]x‘ +yt+2?
Pewenue. 1) TIpu HAXOKACHMH YACTHO POUSBOAHON AAHHOHK hyHKILMK

110 APTYMEHTY X MOJIATAeM APIYMEHT y NOCTOAHHBLIM. Byem umers:

du

et 0, (4

=4x’+0—4[ﬂl;-ﬁ+\/;-0:[=4x‘~279g.

Tlpyn HAXOXKAEHNH YACTHON IPONIBOJHOMN JAHHON QYHKINH 110 APIYMeH-
Ty Y NoNArAEM APTYMEHT X MOCTOAHHEM. Bynem nmers:

2, o0, ), (0 |-

s
=0*4y'—4|i0-:‘y§s/; l-y'5]=4y’-3- Jx
3 3 Y

2) 2oy pra(y) + Y E W g Lm0 1
ax e 8 7 y P
u_ o o (@ u-x), Sy
3y ) =0y 1t L2 =x—%.

du_(cosx®), y-cosx’ (), _sinx?2x.y-cosx®0_-2xsinx’

Fra z

ax 7 7 =

ou _ (c""z)jll‘c“"z(ll)y _0-y—cosx®-1_ cosx®

™ 7 P R
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1) ;—:=(‘); sin (x +y) + x [sin(x +y) I, =

=1-sin(x + y) + xcos(x + yNx + )=
=sin(x + y) + xcos (x + Y(x); + (¥)i] = sin (x + y) + x cos(x + Y)[1 + 0] =

=sin(x +y) + xcos(x +y).
du 2 i o
— =(x), sin(x+y)+x[sin(x+y)], =
dy S
=0-sin(x+y)+xcos (x+y)(x+y), =
= xcos(x + Y)(x), + (y),]= xcos(x +yN0+1) = xcos(x +¥).

'
5) u=(x*+y*+2%) 2

' s
LN PO —%(x‘ Yt 2?) 2yt 42, =
x

1 i : 5
=- () + W)+ (@) )=
2:]1:‘ +yt 2%y .
1 x
=- (2x+0+0)=— .
2]+ +2°)° (= +y* +2%)°

Yy ;o 2 ;
Tty 0 @y

2. Jlana pynxuus 2 = x°+ 4 x?y - 6 xy*+ y*. Haiitn ee uacTHbIe TPOM3-
BOJHEIE BTOPOTO TIOPSAIKA.

du
Anuorn-ﬂ!o —=-

% g2 _eyt Z=axP-12xy+3y%
5_3:: +8xy - 6y%; W y+3Y
il a[ﬁJz (az)*flzxﬂiy.
x ay

d*z2 00z

w0 8r-12
oy Bx(By] i
Pz _ a(az] 12
Pt v e
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Cnenyer oTMeTHTB, 4TO ecin QYHKIMA Z = f(X; y) ¥ ee cMemaH-
Hbie IPOU3BOAHbIE [y, U f; ONPeeeHbl B HEKOTOPOH OKPECTHOCTH
rouku M(xy; yo), NpHYeM NPOM3BOJHAIE HENIPEPHLIBHEI B 9TOH TOYKe,
70 £,(x03 Yo) = f(xX0 Yo)-

3.1.2. QudpchepeHuman dyHKuun
HECKOMbKUX NEepemMeHHbIX

Ilna pyakumn u = f(x; y)
af of

du= a—dx+ a—dy.
_or 3’/ *f
d*u =% ——gdx*+ e o +2ﬁdxdy

Hns pyrkunn u = f(x; y; 2)

du afd +g—;+dy+g—,dz:
)2 2 2 2
d’u:ﬂdxha—fdy’ 2. dz*+2 &% dxdy+2 a4 dxdz+2 Cild dydz.

ax? dy? dz* dxdy dxdz dydz

3.1.3. CkansipHoe none

Ecan B Kas10ii TOUKe NUIOCKON MM IIPOCTpaHCTBeHHOI o6acTi
Oupe/esieHo 3HaYEHNe HeKOTOPOil BEJIMUHHbI, TO FOBOPST, YTO B AaH-
Hoii 0BJIaCTH 3a/1aHO 1OJIe ITOM BEJIMYMHEI.

Tone MoskeT GBITH cxanaprvem (HAIPUMED, O TEMIEPATYD),
WM 6exmopubim (HAaNpUMep, Noje CKopocTedi, CHIOBOE moJje).
Ilnockoe ckanspHoe nose onpenenserca GynKuuei u = u(x; y).

MHOKeCTBO TOYEK, B KOTOPHIX 9Ta PYHKUUA IPUHUMAET OXHO U
70 JKe 3HAYeHMe, HAIBIBACTCH Aunuel ypoens. JIMHUA yPOBHS o~
penensaiorca ypasnenuem u(x; y) = C, rae C = const.

IlpocTpancTBeHHOE CKaNAPHOE 10JI€e 3aaeTcs QyHKInenl

u = u(x; y; 2).

MHOMecTBO TOYeK, B KOTOPBIX 9Ta QYHKIMA NPHHAMAET O[HO M
TO )Ke 3HaYeHHe, Ha3blBaeTcCHd NOGEPXHOCMBIO YPOBGHA. nOBEpXHO'
CTH YPOBHA ONpeJiesIAIoTCs ypaBHenneM u (x; y; 2) =C, rae C = const.
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HMpumep. HocTponts Aunmun yposms hysxmmii: a) u(x; y) = x *+ y*

6) ulx; y) = ? +yt

Pewenue. a) JIMHUAMM YPOBHS SBIACTCH CeMEHCTEO KOHIEHTPHIECKHX
okpyxnocreit X+ y? = C (C > 0) ¢ uenTpom B Hauasne KoopauHar (puc. 3.1).
Tak, nanpumep, npn C = 1: x*+ y* = 1; npu C=4: x’+ y?=4;nipu C=9:
2+ y*=9ur.a.

6) JIMEMAMY YPOBHA ABAAETCH CeMEHCTBO KOHIEHTPHUECKHX DITHICOB

2
%4,,2 =C(C > 0) (puc. 3.2). Tax, nanpumep, mpn € = 1 : IT +y?=1, npn

2 2 2
~1; npuC=3: %.wza nan ;‘-2+’L=1

_‘,2
C=2 % 4y =2 wan
1 3

T

3.1.4. MpounasoaHan No Hanpaenexuio

IlycTs 3a1aHO IPOCTPAHCTBEHHOE CKAaJIAPHOE I0Je, T.e. 3a/laHa
dysknus u = (x; y; 2) (puc. 3.3). Bossmem Touky My (Xo; Yo3 20) B
Kakoi-HuGY b 1y A, U3 Hee BRIXoAsAmmii. Hanpasnenue atoro syua
3aa/1UM yraamu o, B, ¥, KoTopbie OH 06pasyer ¢ M0M0MKATeNHHBIME
HanpasiaeHusiMu oceit Ox, Oy, Oz. ’

Eaunuunblii BeKTOD ¢, HANPABIEHHA A MMeeT KOOPAHHATHI
é,(cosa; cosP;cosy), r.e. ero npoeknuaMu GyAyT HanpaBAAIOUIAE
KxocuHychl (cos? o+ cos?B+cos?y=1).

Ecau ¢pynuryua u (x; y; z) Henpepuiéno dudgepenyupyema, mo
ee npou3eodnan no 16OMY HANPABLEHUIO ). CYULLCMEYEem U PAGHA
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e

Puc. 3.3

3amevwanue 1. Eciu nanpasienne BeKTOPa ) 38/1aHO KOOPAMHATA-
(] (!

W

MH, T. €. X(I; m;n), To coso

= 5 e
JEtmEen?

IIpousBoanas N0 HANIPABJIEHHIO, BEIYMCAEHHAS B HEKOTOPOH TOY-

e

HeHMsA QYHKIHME U B TOuKe M 10 HAIIPABICHHIO A.

AGCOMIOTHOE 3HAUCHWE IIPOMBBOJHOI ONPE/iesisieT BeJIUIMHY CKO-
POCTH, A ee 3HAK — XAPAKTED UBMEHEeHUS QYHKIUMH U («+» — BO3-
pacrauue, «—» — yObiBaHUE).

du
Ke M CKaJIsApHOTO NOJA U| —|

M ], XapaKTepU3yeT CKOPOCTh U3Me-
0

Hpumep. Haiity npoussoanyio Gynkmun u = x° - 2y* + 32° no nanpas-
nermio sextopa A (1;2;-2) u ee anavenue B Touxe M, (9; 6; ~1).

w_,  du_ . du
Pewenue. 1) ax-Zx, o 4y; §=51_

2) A=V1+d4+4=3; cosn:%; cosﬁ:%;coay:»;
du 1 2

3) Lo2x——4qy.=

) EY 2x 3 4y 3+6z(

o

BHAK «—» YKASHLIBAET, UTO B JAHHOM HAIPABIEHMA (GYHKIMA U yOLIBAET.
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3amewanue 2. Eciu ckaasipHoe nojie mjiocKoe, To HalpaBieHne
ay4a X Bnoame OIpe/iesIeTCA YIIOM (L ero HaKJoHa K ocH abcnuce
(puc. 3.4).

@opmyty A5 IPONBBOHO IO HANIPABJIEHHIO B CIYUae IIOCKOTO

n T
T0J151 MOYKHO NOJIYYUTh N3 001m1eli POpMyJIbl, TOJNOKMUB Y = E; B= 2 o.

du _du du o du,
T Phaal i Ecos[2 a]+ 3%
i
g—; —z—“coau+%smu.

3.1.5. M'papvexT

PaccMOTpUM CHOBa (QOPMYJY /JIsi IPOMIBOAHOMN 1O HANpaBJIe-
HHIO A

ou _du du du
=== — +——CosY.
= 3x cosoL+ P cosp az'cosy

BTOPHB MHOXKHTEJIN B KaXKJIOM CJIaraeéMoM sBJIAIOTCHA IIPOEKIHA~
MH Ha OCH KOODAMHAT €JHHHYHOIO BEKTOpa ¢€;, HANPABJEHHOTO 10
nyay A, €, (coso; cosp;cosy).

BBe/ieM BEKTOD, IPOEKIMAMH KOTOPOTO HA OCH KOOPANHAT 6yAyT

du du du
CIYAHUTE YACTHBIC NPOHIBOAHEIE — g ey BLIGPAHHOM TOUKe CKa-
aspHoro noas M (x; y; 2).
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Hazosem aTor BeKTOp 2paduenmom ckaraproi pynryuu

w(x; y; 2) m 6ynem oGosnauaTh ero cumMBoJamMu gradu min Vu.

Ju: Oou- dur o—(du du du
Wrak, Vu==i+— B
Tak, Vu = Bx” i+ [Bx W az)

dy %z
Taxum 06pasoM, Kax /0l TOYKe CKaNAPHOTO MOJIs, ONPe/IeAeMO-
ro dynkume u(x; y; z), COOTBETCTBYeT ONpE/leJeHHbI’ BEKTOP —
rpajuenT aTo GyHKIMM.
DopMmyJie ISt IPOMBBO/IHOM 110 HANPABJIEHHIO A MOMHO IIPUAATH
B

9 T P
9_; =(Vu,e,) = Vu|| e, | coso = Vu | cosq,

TaK Kak |€, |=1; ¢ — yrox mesxay Bextopom Vu u aydom A. Takum
06pasom, TPOU3BOAHAA DYHKIMH [0 HAIPABJIEHHIO A PABHA MPOEK-
UMM rpajnenTa GyHKIMM Ha HanpaBieHHe AuddepeHnUpPOBAHUA

3 .
% =np,Vu (puc. 3.5).

Orciona cpasy caeayer, 4T0 IPOM3BOAHAS 110 HATIPABIEHHIO 0C-
‘THraet HanGosbIIEro 3HAYEHUSA, KOrAa cos @ = 1, T.e. ¢ = 0.

CrezoBaTenbHO, NPOM3BOAHASA (DYHKIMM B TOUKE 110 HATIPABJIEHHIO

BexTOpa A MMeer HAMGOJBIIEe 3HAUCHHE, €M HATIPABJICHUA A

M rpajuenTa anHo# GyHKUMH COBIAZAOT. DTO HanboIbIIee 3HAUE-

Hue paBHO MOAYJIIO BekTopa |V,
au 2 au]” [au ]’
+H—=| + =]
dy 0z

Hrak, npu ¢ =0 w

>4

Puc. 3.5
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